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Preface

In this book the methods of analysis of the stability of motion of dynamic
systems, whose parameters are specified uncertainly (uncertain systems, for
short) are described. The objective of the analysis is to construct sufficient
conditions under which the motions of the uncertain systems have a certain
type of stability with respect to some moving set or the zero equilibrium state.
Lyapunov functions applied in the analysis have the form of scalar, vector, or
matrix-valued auxiliary functions.

In Chapter 1 the reader will find a brief review of the results preceding the
setting of problems of stability for systems with uncertain parameter values.
The setting of the problem of the parametric stability is discussed, as well as
the problem of the stability of solutions with respect to a moving invariant
set.

In Chapter 2 the stability of the class of uncertain systems is analyzed,
which are described by ordinary differential equations. The sufficient condi-
tions for the stability (instability) of different types with respect to a moving
invariant (conditionally invariant) set are determined on the basis of the gen-
eralized direct Lyapunov method.

In the same chapter the application of the scalar Lyapunov function is con-
sidered, and some simple examples are given. The problem of the exponential
convergence of motions with respect to a moving invariant set is a certain
development of the analyses from the article by Corless and Leitmann.

In Chapter 3 the motions of an uncertain controlled system with respect
to a moving conditionally invariant set are analyzed. The problem of the
synthesis of controls is solved on the basis of the direct Lyapunov method and
the inverse transformation of the initial system, the concept of which goes
back to Bendicson.

In Chapter 4 a method of application of the canonical matrix Lyapunov
function to the analysis of the stability of motions of a quasilinear time in-
variant system is proposed. The stability conditions are expressed in terms of
the sign definiteness of special matrices.

In Chapter 5 the reader will find the results of the analysis of stability
of large-scale uncertain systems. In this case the parameters of functions of
connection between the subsystems are uncertain. The vector and the hier-
archical Lyapunov functions are the main tools for the analysis of dynamic
properties of systems of that kind.

In Chapter 6 the problems of the stability of uncertain systems are ana-

xi



xii Preface

lyzed on the basis of new approaches in construction and application of vector
Lyapunov functions. Some of the obtained results are illustrated by the ex-
ample of the choice of parameters of a stable mechanical system and the
parametrical stability of a time invariant large-scale system.

In Chapter 7 the reader will find the results of the analysis of stability of an
uncertain impulsive system. Those results were obtained under new assump-
tions on the dynamic properties of the continuous and discrete components of
an impulsive system. Under those assumptions it seems to be impossible to ap-
ply the known results from the monographs by Lakshmikantham, Bainov and
Simeonov, Samoilenko and Perestyuk and others. As an example we consider
robust stability of the uncertain impulsive system.

In Chapter 8 uncertain dynamical equations are considered on a time scale.
Using the generalized direct Lyapunov method, the sufficient conditions of
different types of stability and instability of the zero solution of equations of
that time are obtained.

In Chapter 9 the singularly perturbed differential equation is considered.
Further the analysis of the stability of the systems with uncertain structure
is performed on the basis of matrix-valued Lyapunov’s functions.

In Chapter 10 we discuss analysis of the stability of a set of systems of
differential equations.

In Chapter 11 we discuss the main ideas of the comparison principle for
differential equations with a robust causal operator.

Chapter 12 is devoted to the investigation of stability of a set of impul-
sive equations via the method of heterogeneous matrix-valued Lyapunov-like
functions.
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Chapter 1

Introduction

The theory of stability of the motion of systems with a finite number of degrees
of freedom which was created by A.M. Lyapunov [1935] rests upon the three
basic concepts:

(1) deviations of the perturbed motion from the nominal one must be in-
finitely small;

(2) during the motion there are no perturbing forces, i.e., in the equa-
tions of motion all factors of external or internal perturbations
should be taken into account;

(3) the functioning interval of the system is unlimited.

There is an implicit assumption that

(4) the parameters of the system, within the accuracy of measurements, are
fixed and do not change during the motion.

The wide application of general results of the stability theory started dur-
ing the World War II, when the first problems were those of the stability of
controlled systems, problems of the stability of flat trajectories of shells, and
also problems of the stability of motion of hollow-charge shells.

Now the development of the theory of stability of motion is motivated by
new engineering problems and by the need for the improvement of the existing
methods of investigation of mechanical and other systems.

Within the recent years the theory of stability of motion of mechanical sys-
tems with uncertainly defined parameters has been elaborated intensely. This
is due to the fact that in many complex engineering systems their multimode
operation and multifunctionality can only be ensured under the condition that
certain requirements are fulfilled in a fixed, though sufficiently wide range of
variation of characteristics of parameters of separate subsystems. In other
words, while developing a system design one should provide for long life of its
practical operation under the conditions of uncertainties. This work is being
done in several directions.

One of them is based on the assumption that parameters of a system
(a linear one, as a rule) are changed on a certain interval and there are no
controls. Such systems are called interval dynamic systems. Estimates of the
stability of their motion are based on the method of characteristic equations

1



2 Uncertain Dynamical Systems: Stability and Motion Control

or its generalizations. The results obtained in this direction are presented in
the review by Šiljak [1978].

Along with the ideas of the method of Lyapunov functions, interval systems
(continuous and discrete ones) have been analyzed in many papers.

Another direction is concerned with the investigation of the dynamics of
systems under control, i.e., a desired dynamic property of a system with un-
certain values of its parameters is achieved through the application of external
actions. Here both algebraic and qualitative methods of analysis of the inter-
val stability are used. Here one can mention the H∞-control method which
is closely connected with the solution of the algebraic Riccati equation (see
Aliev and Larin [1998] et al.). A generalized view on the role of Riccati equa-
tions and many results obtained in this direction are presented in the joint
monograph edited by Bittanti, Laub, Willems [1991].

Some time ago Boyd et al. [1994] noted that many problems arising in the
system theory, including the H∞-control of uncertain linear systems, can be
reduced to the analysis of linear matrix inequalities.

This approach is closely connected with the works of Yakubovich [1963]
and others. For linear differential inclusions it was developed and presented
in the above mentioned monograph by Boyd et al. [1994], where

(a) uncertainties parameters in the linear system

dx

dt
= A(t)x +Bw(t)w

are determined by the polytope

[A(t), Bw(t)] ∈ co
{
[A1Bw1], . . . , [ALBwL]

}
,

where coS is a convex envelope of the set S ⊂ Rn, determined by the formula

coS ,

{ p∑

i=1

λixi
∣∣ xi ∈ S, p ≥ 0

}
;

(b) uncertainties parameters in the system

dx

dt
= Ax+Bpp+Bww, q = Cqx, p = ∆(t)q

are bounded in norm
‖∆(t)‖ ≤ 1

and finally,
(c) uncertainties parameters in the linear system

dx

dt
= Ax +Bpp+Bww, q = Cqx, pi = δi(t)qi

are bounded in absolute value, i. e. |δi(t)| ≤ 1, i = 1, 2, . . . , nq.
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Common in those analyzes is the search of sufficient (and sometimes also
necessary) conditions for the stability or the asymptotic stability of the zero
solution of an uncertain system of equations of perturbed motion.

One of the effective approaches applied in the analysis of such kind of
systems is the method of Lyapunov functions. Both scalar Lyapunov functions
(see Corless and Leitmann [1986] and [1999], Gutman [1979], Corless [1990],
Leitmann [1990] and [1993], Rotea and Khargonekar [1989], and others) and
vector Lyapunov functions are used (see Chen [1996] and the list of literature
to it).

Thus, the construction of the theory of stability of systems with uncertain
values of their parameters (both controlled and free ones) is an actual problem
of current investigations in nonlinear dynamics and the system theory.

Let us deal with two general concepts of stability for systems with uncer-
tain (changing) parameters.

1.1 Parametric Stability

The presence of physical parameters in a real system, which can change
their values in the process of functioning of the latter, presupposes the ade-
quate reflection of this phenomenon in the mathematical model of the process
and/or the system. As against the situation when the parameters of a system
are fixed, changing parameters (or one parameter) causes the occurrence of
new equilibrium states of the system. This circumstance does not allow the
direct application of the generally used technique of analysis of stability, which
was developed for the unique equilibrium state of the system.

The concept of the parametric stability which takes in account this phe-
nomenon, as per Ikeda, Ohta and Šiljak [1991], is formulated as follows.

Consider the time invariant system

dx

dt
= f(x, α), (1.1)

where x(t) ∈ Rn is the state of the system (1.1) at the point t ∈ R, α ∈ Rd is
a vector physical parameter, f ∈ C(Rn × Rd, Rn) is a sufficiently smooth
function such that at any α ∈ Rd and the initial state x0 at a point t0 = 0
the system (1.1) has the unique solution x(t;x0, α) = x(t, α).

Suppose that for some nominal value α∗ of the parameter α there exists
an equilibrium state x∗ of the system (1.1), i. e.

f(x∗, α∗) = 0,

and x∗ is stable.
Let the parameter α change its value from α∗ to some other value. Here
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some questions of qualitative analysis of the system (1.1) arise, including the
following ones:

∗ do any new equilibrium states xe of the system (1.1) exist, and how
“far” are they from the state x∗?

∗ if the equilibrium state xe exists and is stable, is this stability of the
same type as the stability of the equilibrium state x∗?

∗ is the change of equilibrium states of the system (1.1) from x∗ to xe

followed by the loss of stability when the parameter is changed from α∗

to α?

The answers to those questions can be found within the framework of the
concept of the parametric stability of the system (1.1).

Consider the equilibrium state xe : Rd → Rn as a function of vector pa-
rameter xe = xe(α) at α ∈ Rd, and note the following definitions.

Definition 1.1 The system (1.1) is parametrically stable at the value of pa-
rameter α∗ ∈ Rd, if there exists an open neighbourhood N(α∗) of the value
of parameter α∗ such that for any α ∈ N(α∗) the following conditions are
satisfied:

(a) there exists an equilibrium state xe(α) ∈ Rn;

(b) for an arbitrary ε > 0 there exists δ = δ(ε, α) > 0 such that the condition

‖x0 − xe(α)‖ < δ

implies the estimate

‖x(t;x0, α) − xe(α)‖ < ε

at all t ∈ R+.

Definition 1.2 The system (1.1) is asymptotically parametrically stable at
the values of parameter α∗ ∈ Rd, if it:

(a) is parametrically stable at the value α∗ of the parameter α and;

(b) at all α ∈ N(α∗) there exists a number µ(α) > 0 such that the condition

‖x0 − xe(α)‖ < µ

implies the limit relation

lim
t→∞

x(t;x0, α) = xe(α). (1.2)
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If (1.2) is true at any initial values x0 ∈ Rn and µ, µ → ∞, then the
system (1.1) is asymptotically parametrically stable as a whole.

By slight modification of the Definitions 1.1 and 1.2 one can take into
account the estimate of the parameter domain P ⊂ Rd, under which a certain
type of parametric stability of motion is obtained. In Appendix reader will
find the general results of the estimate of the parameter domain and the phase
space domain, under which the conclusions about the parametric stability of
a dynamic system are correct.

If the system (1.1) does not have the type of stability as per the Definition
1.1 (or 1.2), then it is parametrically unstable (or asymptotically parametri-
cally unstable).

Thus, to analyze the system (1.1) in the context with the Definitions 1.1
or 1.2, first it is necessary to determine the conditions for the existence of
xe(α) ∈ B̄(x∗, r) at any α ∈ B̄(α∗, q), where B̄(x∗, r) = {x ∈ Rn : ‖x−x∗‖ ≤
r, r > 0} and

B̄(α∗, q) = {α ∈ Rd : ‖α− α∗‖ ≤ q, q > 0},

and then apply an appropriate method of the analysis of stability, the modified
Lyapunov’s direct method in particular.

The noted concept of the parametric stability has been developed and
applied to a certain extent. In particular, the problem of the parametric sta-
bility of the system (1.1) by Lyapunov’s direct method has been analyzed
on the basis of the scalar and the vector Lyapunov functions. The condi-
tions of quadratic stabilizability of an uncertain quasilinear system (see Ohta
and Šiljak [1994]) were found. The “variability” of the system parameters is
simulated by some matrices with unknown parameters which take on values
from compact sets. In the work by Wada, Ikeda, Ohta and Šiljak [1998] the
parametric absolute stability of a Lur’e system with many inputs/outputs is
analyzed on the basis of the Popov criterion. The parametric absolute stabil-
ity of one class of singularly perturbed systems is analyzed in the work by
Silva and Dzul [1998] on the basis of the comparison principle for slow and
fast variables.

Close to this direction are the results of the analysis of stability of systems
under nonclassic parametric perturbations, made on the basis of matrix-valued
Lyapunov functions (see Martynyuk and Miladzhanov [2009]).

1.2 Stability with Respect to Moving Invariant Sets

Along with the concept of the parametric stability, the problem of stability
of motion with respect to a moving invariant set (see Lakshmikantham and
Vatsala [1997]) is also of interest. The “uncertainties” of the system parameters
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in this statement are reflected in the “mobility” of some set with respect to
which the behavior of solutions of the following uncertain system is analyzed:

dx

dt
= f(t, x, α), x(t0) = x0, (1.3)

where x ∈ Rn, t ∈ T0 = [t0,+∞), t0 ∈ Ti, Ti ⊆ R, f ∈ C(T0×Rn×Rd, Rn).
The parameter α ∈ S ⊆ Rd, where d ≥ 1, S is a compact set, represents the
“uncertainties” of the considered system, x(t, α) = x(t; t0, x0, α) is a solution
of the system (1.3) with the initial conditions (t0, x0) at any α ∈ S ⊆ Rd.

The stability of solutions of the system (1.3) is analyzed with respect to
the moving set

A(r) = {x ∈ Rn : ‖x‖ = r(α)} ,
where r(α) > 0, r(α) → r0 (r0 = const > 0) at ‖α‖ → 0 and r(α) → +∞
at ‖α‖ → +∞.

Note that the representation of the function r(α) determining the set A(r)
is connected with the quality of motions of the system being synthesized. In
particular cases this function can be determined by the expressions

(a) r(α) = exp (‖α‖), 0 ≤ ‖α‖ < +∞;

(b) r(α) = ln
[
exp (‖α‖)

]
, 0 ≤ ‖α‖ < +∞,

implying that in the case (a) r(α) → 1 at ‖α‖ → 0, and in the case (b)
r(α) → 0 at ‖α‖ → 0.

From the physical point of view, the case (a) corresponds to the dynamic
properties of the system (1.3), at which in a system with uncertainly specified
parameters a “limit cycle” must exist.

The case (b) corresponds to a different situation: the “disappearance” of
the uncertainties parameter in a real system reduces the considered stability
problem to the classical one of the equilibrium state x = 0.

Note that the investigation of motions of the system (1.3) with respect to
the set

Ā(r) =
{
x ∈ Rn : ‖x‖ ≤ r(α)

}
,

including the case r(α) → r0 (r0 = const), is the problem of the estimation
of the domain of attraction of solutions of the system (1.3).

Unlike the work by Lakshmikantham and Vatsala [1997], our definition of
the set A(r) makes it possible to consider the systems (1.3) with uncertain
values of parameters, whose linear approximation may not contain uncertain-
ties parameters. The results of the above mentioned work by Lakshmikantham
and Vatsala [1997] have actually been formulated for nonlinear and nonlin-
earizable systems with uncertain values of parameters (see Skowronski [1984])
or for such systems whose linear approximation “vanishes” when the uncer-
tainties parameter disappears.

Later in this monograph the results of the analysis of stability of solutions
of some types of simultaneous equations with uncertain values of parameters
are made on the basis of both traditional and new approaches.



Chapter 2

Lyapunov’s Direct Method for

Uncertain Systems

Passing over to the generalization of Lyapunov’s direct method, in the first
place it is necessary to note that among its directions there are the following
ones:

(a) the application of the method to simultaneous equations different from
ordinary linear ones;

(b) the reduction of requirements to classical Lyapunov functions and their
derivatives in view of equations of motion;

(c) the search of new classes of auxiliary Lyapunov functions.

The objects for analysis in this monograph are some classes of systems of
nonlinear and linear equations with uncertain values of parameters (in short,
uncertain systems).

The application of matrix-valued, vector, and scalar Lyapunov functions
in combination with the comparison principle brings our generalization into
correspondence with the directions (a)–(c) above, which are being intensely
developed today.

The accepted definitions of the stability of motion are given below; they
are made specific in separate chapters of this monograph as applied to the
considered systems.

2.1 Problem Setting and Auxiliary Results

Consider a mechanical system whose motion is described by the simulta-
neous differential equations

dx

dt
= f(t, x, α), x(t0) = x0, (2.1)

where x(t) ∈ Rn, t ∈ T0 = [t0,+∞), t0 ∈ Ti, Ti ⊆ R and f ∈ C(T0 ×
Rn × Rd, Rn). The parameter α ∈ S ⊆ Rd, where S is a compact set, is the
“uncertainties” parameter of the system (2.1).

7
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In accordance with Leitmann [1990] and Chen [1996], the parameter α:

(a) can present an uncertain value of some physical parameter of the system
or the estimate of an external perturbation;

(b) can be a function mapping R into Rd and representing an uncertainly
measurable value of input action of one of subsystems upon another;

(c) can be a function mapping T0 × Rn into Rd and reflecting nonlinear
elements of the considered mechanical system, which are difficult to
measure accurately;

(d) can be simply an index denoting the existence of some uncertainties in
the system;

(e) can be a combination of the characteristics (a) – (c).

Let a function r = r(α) > 0 be given, such that r(α) → r0 (r0 = const)
at ‖α‖ → 0 and r(α) → +∞ at ‖α‖ → +∞. In the Euclidian space (Rn, ‖·‖)
define a moving set

A(r) = {x ∈ Rn : ‖x‖ = r(α)} (2.2)

and suppose that at any (α 6= 0) ∈ S ⊆ Rd the set A(r) is not empty.

Definition 2.1 The set A(r) is called a moving invariant set of the system
(2.1), if for each x0 ∈ A(r) and for all unextensible solutions x(t, α) =
x(t; t0, x0, α) of the system (2.1) defined on some interval J ⊂ T0 and
such that x(t0; t0, x0, α) = x0, at all (α 6= 0) ∈ S ⊆ Rd the inclusion
x(t, α) ∈ A(r) holds at every t ∈ J .

Remark 2.1 If the system (2.1) is essentially nonlinear (does not have a linear
approximation), then r(α) → 0 is admissible at ‖α‖ → 0, and the set A(r)
collapses into a point 0.

Remark 2.2 If r(α) → +∞ at ‖α‖ → +∞ , then the set A(r) unlimitedly
increases.

We will give some definitions of the stability of motions with respect to a
movable invariant set.

Definition 2.2 The movable set A(r) for motions of the system (2.1)

(a) is stable with respect to the set Ti ⊂ R if, and only if, for specified r(α),
ε > 0 and t0 ∈ Ti there exists δ = δ(t0, ε) > 0 such that under the
initial conditions

r(α) − δ < ‖x0‖ < r(α) + δ

motions of the system (2.1) satisfy the estimate

r(α) − ε < ‖x(t, α)‖ < r(α) + ε

at all t ∈ T0 and α ∈ S ⊆ Rd;
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(b) is uniformly stable with respect to the set Ti if, and only if, the conditions
(a) of the Definition 2.2 are satisfied and at any ε > 0 the corresponding
maximal value δM satisfying the conditions (a) of this definition, is such
that

inf [δM (t, ε) : t ∈ Ti] > 0;

(c) is stable in large with respect to Ti if, and only if, the conditions of the
Remark 2.2 are satisfied, as well as the conditions (a) of the Definition
2.2 with the function

δM (t, ε) → +∞ at ε→ +∞ ∀ t ∈ Ti;

(d) is uniformly stable in large with respect to Ti if, and only if, the conditions
(b) and (c) of the Definition 2.2 are satisfied.

The expression “with respect to Ti” in the Definition 2.2 is omitted if, and
only if, Ti = R.

Definition 2.3 The moving set A(r) for motions of the system (2.1) is:

(a) attractive with respect to Ti if, and only if, for a given function r(α)
and t0 ∈ Ti there exists δ(t0) > 0 and for any ζ > 0 there exists
τ(t0, x0, ζ) ∈ [0,∞) such that the condition

r(α) − δ < ‖x0‖ < r(α) + δ

implies the estimate

r(α) − ζ < ‖x(t, α)‖ < r(α) + ζ

at all t ∈ (t0 + τ(t0, x0, ζ), +∞) and α ∈ S ⊆ Rd;

(b) x0-uniformly attractive with respect to Ti if, and only if, the conditions
(a) of the Definition 2.3 are satisfied, for any t0 ∈ Ti there exists
δ(t0) > 0 and for any ζ ∈ (0,+∞) there exists τu(t0,∆(t0), ζ) ∈ [0,∞)
such that

sup {τm(t0, x0, ζ) : r(α) − ∆ ≤ ‖x0‖ < r(α) + ∆} = τu(t0,∆(t0), ζ);

(c) t0- uniformly attractive with respect to Ti if, and only if, the conditions
(a) of the Definition 2.3 are satisfied, there exists ∆∗ > 0 and for any

(x0, ζ) ∈ {r(α) − ∆∗ ≤ ‖x0‖ < r(α) + ∆∗} × (0,+∞)

there exists τu(Ti, x0, ζ) ∈ [0,+∞) such that

sup {τm(t0, x0, ζ) : t0 ∈ Ti} = τu(Ti, x0, ζ);
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(d) uniformly attractive with respect to Ti, if the conditions (b) and (c) of
the Definition 2.3 are satisfied or, which is the same, the conditions (a)
of the Definition 2.3, there exists δ > 0 and for any ζ ∈ (0,+∞) there
exists τu(Ti,∆, ζ) ∈ [0,∞) such that

sup [τm(t0, x0, ζ) : (t0, x0) ∈ Ti × {r(α) − ∆ < ‖x0‖ < r(α) + ∆}]
= τu(Ti,∆, ζ);

(e) the properties of attraction 2.3 (a)–(d) are true in large, if the conditions
(a) of the Definition 2.3 are satisfied for any ∆(t0) ∈ (0,+∞) and any
t0 ∈ Ti, if only r(α) → +∞ at ‖α‖ → +∞.

The expression “with respect to Ti” in the Definition 2.3 is omitted if, and
only if, Ti = R.

Definition 2.4 Motion of the system (2.1) with respect to the moving set
A(r) is:

(a) asymptotically stable with respect to A(r) if, and only if, it is stable with
respect to A(r) and attractive with respect to A(r);

(b) equiasymptotically stable with respect to A(r) if it is stable with respect
to A(r) and x0 is uniformly attractive with respect to A(r);

(c) quasiuniformly asymptotically stable with respect to A(r), if it is uni-
formly stable with respect to A(r) and t0 is uniformly attractive with
respect to A(r);

(d) uniformly asymptotically stable with respect to the sets A(r) and Ti, if it
is uniformly stable with respect to the sets A(r) and Ti and uniformly
attractive with respect to the sets A(r) and Ti;

(e) uniformly exponentially stable with respect to A(r), if for the given func-
tion r(α) and constant β1, β2, λ there exists δ > 0 such that the con-
dition

r(α) − δ < ‖x0‖ < r(α) + δ

implies the estimate

r(α) − β1‖x0‖ exp[−λ(t− t0)] ≤ ‖x(t, α)‖
≤ r(α) + β2‖x0‖ exp[−λ(t− t0)] ∀ t ∈ T0 ∀ t0 ∈ Ti;

(f) exponentially stable in large with respect to A(r), if the conditions of the
Definition 2.4 (e) are satisfied at r(α) → ∞, ‖α‖ → +∞, δ → ∞.

The expression “with respect to Ti” in the Definition 2.4 is omitted if, and
only if, Ti = R.
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2.2 Classes of Lyapunov Functions

Later in this monograph three classes of Lyapunov functions are applied
and their description is given in this section. As required, the general defini-
tions given here will be modified in conformity with the considered class of
systems. It is assumed that auxiliary functions can be constructed for nominal
systems corresponding to the considered uncertain systems.

2.2.1 Matrix-valued Lyapunov functions

For the nominal system corresponding to the uncertain system (2.1) we
will consider the matrix-valued function

U(t, x) = [vij(t, x)], i, j = 1, 2, . . . ,m, (2.3)

where vij ∈ C(Tτ ×Rn, R) at all i, j = 1, 2, . . . ,m.

It is supposed that the following conditions are satisfied:

(i) vij(t, x), i, j = 1, 2, . . . ,m, are locally Lipshitz with respect to x;

(ii) vij(t, 0) = 0 at all t ∈ R+ (t ∈ Tτ ), i, j = 1, 2, . . . ,m;

(iii) vij(t, x) = vji(t, x) in any open connected neighborhood N of the point
x = 0 at all t ∈ R+ (t ∈ Tτ ).

Definition 2.5 All functions of the form

V (t, x, a) = aTU(t, x)a, a ∈ Rm, (2.4)

where U ∈ C(Tτ ×N , Rm×m), will be called functions of the SL class.

In the expression (2.4) the vector a can be chosen in the form:

(i) a = y ∈ Rm, y 6= 0;

(ii) a = ξ ∈ C(Rn, Rm+ ), ξ(0) = 0;

(iii) a = ψ ∈ C(Tτ ×Rn, Rm+ ), ψ(t, 0) = 0;

(iv) a = η ∈ Rm+ , η > 0.

Note that the choice of the vector a has an impact on the property of sign
definiteness of the function (2.4) and its full derivative along the solutions of
the system (2.1).
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2.2.2 Comparison functions

Comparison functions are applied at upper and lower estimates of functions
of the form (2.4) and their full derivative along the solutions of the considered
system is usually denoted by ϕ, ϕ : R+ → R+. The research of these functions
and their application in the stability theory was initiated by Hahn [1967].
Following this monograph, we will describe some properties of comparison
functions.

Definition 2.6 The function ϕ, ϕ : R+ → R+, belongs to:

(i) the class K[0,b), 0 < b ≤ +∞ if, and only if, it is defined, continuous,
strictly increasing over [0, b) and ϕ(0) = 0;

(ii) the class K if, and only if, the condition (i) is satisfied at b = +∞,
K = K[0,+∞);

(iii) the class KR if, and only if, it belongs to the class K and ϕ(ζ) → +∞
at ζ → +∞;

(iv) the class L[0,b) if, and only if, it is defined, continued, strictly decreasing
over [0, b) and lim [ϕ(ζ) : ζ → +∞] = 0;

(v) the class L if, and only if, the condition (iv) is satisfied at b = +∞,
L = L[0,+∞).

Let ϕ−1 denote the inverse function of the function ϕ, ϕ−1[ϕ(ζ)] ≡ ζ.
The following results were obtained by Hahn [1967].

Proposition 2.1 For the functions ϕ ∈ K and ψ ∈ K there are following
statements:

(1) if ϕ ∈ K and ψ ∈ K, then ϕ(ψ) ∈ K;

(2) if ϕ ∈ K and σ ∈ L, then ϕ(σ) ∈ L;

(3) if ϕ ∈ K[0,b) and ϕ(b) = ξ, then ϕ−1 ∈ K[0,ξ);

(4) if ϕ ∈ K and lim [ϕ(ζ) : ζ → +∞] = ξ, then ϕ−1 is not defined
on (ξ,+∞];

(5) if ϕ ∈ K[0,b), ψ ∈ K[0,b) and ϕ(ζ) > ψ(ζ) on [0, b) then ϕ−1(ζ) <
ψ−1(ζ) on [0, β], where β = ψ(b).

Definition 2.7 Two functions ϕ1, ϕ2 ∈ K (or ϕ1, ϕ2 ∈ KR) have the same
order of growth, if there exist positive constants α, β such that

αϕ1(ζ) ≤ ϕ2(ζ) ≤ βϕ1(ζ) at all ζ ∈ [0, ζ1]

(or at all ζ ∈ [0,∞)).
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2.2.3 Properties of matrix-valued functions

Properties of sign definiteness of a matrix-valued function are defined on
the basis of a function of class SL. Below readers will find some definitions
applied in this monograph in the analysis of the dynamic behavior of uncertain
systems.

Definition 2.8 The matrix-valued function U : Tτ ×Rn→ Rm×m is called:

(i) positive-semidefinite on Tτ = [τ,+∞), τ ∈ R, if there exists a time-
invariant neighbourhood N of the point x = 0, N ⊆ Rn, and a vector
y ∈ Rm, y 6= 0, such that:

(a) V (t, x, y) is continuous on (t, x) ∈ Tτ ×N ×Rm,

(b) V (t, x, y) is nonnegative on N , V (t, x, y) ≥ 0 at all (t, x, y 6= 0) ∈
Tτ ×N ×Rm,

(c) vanishes in the origin of coordinates: V (t, 0, y) = 0 at all t ∈
Tτ ×Rm,

(d) if the conditions (a) – (c) are satisfied at any t ∈ Tτ and there exists
w ∈ N such that V (t, w, y) > 0, then V is a function strictly
semidefinite on Tτ ;

(ii) a function positive-semidefinite on Tτ×G, if the condition (i) is satisfied
at N = G;

(iii) a function positive-semidefinite in large on Tτ if the condition (i) is
satisfied at N = Rn;

(iv) a function negative-semidefinite (in large) on Tτ (on Tτ ×N ), if (−V )
is positively semidefinite (in large) on Tτ (on Tτ ×N ).

The expression “on Tτ” is omitted if all conditions of the definition are
satisfied at any τ ∈ R.

Definition 2.9 The matrix-valued function U : Tτ ×Rn → Rm×m is called:

(i) positive-definite on Tτ , τ ∈ R, if there exists a time-invariant neigh-
bourhood N of the point x = 0, N ⊆ Rn and a vector y ∈ Rm, y 6= 0,
such that the function (2.4) is positive-semidefinite on Tτ ×N and for
the positive-definite function w on N , w : Rn → R+, the inequality
w(x) ≤ V (t, x, y) holds at all (t, x, y) ∈ Tτ ×N ×Rm;

(ii) positive-definite on Tτ × G if the conditions of the Definition (i) are
satisfied at N = G;

(iii) positive-definite in large on Tτ if the conditions of the Definition (i) are
satisfied at N = Rn;
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(iv) negative-definite (in large) on Tτ (on Tτ ×N ×Rm) if (−V ) is positive-
definite (in large) on Tτ (on Tτ ×N ×Rm);

(v) weakly decreasing, if there exist a constant ∆1 > 0 and a function
a ∈ CK such that V (t, x, y) ≤ a(t, ‖x‖) at ‖x‖ < ∆1;

(vi) asymptotically decreasing, if there exist a constant ∆2 > 0 and a func-
tion b ∈ KL such that V (t, x, y) ≤ b(t, ‖x‖) at ‖x‖ < ∆2.

The expression “on Tτ” is omitted if all conditions of the Definition 2.9
are satisfied for every τ ∈ R.

Proposition 2.2 For the matrix-valued function U : R×Rn → Rm×m to be
positive-definite on Tτ , τ ∈ R, it is necessary and sufficient that the following
relation should be true:

yTU(t, x)y = yTU+(t, x)y + a(‖x‖),

where U+(t, x) is a positive-semidefinite matrix-values function and a ∈ K.

Definition 2.10 The matrix-valued function U : R×Rn → Rs×s is called:

(i) decreasing on Tτ , τ ∈ R, if there exist a time-invariant neighbourhood
N of the point x = 0 and a positive-definite function w on N , w : Rn →
R+, such that yTU(t, x)y ≤ w(x) at all (t, x) ∈ Tτ ×N ;

(ii) decreasing on Tτ ×G, if the conditions of the Definition (i) are satisfied
at N = G;

(iii) decreasing in large in large on Tτ , if the conditions of the Definition (i)
are satisfied at N = Rn.

The expression “on Tτ” is omitted if all respective conditions are satisfied
for any τ ∈ R.

Proposition 2.3 For the matrix-valued function U : R × Rn → Rm×m to
be decreasing on Tτ , τ ∈ R, it is necessary and sufficient that the following
relation should be true

yTU(t, x)y = yTU−(t, x)y + b(‖x‖), (y 6= 0) ∈ Rm,

where U−(t, x) is a negative-semidefinite matrix-valued function and b ∈ K.

Definition 2.11 The matrix-valued function U : R ×Rn→ Rm×m is called:

(i) radially unbounded on Tτ , τ ∈ R, if from the condition ‖x‖ → ∞ it
follows that yTU(t, x)y → +∞ at all t ∈ Tτ , y ∈ Rm, y 6= 0;

(ii) radially unbounded, if from the condition ‖x‖ → ∞ it follows that
yTU(t, x)y → +∞ at all t ∈ Tτ and all τ ∈ R, y ∈ Rm, y 6= 0.
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Proposition 2.4 For the matrix-valued function U : Tτ × Rn → Rm×m to
be radially unbounded in large (on Tτ ), it is necessary and sufficient that the
following relation should be true

yTU(t, x)y = yTU+(t, x)y + a(‖x‖) at all x ∈ Rn,

where U+(t, x) is a positive-semidefinite in large matrix-valued function (on
Tτ ) and a ∈ KR.

The matrix-valued function (2.3) and/or the scalar function (2.4) are ap-
plied below in the analysis of the dynamics of the uncertain system (2.1) to-
gether with its full derivative along the solutions of that system. It is supposed
that every element vij(t, x) of the matrix-valued function (2.3) is defined on
the open set Tτ × N , N ⊂ Rn, i. e. vij(t, x) ∈ C(Tτ × N , R) and is lo-
cally Lipshitz with respect to x. For any point of the set N there exists a
neighbourhood ∆ and a positive number L = L(∆ ) such that

|vij(t, x) − vij(t, y)| ≤ L‖x− y‖, i, j = 1, 2, . . . ,m,

for any (t, x) ∈ Tτ × ∆, (t, y) ∈ Tτ × ∆. In this case the full derivative of the
elements of the matrix-valued function is calculated as follows:

D+vij(t, x) = lim sup {[vij(t+ σ, x+ σf(t, x))

− vij(t, x)]σ
−1 : σ → 0+}, i, j = 1, 2, . . . ,m.

(2.5)

If the matrix-valued function U(t, x) belongs to C(1,1)(Tτ ×N , Rm×m),
i. e. all its elements vij(t, x) are continuously differentiable functions with
respect to t and x, then

Dvij(t, x) =
∂vij
∂t

(t, x) +

n∑

s=1

∂vij
∂xs

(t, x) fs(t, x),

where fs(t, x) are components of the vector function f(t, x) = (f1(t, x), . . . ,
fn(t, x))

T.

2.2.4 Vector Lyapunov functions

The vector function

V (t, x) = (v1(t, x), v2(t, x), . . . , vm(t, x))T

can be obtained on the basis of the matrix function (2.3) by several methods.

Definition 2.12 All vector functions of the form

L(t, x, b) = AU(t, x)b,

where U ∈ C(Tτ ×Rn, Rs×s), A is a constant s× s-matrix and the vector b
is determined like the vector a from the Definition 2.5, form the class VL.



16 Uncertain Dynamical Systems: Stability and Motion Control

If in the matrix-valued function (2.3) at all i 6= j the elements vij(t, x) =
0, then

L(t, x) = diag (v11(t, x), . . . , vmm(t, x)),

where vii ∈ C(Tτ×Rn, R), i = 1, 2, . . . ,m, is a vector function. In the general
case, components of the vector function L(t, x, b) are the functions

Lk(t, x, b) =

m∑

i=1

akibivii(t, x), k = 1, 2, . . . ,m.

The application of vector Lyapunov functions is connected with the con-
struction of linear or nonlinear comparison systems and the analysis of their
stability.

2.2.5 Scalar Lyapunov functions

As a result of the generalization of the ideas of Lagrange and Poincaré,
A.M. Lyapunov discovered a class of auxiliary functions which make it possible
to investigate the stability of solutions of simultaneous equations of perturbed
motion of quite a general form without its direct integration. Those functions
have a number of special properties described in the Definitions 2.8 – 2.11.

The functions
V (t, x) ∈ C(T0 ×Rn, R+),

for which

(a) V (t, 0) = 0 at all t ∈ Tτ ;

(b) V (t, x) is locally Lipshitz with respect to x belong to the simplest type
of auxiliary functions of the SL class.

The sign definiteness of the Lyapunov function and its full derivative, in
view of the system (2.1), allows us to solve the problem of stability of the
equilibrium state x = 0 of the system (2.1) or the problem of stability of its
solutions with respect to a moving invariant set.

Classical auxiliary functions are the basis for the direct Lyapunov method.
We will give examples of some types of Lyapunov functions.

Example 2.1 (i) The function

V (t, x) = (1 + sin2 t)x2
1 + (1 + cos2 t)x2

2

is positive-definite and decreasing, while the function

V (t, x) = (x2
1 + x2

2) sin2 t

is decreasing and positive-semidefinite. (ii) The function

V (t, x) = x2
1 + (1 + t)x2

2
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is positive-definite but not decreasing, whereas the function

V (t, x) = x2
1 +

x2
2

1 + t

is decreasing but not positive-semidefinite. (iii) The function

v(t, x) = (1 + t)(x1 − x2)
2

is positive-semidefinite but not decreasing.

Further on the auxiliary functions (matrix-valued, vector, or scalar) solving
the problem of stability (instability) of the equilibrium state x = 0 of the
system (2.1) will be called Lyapunov functions.

2.3 Theorems on Stability and Uniform Stability

In the context of the direct Lyapunov method we will further use the
function (2.4) and its upper right Dini derivative (2.5) along the solutions of
the system (2.1). The sufficient conditions for stability of the solutions of the
uncertain system (2.1) with respect to the moving set A(r) are contained in
the following statement.

Theorem 2.1 Suppose that f(t, x, α) in the system (2.1) is continuous on
T0 ×Rn ×Rd and the following conditions are satisfied:

(1) for every α ∈ S ⊆ Rd there exists a function r = r(α) > 0 such that
the set A(r) is not empty at all α ∈ S;

(2) there exists a matrix-valued function U ∈ C(T0 × Rn, Rs×s), U(t, x)
locally Lipshitz with respect to x, a vector y ∈ Rs and (s× s) matrices
θ1(r), θ2(r) such that:

(a) a(‖x‖) ≤ V (t, x, y) at ‖x‖ > r(α),

(b) V (t, x, y) ≤ b(‖x‖) at ‖x‖ < r(α), where a, b belong to the K-
class,

(c) D+V (t, x, y)|(2.1)< ϕT(‖x‖)θ1(r)ϕ(‖x‖), if ‖x‖ > r(α) at all α ∈
S, where ϕT(‖x‖) =

(
ϕ

1/2
1 (‖x1‖), . . . , ϕ1/2

s (‖xs‖)
)
, ϕi ∈ K,

(d) D+V (t, x, y)|(2.1) = 0, if ‖x‖ = r(α) at all α ∈ S,

(e) D+V (t, x, y)|(2.1)> ψT(‖x‖)θ2(r)ψ(‖x‖), if ‖x‖ < r(α) at all α ∈
S, where ψT(‖x‖) =

(
ψ

1/2
1 (‖x1‖), . . . , ψ1/2

s (‖xs‖)
)
, ψi ∈ K;

(3) there exist constant (s× s)–matrices θ1, θ2 such that:
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(a)
1

2

(
θ1(r) + θT1 (r)

)
≤ θ1 at all α ∈ S,

(b)
1

2

(
θ2(r) + θT2 (r)

)
≥ θ2 at all α ∈ S,

and θ1 is negative-semidefinite, and θ2 is positive-semidefinite;

(4) for any r(α) > 0 and functions a(r), b(r) the following relation holds:

a(r) = b(r).

Then the set A(r) is invariant with respect to motions of the system (2.1),
and motions of the system (2.1) are stable with respect to the set A(r).

Proof Let all the conditions of the Theorem 2.1 be satisfied for some given
function r(α) > 0 at any α ∈ S. Let us prove that the set A(r) is invariant
with respect to the solutions of the uncertain system (2.1). Suppose this is not
so. Then for the solution x(t, α) of the system (2.1) with the initial conditions
‖x0‖ = r(α) one can find points of time t2 > t1 ≥ t0 such that

(A)

‖x(t1, α)‖ = r(α),

‖x(t2, α)‖ > r(α),

‖x(t, α)‖ ≥ r(α) at any t ∈ [t1, t2],

or

(B)

‖x(t1, α)‖ = r(α),

‖x(t2, α)‖ < r(α),

‖x(t, α)‖ ≤ r(α) at any t ∈ [t1, t2].

From the conditions (2) (c)–(e) and (3) of the Theorem 2.1 obtain at t1 ≥
t ≥ t2

V (t, x(t, α), y) < V (t1, x(t1, α), y),

or

V (t, x(t, α), y) > V (t1, x(t1, α), y).

Hence, taking into account the conditions (2) (a), (b), in the case (A) we
obtain the inequalities

a(r(α)) < a(‖x(t2, α)‖) ≤ V (t2, x(t2, α), y)

< V (t1, x(t1, α), y) ≤ b(‖x(t1, α)‖) = b(r(α)),
(2.6)

which result in the contradiction with the condition (4) of the Theorem 2.1.
In the case (B) we have the sequence of inequalities

b(r(α)) > b(‖x(t2, α)‖) ≥ V (t2, x(t2, α), y)

> V (t1, x(t1, α), y) ≥ a(‖x(t1, α)‖) = a(r(α)),
(2.7)
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which also result in the contradiction with the condition (4) of the Theo-
rem 2.1.

The inequalities (2.6), (2.7) along with the condition (2)(d) of the Theo-
rem 2.1 prove the invariance of the set A(r) with respect to the solutions of
the system (2.1).

Note that the condition (2)(d) sometimes allows to determine the function
r(α) > 0 which participates in the setting of A(r).

Now prove the stability of the solutions of the system (2.1) with respect
to the set A(r). Let t0 ∈ Ti, ε > 0 and r(α) > 0 be given. Suppose that A(r)
is invariant with respect to the solutions of the system (2.1). For the given
(t0, ε) choose δ = δ(t0, ε) > 0 so that at all α ∈ S ⊆ Rd

a(r(α) + ε) > b(r(α) + δ), (2.8)

and
b(r(α) − ε) < a(r(α) − δ). (2.9)

Such choice of δ is possible, since the functions a, b belong to the K-class. Let
us prove that with the chosen value of δ the solutions of the system (2.1) will be
stable with respect to the moving set A(r) in the sense of the Definition 2.1(a).

Suppose that this is not so. Then for the solution x(t, α) of the system
(2.1) with initial conditions satisfying the condition

r(α) − δ < ‖x0‖ < r(α) + δ, (2.10)

one can find values of time t2 > t1 > t0 such that at all t ∈ [t1, t2]

(A)

‖x(t2, α)‖ = r(α) + ε,

‖x(t1, α)‖ = r(α) + δ,

‖x(t, α)‖ > r(α)

or

(B)

‖x(t2, α)‖ = r(α) − ε,

‖x(t1, α)‖ = r(α) − δ,

‖x(t, α)‖ < r(α).

Consider the case (A). According to the conditions (2)(a) and (3)(a), ob-
tain

a(r(α) + ε) = a(‖x(t2, α)‖) ≤ V (t2, x(t2, α), y)

< V (t1, x(t1, α), y) ≤ b(‖x(t1, α)‖) = b(r(α) + δ)

at all α ∈ S. This contradicts the inequality (2.8).
Similarly, in the case (B), according to the conditions (2)(b) and (3)(b),

we obtain the inequalities

b(r(α) − ε) = b(‖x(t2, α)‖) ≥ V (t2, x(t2, α), y)

> V (t1, x(t1, α), y) ≥ a(‖x(t1, α)‖) = a(r(α) − δ)



20 Uncertain Dynamical Systems: Stability and Motion Control

at all α ∈ S, which contradicts the condition (2.9). Hence, for the solutions
x(t, α) of the system (2.1) with the initial conditions (2.10) the following
estimate is true

r(α) − ε < ‖x(t, α)‖ < r(α) + ε

at all t ≥ t0 and α ∈ S ⊆ Rd. The Theorem 2.1 is proved.

For the cases when for the system (2.1) it is possible to construct a scalar
Lyapunov function with relevant properties, the stability of solutions can be
analyzed on the basis of the following statement.

Theorem 2.2 Let the following conditions be satisfied:

(1) for each α ∈ S ⊆ Rd there exists a function r = r(α) > 0 such that
r(α) → r0 at ‖α‖ → 0 and r(α) → +∞ at ‖α‖ → +∞;

(2) there exist scalar functions V ∈ C(1.1)(T0×Rn, R+), W1 : Rn×S → R
and W2 : Rn × S → R such that:

(a) a(‖x‖) ≤ V (t, x) at ‖x‖ > r(α),

(b) V (t, x) ≤ b(‖x‖) at ‖x‖ < r(α), where a, b belongs to the K-class,

(c) DV (t, x)|(2.1) ≤W1(x, α) at ‖x‖ > r(α), α ∈ S ⊆ Rd,

(d) DV (t, x)|(2.1) = 0 at ‖x‖ = r(α), α ∈ S,

(e) DV (t, x)|(2.1) ≥W1(x, α) at ‖x‖ < r(α), α ∈ S;

(3) there exist functions W 1(x) and W 2(x) such that:

(a) W1(x, α) ≤W 1(x) < 0 at all α ∈ S,

(b) W2(x, α) ≥W 2(x) > 0 at all α ∈ S;

(4) for any r(α) > 0 and functions a(r), b(r) the following relation is true:

a(r) = b(r).

Then the set A(r) is invariant with respect to motions of the system (2.1),
and the solutions of the system (2.1) are stable with respect to the set A(r).

The statement of the Theorem 2.2 follows from the Theorem 2.1.

Example 2.2 A non-conservative Hamilton system with uncertain values of
parameters was analyzed in the article by Skowronski [1984]. Apply the The-
orem 2.1 for the investigation of a system of the form

ẋ1 =
∂H

∂x2
+ Φ1(t, x1, x2, α1),

ẋ2 = − ∂H

∂x1
+ Φ1(t, x1, x2, α2),

(2.11)
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where H : R2 → R, Φi : R × R2 × S → R, i = 1, 2, . . . , H(x1, x2) is a
positive-definite convex C1-function, H(0, 0) = 0, α1(t), α2(t) ∈ [0, 1] are
unknown scalar parameters, Φ1, Φ2 are nonpotential dissipative forces.

Let E0 be the constant energy of the system (2.11) at Φ1 = Φ2 = 0. For
the given function r(α) > 0 consider the set

A(r) =
{
x ∈ R2 : ‖x‖ = r(α)

}
, α ∈ S ⊆ Rd, (2.12)

where lim r(α) = E0 at ‖α‖ → 0.
It is known that

Ḣ(x1(t), x2(t)) =

2∑

i=1

∂H

∂xi
Φi(t, x1, x2, α).

Let functions Wi(x1, x2), i = 1, 2 exist, such that at α ∈ S the following
conditions are satisfied:

(a)

2∑

i=1

∂H

∂xi
Φi(t, x1, x2, α) < W1(x1, x2) at ‖x‖ > r(α);

(b)

2∑

i=1

∂H

∂xi
Φi(t, x1, x2, α) = 0 at ‖x‖ = r(α),

(c)

2∑

i=1

∂H

∂xi
Φi(t, x1, x2, α) > W2(x1, x2) at ‖x‖ < r(α).

If along with the conditions (a) – (c) the following inequalities hold

(a)′ W1(x1, x2) < 0 at ‖x‖ > r(α), α ∈ S,
(b)′ W2(x1, x2) > 0 at ‖x‖ < r(α), α ∈ S,

then the solutions of the system (2.11) converge to the moving surface (2.12).
The conditions (a), (b) indicate that outside the moving surface A(r) the

system (2.11) is dissipative, while inside A(r) energy is pumped.

Remark 2.3 Many physical systems are simulated by first-order differential
equations. Among them are: fall of a point body with the mass m in a viscous
medium with resistance proportionate to velocity; a power grid consisting of
one linear constant resistance, a linear constant energy store, and a single
external source of energy; processes including chemical changes or compound-
ing processes. In all those cases some parameters are known and/or can be
determined uncertainly. Here is an example of such a system.

Example 2.3 Consider a first-order uncertain system

dx

dt
= x− f2(α)x3, x(0) 6= 0, (2.13)
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where f(α) is a nondifferentiable function of the uncertainties parameter α ∈
S ⊆ Rd, f(α) → f0 at ‖α‖ → 0 and f(α) → 0 at ‖α‖ → ∞.

The zero solution x = 0 of this system is uncertain by Lyapunov because
its first approximation

dx

dt
= x, x(0) 6= 0,

has the eigenvalue λ = 1 > 0.

Let r(α) =
1

f(α)
> 0. It is clear that r(α) → r0 at ‖α‖ → 0 and

r(α) → ∞ at ‖α‖ → ∞.
The set A(r) has the form

A(r) =

{
x : |x| =

1

f(α)

}
.

Take V = x2 and calculate

dV

dt
= 2x

dx

dt
= 2x2

(
1 − f2(α)x2

)
.

Hence it is clear that

dV

dt
< 0 at |x| > 1

f(α)
;

dV

dt
= 0 at |x| =

1

f(α)
;

dV

dt
> 0 at |x| < 1

f(α)
, t ≥ 0.

Therefore, if f(α) satisfies the conditions lim
‖α‖→0

f(α) = f0, lim
‖α‖→∞

f(α) = ∞,

then according to the Theorem 2.2 the set A(r) is invariant with respect to
solutions of the equation (2.14), and all solutions of this equation are stable
with respect to the set A(r) in the sense of the Definition 2.2(a).

Remark 2.4 At f2(α) = β2 (β is a control parameter) the equation (2.13)
was considered in the work by Galperin and Skowronsky [1985]. Note that in
the case in point the equation (2.13) cannot be reduced to the normal form,
like the Abel equation, due to the nondifferentiability of the function f(α),
α ∈ S ⊆ Rd.

Remark 2.5 Examples of physical systems simulated by second-order equa-
tions or two systems of first-order equations are: the motion of a body with
the mass m, suspended on a spring and subject to viscous depreciation; an
electric circuit with two sources of energy; a branched RLC-circuit; the os-
cillation of a material point with the mass m, suspended on a thread of the
length l, and others. As in the previous case, some parameters in the rele-
vant systems of differential equations may be known uncertainly. We will give
several examples of second-order systems.
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Example 2.4 Consider the class of second-order systems

dx

dt
= n(t)y + x

[
1 −m(α)(x2 + y2)

]
, x(t0) = x0,

dy

dt
= −n(t)x+ y

[
1 −m(α)(x2 + y2)

]
, y(t0) = y0,

(2.14)

where t ∈ T0, x(t) ∈ R, y(t) ∈ R, n(t) is a continuous function for any
t ∈ T0, m(α) is an unknown function of parameter α ∈ S ⊆ Rd, increasing at

‖α‖ → ∞; limm(α) 6= +∞ at ‖α‖ → +∞ and lim
1

m(α)
= m0 at ‖α‖ → 0.

The set A(r) will be determined as follows:

A(r) =

{
x, y : x2 + y2 =

1

m(α)

}
, (2.15)

i. e., r(α) =
1

m(α)
> 0 at all α ∈ S ⊆ Rd.

For the analysis of the behavior of the solutions ((x(t, α), y(t, α))T of the
system (2.15) with respect to the set (2.15), take a function V of the form

V = x2 + y2, (2.16)

whose derivative, in view of the given equations, has the form

dV

dt
= 2(x2 + y2)

[
1 −m(α)(x2 + y2)

]
. (2.17)

The function (2.16) satisfies all the conditions of the Theorem 2.2. From (2.17)
it follows that at α ∈ S ⊆ Rd

dV

dt

∣∣∣∣
(2.14)

< 0 at x2 + y2 > r(α),

dV

dt

∣∣∣∣
(2.14)

= 0 at x2 + y2 = r(α),

dV

dt

∣∣∣∣
(2.14)

> 0 at x2 + y2 < r(α).

Thus, for the function (2.17) the conditions of the Theorem 2.2 are satis-
fied, and any solutions of the system (2.14) with the initial conditions x0, y0:

r(α) − δ < x2
0 + y2

0 < r(α) + δ, α ∈ S,

will be stable with respect to the set (2.15) in the sense of the Definition 2.2(a).

Theorem 2.3 Assume that f(t, x, α) in the system (2.1) is continuous on
T0 ×Rn ×Rd and the following conditions are satisfied:
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(1) for any α ∈ S ⊆ Rd there exists a function r = r(α) > 0 such that the
set A(r) is not empty at all α ∈ S;

(2) there exists a matrix-valued function U ∈ C(T0 × Rn, Rs×s), U(t, x)
locally Lipshitz with respect to x, vector y ∈ Rs, (s× s)-matrices Φ1(r)
and Φ2(r) such that:

(a) a(‖x‖) ≤ V (t, x, y) at ‖x‖ > r(α),

(b) 0 < V (t, x, y) ≤ b(‖x‖) at ‖x‖ < r(α), where a, b belong to the
K-class,

(c) D+V (t, x, y)|(2.1) < ϕT(‖x‖)Φ1(r)ϕ(‖x‖) at ‖x‖ > r(α), α ∈
S ⊆ Rd,

(d) D+V (t, x, y)|(2.1) = 0 at ‖x‖ = r(α), α ∈ S ⊆ Rd,

(e) D+V (t, x, y)|(2.1) > ψT(‖x‖)Φ2(r)ψ(‖x‖) at ‖x‖ < r(α), α ∈
S ⊆ Rd,

where

ϕT(‖x‖) =
(
ϕ

1/2
1 (‖x1‖), . . . , ϕ1/2

s (‖xs‖)
)
, ϕi ∈ K,

ψT(‖x‖) =
(
ψ

1/2
1 (‖x1‖), . . . , ψ1/2

s (‖xs‖)
)
, ψi ∈ K,

xs ∈ Rns , n1 + n2 + . . . ns = n;

(3) there exist constant (s× s)-matrices Φ1, Φ2 such that

(a)
1

2

(
Φ1(r) + ΦT

1 (r)
)
≤ Φ1 at all α ∈ S,

(b)
1

2

(
Φ2(r) + ΦT

2 (r)
)
≥ Φ2 at all α ∈ S,

here Φ1 is negative-definite, and Φ2 is positive-definite;

(4) for any r(α) > 0 and functions a(r), b(r) the following relation is true:

a(r) = b(r).

Then the set A(r) is invariant with respect to motions of the system (2.1),
and the solutions of the system (2.1) are uniformly asymptotically stable with
respect to the set A(r).

Proof The invariance of the set A(r) with respect to the system (2.1) follows
from the Theorem 2.1. All its conditions are satisfied when the conditions of
the Theorem 2.3 are satisfied.

The uniform asymptotic stability of solutions of the system (2.1) with
respect to the set A(r) will be proved if, with all conditions of the Theorem 2.3
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satisfied, T = T (ε) > 0 ( ε is the same as in the Theorem 2.1) such that the
condition

r(α) − δ0 < ‖x(t0, α)‖ < r(α) + δ0,

where δ0 = δ0(ε), implies the existence of t∗ ∈ [t0, t0 + T ], for which

r(α) − δ < ‖x(t∗, α)‖ < r(α) + δ. (2.18)

Here δ = δ(ε).
Let, with all conditions of the Theorem 2.3 satisfied, there does not exist

t∗ ∈ [t0, t0 +T (ε)], for which the inequality (2.18) would hold true. Here two
cases are possible:

(a) ‖x(t, α)‖ ≥ r + δ at all t ∈ [t0, t0 + T ]

or
(b) ‖x(t, α)‖ ≤ r − δ at all t ∈ [t0, t0 + T ].

Consider the case (a). Since in view of the conditions (2)(c) and (3)(a) of
the Theorem 2.3

D+V (t, x(t), y)
∣∣
(2.1)

< 0 at ‖x‖ > r(α), t0 ≤ t <∞, (2.19)

the function V (t, x(t), y) monotonely decreases, i. e.,

lim
t→∞

V (t, x(t, α), y) = inf
t
V (t, x(t, α), y) = ∆(r).

Since the matrix Φ1 is negative-definite, i. e. Re λM (Φ1) < 0, then

D+V (t, x(t, α), y)
∣∣
(2.1)

< −λM (Φ1)Π(‖x‖) (2.20)

at ‖x‖ > r(α), where Π(‖x‖) ≥ ϕT(‖x‖)ϕ(‖x‖), Π(0) = 0 and Π belongs to
the K-class.

According to the conditions of the Theorem 2.1, solutions of the system
(2.1) are uniformly stable, therefore it can be assumed that ‖x(t, α)‖ ≤ H <
+∞ at all α ∈ S ⊆ Rd.

On the set r(α) + δ ≤ ‖x‖ ≤ H calculate

γ(r) = inf
r+δ≤‖x‖≤H

Π(‖x‖).

Obviously, γ(r) ≥ 0. From the inequality (2.20) obtain

V (t0 + T (ε), x(t, α), y) < V (t0, x(t0, α), y) − λM (Φ1)

t0+T (ε)∫

t0

Π(‖x(τ)‖) dτ,

or, since
−Π(‖x‖) ≤ −γ(r) at r + δ ≤ ‖x‖ ≤ H,
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then

V (t0 + T (ε), x(t, α), y) < V (t0, x(t0, α), y) − λM (Φ1)

t0+T (ε)∫

t0

γ(r) dτ

< V (t0, x(t0, α), y) − λM (Φ1)γ(r)T (ε).

Hence follows that at a sufficiently large T = T (ε)

V (T, x(t, α), y) < 0 at ‖x‖ > r(α).

But this contradicts the condition (2)(a) of the Theorem 2.3. Therefore the
case (a) is impossible, i. e., there should exist a value t∗ ∈ [t0, t0+T ], at which

‖x(t∗, α)‖ ≤ r(α) + δ. (2.21)

Now show that ‖x(t, α)‖ → r(α) at t → +∞. Indeed, let ε > 0 be an
arbitrarily small number, and

l(r) = inf λM (Φ1)Π(‖x‖) > 0 at r(α) + ε ≤ ‖x‖ ≤ H.

From (2.20) it follows that there exists T (ε) > t0 such that

V (T (ε), x(T (ε), α), y) > l(r). (2.22)

But, in view of the conditions (2.19), the function V (t, x(t), y) is monotonically
decreasing, so

V (t, x(t, α), y) < l(r) at all t > T (ε) and ‖x‖ > r(α). (2.23)

Hence, at t > T (ε) obtain ‖x(t, α)‖ < r(α) + ε.
Assume that this be not so, and let t1 > T (ε) exist, for which

‖x(t1, α)‖ > r(α) + ε.

Then from (2.22) and (2.23) it follows that

l(r) > V (t1, x(t1, α), y) > λM (Φ1)Π(‖x‖) ≥ l(r),

which is a contradiction. Therefore

lim
t→∞

‖x(t, α)‖ = r(α).

Now consider the case (b). Since the matrix Φ2 is positive-definite, for the
function D+V (t, x, y) one can easily obtain the estimate

D+V (t, x, y)
∣∣
(2.1)

> λm(Φ2)χ(‖x‖) at ‖x‖ < r(α),
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where χ(‖x‖) ≤ ψT(‖x‖)ψ(‖x‖), χ(0) = 0, χ belongs to the K-class, λm(Φ2)
is the minimum eigenvalue of the matrix Φ2. From the condition (2)(b) of the
Theorem 2.3 we obtain

V (t, x, y) ≤ b(‖x‖) at ‖x‖ < r(α).

Hence V (t, x, y) is bounded, i. e., there exists M > 0 such that

|V (t, x, y)| ≤M

at t0 ≤ t < ∞ and ‖x‖ < r(α) < H , where M and H are some positive
numbers.

Let δ > 0 (δ < r(α) ∀α ∈ S ⊆ Rd) be an arbitrarily small number. In
view of the conditions (2)(a) of the Theorem 2.3 there exists a point (t0, x0),
t0 ∈ R+ and 0 < ‖x0‖ < r(α), such that

V (t0, x0, y) = σ > 0.

Let the solution x(t, α) of the uncertain system (2.1) be determined by the
initial conditions x(t0) = x0, and

0 < ‖x(t, α)‖ < r(α) − δ at t ∈ [t0, t0 + T ].

Due to the conditions (2)(d) and (3)(b), the function V (t, x(t, α), y) at ‖x‖ ≤
r(α) is monotonely increasing with t, therefore at t ≥ t0 we obtain

V (t, x(t, α), y) > V (t0, x(t0), y) = σ > 0.

At some t∗ ∈ [t0, t0 + T ] the following inequality will be true:

‖x(t∗, α)‖ > r(α) − δ. (2.24)

Indeed, assume that this is not so, and

‖x(t, α)‖ < r(α) − δ at all t ≥ t0.

The solution x(t, α) is infinitely extendable to the right, and one can find
β < r(α) − δ at all α ∈ S ⊆ Rd such that

0 < β ≤ ‖x(t, α)‖ < r(α) − δ at t0 ≤ t <∞.

Calculate
γ̃(r) = inf

β≤‖x‖≤r(α)−δ
χ(‖x‖).

It is clear that γ̃(r) > 0, and in the domain ‖x‖ < r(α) we obtain

D+V (t, x(t, α), y)
∣∣
(2.1)

> λm(Φ2)γ̃(r) at t0 ≤ t <∞.

Hence, at t0 ≤ t <∞ we obtain

V (t, x(t, α), y) > V (t0, x0, y) + λm(Φ2)γ̃(r)(t − t0),
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which contradicts the boundedness of the function V (t, x, y) in the domain
‖x‖ < r(α), t0 ≤ t < ∞. Thus, it has been proved that there exists a value
t∗ ∈ [t0, t0 + T ], for which the inequality (2.24) holds true. Along with the
inequality (2.21), the following estimate holds:

r(α) − δ < ‖x(t∗, α)‖ < r(α) + δ

at t∗ ∈ [t0, t0 + T ]. Hereby we have determined the uniform asymptotic sta-
bility of solutions of the uncertain system (2.1) in the sense of the Defini-
tion 2.4 (d).

Remark 2.6 For the class of systems (2.1) which do not have linear approxi-
mation, the Theorem 2.3 is the basis of the following two statements.

Proposition 2.5 Let the vector-function f(t, x, α) in the system (2.1) have
no linear approximation, let all the conditions of the Theorem 2.3 be satisfied,
and, in addition, r(α) → 0 at ‖α‖ → 0, f(t, x, α) = 0, if, and only if, x = 0,
Ti = R. Then the set A(r) tends to zero, and the equilibrium state x = 0 of
the uncertain system (2.1) is uniformly asymptotically stable.

Proposition 2.6 Let the vector-function f(t, x, α) in the system (2.1) have
no linear approximation, let all the conditions of the Theorem 2.3 be satisfied,
and, in addition, r(α) → ∞ at ‖α‖ → ∞, f(t, x, α) = 0, if, and only if,
x = 0, Ti = R, ϕi, and ψi belong to the KR-class. Then the set A(r) is
unlimitedly increasing, and the equilibrium state x = 0 of the uncertain
system (2.1) is uniformly asymptotically stable.

Like the Theorem 2.1, the Theorem 2.3 has a corollary based on the scalar
Lyapunov function.

Theorem 2.4 Let the following conditions be satisfied:

(1) for each α ∈ S ⊆ Rd there exists a function r = r(α) > 0 such that
r(α) → r0 at ‖α‖ → 0 and r(α) → +∞ at ‖α‖ → +∞;

(2) there exist scalar functions V ∈ C(1,1)(T0×Rn, R+), W1 : Rn×Rd → R
and W2 : Rn ×Rd → R such that:

(a) a(‖x‖) ≤ V (t, x) at ‖x‖ > r(α),

(b) V (t, x) ≤ b(‖x‖) at ‖x‖ < r(α),

where a, b belong to the K-class;

(c) DV (t, x)|(2.1) < W1(x, α) at ‖x‖ > r(α), α ∈ S,

(d) DV (t, x)|(2.1) = 0 at ‖x‖ = r(α), α ∈ S,

(e) DV (t, x)|(2.1) > W1(x, α) at ‖x‖ < r(α), α ∈ S;
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(3) there exist functions sign definite in the Lyapunov sense W 1(x) and
W 2(x) such that:

(a) W1(x, α) ≤W 1(x) < 0 at all α ∈ S,

(b) W2(x, α) ≥W 2(x) > 0 at all α ∈ S;

(4) for any r(α) > 0 and functions a(r), b(r) the following relations are
true:

a(r) = b(r).

Then the set A(r) is invariant with respect to the motions of the system
(2.1), and the solutions of the systems (2.1) are uniformly asymptotically stable
with respect to the set A(r).

Example 2.5 Let the following equations be given:

dx

dt
= n(t)y +

[
1 − 1

a2
m̃2(α)(x2 + y2)

]
x(x2 + y2),

dy

dt
= −n(t)x+

[
1 − 1

a2
m̃2(α)(x2 + y2)

]
y(x2 + y2),

(2.25)

where n ∈ C(R,R), m̃(α) is an uncertainties function which has the same
properties as the function m(α) in the Example 2.4.

Let r(α) =
a

m̃(α)
> 0, α ∈ S ⊆ Rd. The set A(r) is determined as follows:

A(r) =
{
x, y : (x2 + y2)1/2 = r(α)

}
.

Take a function V in the form

V = x2 + y2,

whose derivative, in view of the equations (2.25), is

dV

dt

∣∣∣∣
(2.25)

= 2

[
1 − 1

a2
m̃2(α)(x2 + y2)

]
(x2 + y2)2.

Hence for t ≥ t0

dV

dt

∣∣∣∣
(2.25)

< 0 at (x2 + y2)1/2 > r(α),

dV

dt

∣∣∣∣
(2.25)

= 0 at (x2 + 1y2)1/2 = r(α),

dV

dt

∣∣∣∣
(2.25)

> 0 at (x2 + y2)1/2 < r(α).

Thus all conditions of the Theorem 2.3 are satisfied, and the set A(r) is in-
variant for the system (2.25), and all its solutions are uniformly asymptotically
stable with respect to the set A(r).
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The asymptotic approximation of the solutions x(t, α) of the system (2.1)
to the bound of the moving set can be determined by using two auxiliary
functions, with the conditions of the Theorem 2.4 duly modified.

Theorem 2.5 Assume that f(t, x, α) in the system (2.1) is continuous on
T0 ×Rn ×Rd and the following conditions are satisfied:

(1) for any α ∈ S ⊆ Rd there exists a function r = r(α) > 0 such that the
set A(r) is not empty at all α ∈ S;

(2) There exist functions V (t, x) and W (t, x) and comparison functions
a, b belonging to the K-class, such that:

(a) V ∈ C(1,1)(T0 × Rn, Rn), V (t, x) is bounded with respect to x and
V (t, 0) = 0 at all t ∈ T0;

(b) W ∈ C(T0×Rn, T0) and b(‖x‖) ≤W (t, x) ≤ a(‖x‖) at all (t, x) ∈
T0 ×Rn;

(3) There exists a comparison function c belonging to the K-class, a locally
integrable function k(t) ≥ 0 on Tτ = [τ,∞), k(t) 6∈ L1(I), and a
bounded function Φ(t) such that:

(a) DV (t, x)
∣∣
(2.1)

≤ Φ(t) − [c(W (t, x)) − r(α)]k(t) at ‖x‖ > r(α),

(b) DV (t, x)
∣∣
(2.1)

= 0 at ‖x‖ = r(α),

(c) DV (t, x)
∣∣
(2.1)

≥ Φ(t) − [c(W (t, x)) − r(α)]k(t) at ‖x‖ < r(α)

and for any τ ≥ 0 the following estimates hold true:

(d) lim inf
t→∞

(
t∫
τ

Φ(s) ds

/
t∫
τ

k(s) ds

)
≤ 0,

(e) lim sup
t→∞

(
t∫
τ

Φ(s) ds

/
t∫
τ

k(s) ds

)
≥ 0;

(4) For any r(α) ≥ 0 there exists κ = κ(r) ≥ 0 such that a(r) = κ = b(r)
and c(b(r)) = r = c(a(r)).

Then any bounded solution x(t, α) of the system (2.1), for which there
exists lim

t→∞
W (t, x(t, α)), asymptotically approximates the bound of the domain

A(r) at t→ ∞.

For the proof we will need the following statement.

Lemma 2.1 If the absolutely continuous and bounded below function Φ:
[τ,∞) → R satisfies the inequality Φ′(t) ≤ −p(t) almost all over I = [τ,∞),
where p(t) is a function locally integrable on I, then

lim sup
t→∞

t∫

τ

p(s) ds < +∞.
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Proof From the absolute continuity of the function Φ(t) it follows that at all
t ∈ [τ,∞)

Φ(t) − Φ(τ) =

t∫

τ

Φ′(s) ds.

Let m = inf
t∈[τ,+∞)

Φ(t), then, integrating the inequality Φ′(t) ≤ −p(t) within

the bounds from τ to t,

Φ(t) − Φ(τ) ≤ −
t∫

τ

p(s) ds,

t∫

τ

p(s) ds ≤ Φ(τ) − Φ(t) < Φ(τ) −m,

i. e.,

lim sup
t→∞

t∫

τ

p(s) ds < +∞.

If lim
t→∞

W (t, x(t, α)) = κ, then the statement of the Theorem 2.5 follows

from the conditions (2)(b) and (4). If any bounded solution x(t, α) of the
system (2.1) does not satisfy the condition lim

t→∞
W (t, x(t, α)) = κ, then the

two cases are possible:

(a) there exists a solution x(t, α) for which W (t, x(t, α)) ≥ κ + η at t ≥ τ ,

or

(b) there exists a solution x(t, α) for which W (t, x(t, α)) ≤ κ − η at t ≥ τ .

Here τ is sufficiently large, and η > 0.
According to the condition (4) of the Theorem 2.5 for the given 0 <

η1, η2 < η one can find ε1 > 0, ε2 > 0 such that

b(r(α) + ε1) = κ + η1, c(b(r(α) + ε1)) = r(α) + ε1,

b(r(α) − ε2) = κ − η2, c(b(r(α) − ε2)) = r(α) − ε2.

Consider the case (a). According to the condition (3)(a) of the Theorem
2.5,

DV (t, x)
∣∣
(2.1)

≤ Φ(t) − [c(b(r(α) + ε1)) − r(α)]k(t)

at ‖x‖ > r(α).
Denote p(t) = −Φ(t) + [c(b(r(α) + ε1)) − r(α)], then p(t) = −Φ(t) +

[r(α) + ε1 − r(α)]k(t) = −Φ(t) + ε1k(t) at all t ∈ T0. Obviously, p(t) is a
locally integrable function on T0. According to the condition (2)(a) of the
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Theorem 2.5, on any bounded solution x(t, α) the function V (t, x(t, α)) is
limited, therefore the function ψ(t) = V (t, x(t, α)) is bounded below.

From the condition ψ′(t) ≤ −p(t) and the Lemma 2.1 it follows that

lim sup
t→∞

t∫

τ

p(s) ds < +∞. (2.26)

From the condition (3)(d) of the Theorem 2.5 it follows that there exists
a sequence ti → ∞ such that

ti∫

τ

Φ(s) ds ≤ 1

2
ε1

ti∫

τ

k(s) ds.

Hence
ti∫

τ

p(s) ds ≥ 1

2
ε1

ti∫

τ

k(s) ds

and at i → ∞ the integral diverges to +∞, since k(t) 6∈ L1(I). This contra-
dicts the inequality (2.26).

Now consider the case (b). From the condition (3)(c) of the Theorem 2.5
obtain

DV (t, x)
∣∣
(2.1)

≥ Φ(t) − [c(a(r(α) − ε2)) − r(α)]k(t)

at ‖x‖ < r(α).
Denote q(t) = Φ(t)−[c(a(r(α)−ε2))−r(α)]k(t), then q(t) = Φ(t)−[r(α)−

ε2 − r(α)]k(t) = Φ(t) + ε2k(t) at all t ∈ T0.
Obviously, q(t) is a locally integrable function on T0. Like above,

V (t, x(t, α)) is a bounded function, therefore χ(t) = −V (t, x(t, α)) is bounded
below. From the condition χ′(t) ≤ −q(t) and the Lemma 2.1 it follows that

lim sup
t→∞

t∫

τ

q(s) ds < +∞. (2.27)

On the other hand, according to the condition (3)(e) of the Theorem 2.5,
there exists a sequence ti → ∞ such that at all i the following estimate holds
true:

t∫

τ

Φ(s) ds ≥ 1

2
ε2

ti∫

τ

k(s) ds.

Hence
t∫

τ

q(s) ds ≥ 1

2
ε2

ti∫

τ

k(s) ds,

and at i → ∞ divergence occurs, since k(t) 6∈ L1(I). This contradicts the
condition (2.27) and proves the statement of the Theorem 2.5, i. e., ‖x(t, x)‖ →
r(α) uniformly with respect to t at t→ +∞.
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2.4 Exponential Convergence of Motions to a Moving
Invariant Set

Continue the analysis of solutions of the uncertain system (2.1) with re-
spect to the moving invariant set (2.2). Taking into account some results of the
article by Corless and Leitmann [1996], one can give the following definition.

Definition 2.13 The motion x(t, α) of the uncertain system (2.1) is expo-
nentially stable with respect to the moving invariant set A(r) with the index
γ, if there exist constants β1 ≥ 0, β2 ≥ 0 such that:

(1) for each t0 ∈ R, α ∈ S ⊆ Rd there exists δ > 0 such that the solution
x(t, α) : [t0, t1) → Rn of the system (2.1) is determined at all t0 < t1
and x0 : r(α) − δ ≤ ‖x0‖ ≤ r(α) + δ;

(2) any solution x(t, α) : [t0, t1) → Rn of the system (2.1) with the initial
value x0 has the extension x(t, α) : [t0,∞) → Rn , i. e., x(t, α) = x(t, α)
at all t ∈ [t0, t1) and x(t, α) is a solution of the system (2.1);

(3) any solution x(t, α) : [t0, t1) → Rn of the system (2.1) with the initial
value x0 satisfies the estimate

r(α) − β1‖x0‖ exp[−γ(t− t0)] ≤ ‖x(t, α)‖ ≤
≤ r(α) + β2‖x0‖ exp[−γ(t− t0)] at all t ≥ t0.

Thus, the purpose of our analysis is to find the conditions under which the
solutions of the system (2.1) will be exponentially stable with respect to the
moving invariant set A(r).

The next theorem contains the conditions which guarantee the exponential
convergence of motions of the uncertain system (2.1) to the moving invariant
set A(r).

Theorem 2.6 Assume that f(t, x, α) in the system (2.1) is continuous on
R+ ×Rn ×Rd and the following conditions are satisfied:

(1) for any α ∈ S ⊆ Rd there exists a function r = r(α) > 0 such that the
set A(r) is not empty at all α ∈ S;

(2) there exists a matrix-valued function U ∈ C(R+ × Rn, Rs×s), U(t, x)
continuously differentiable with respect to t, x, a vector η ∈ Rs+, η > 0,
and constants q ≥ 0, a1(α) > 0, a2(α) > 0 ∀α ∈ S ⊆ Rd such that
the function

V (t, x, η) = ηTU(t, x)η

satisfies the estimates:
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(a) a1(α)‖x‖q ≤ V (t, x, η) ≤ a2(α)‖x‖q at all (t, x) ∈ T0 ×Rn,

(b) for any α ∈ S ⊆ Rd there exist constants δ1(α) and δ2(α), 0 <
δ1(α) < δ2(α) < +∞, such that

δ1(α) ≤ V (t, x, η) ≤ δ2(α) ∀α ∈ S ⊆ Rd,
(
δ1(α)

w1

)1/q

=

(
δ2(α)

w2

)1/q

, w1 = min
α∈S

a1(α), w2 = min
α∈S

a2(α);

(3) for the full derivative DV (t, x, η) of the function V (t, x, η) along the
solutions of the uncertain system (2.1) the following inequalities are true:

(a) DV (t, x, η)|(2.1) < −qγ[V (t, x, η) − δ1(α)] at ‖x‖ > r(α), α ∈
S ⊆ Rd,

(b) DV (t, x, η)|(2.1) = 0 at ‖x‖ = r(α), α ∈ S ⊆ Rd,

(c) DV (t, x, η)|(2.1) > −qγ[V (t, x, η) − δ2(α)] at ‖x‖ < r(α), α ∈
S ⊆ Rd;

(4) for any r(α) > 0 the following relation holds true:

a1(α)[r(α)]q = a2(α)[r(α)]q .

Then:

(a) the moving set

A(r) ⊂ {x ∈ Rn : V (t, x, η) ≤ δ2(α)}

is invariant with respect to the solutions of the system (2.1);

(b) motions of the system (2.1) exponentially converge to the moving invari-
ant set A(r) with the index γ.

Proof First, prove the invariance of the moving set A(r). Let t0 ∈ R and let
x0 ∈ Rn satisfy the condition ‖x0‖ = r(α). According to the condition (2)
(a), (b) of the Theorem 2.6

A(r) ⊂ {x ∈ Rn : V (t, x, η) ≤ δ2(α)},

where A(r) = {x ∈ Rn : ‖x‖ = r(α)}, r(α) is determined below.
Assume that the set A(r) is not invariant. Then one can find time values

t2 > t1 ≥ t0 such that at all t ∈ [t1, t2]

(A)

‖x(t1, α)‖ = r(α),

‖x(t2, α)‖ > r(α),

‖x(t, α)‖ ≥ r(α), ,
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or

(B)

‖x(t1, α)‖ = r(α),

‖x(t2, α)‖ < r(α),

‖x(t, α)‖ ≤ r(α).

From the conditions (2) (b) and (3) (a) it follows that if

δ1(α) ≤ V (t, x, η) ≤ δ2(α) ∀α ∈ S ⊆ Rd,

then
DV (t, x, η)|(1.1) < −qγ[V (t, x, η) − δ1(α)]

at ‖x‖ > r(α) and therefore

V (t, x(t, α), η) < V (t1, x(t1, α), η) at t1 ≤ t ≤ t2 and ‖x‖ > r(α).

Similarly,

DV (t, x, η)|(1.1) > −qγ[V (t, x, η) − δ2(α)] ≥ 0 at ‖x‖ < r(α).

and therefore

V (t, x(t, α), η) > V (t1, x(t1, α), η) at t1 ≤ t ≤ t2.

According to the condition (2)(a) the inequality

a1(α)[r(α)]q < a1(α)‖x(t2, α)‖q ≤ V (t2, x(t2, α), η)

< V (t1, x(t1, α), η) ≤ a2(α)‖x(t1, α)‖q = a2(α)[r(α)]q ,
(2.28)

contradicts the condition (4) of the Theorem 2.6.
In the case (B) obtain the sequence of inequalities

a2(α)[r(α)]q > a2(α)‖x(t2, α)‖q ≥ V (t2, x(t2, α), η)

> V (t1, x(t1, α), η) ≥ a1(α)‖x(t1, α)‖q = a1(α)[r(α)]q ,
(2.29)

which also contradicts the condition (4) of the Theorem 2.6. The inequalities
(2.28), (2.29) together with the condition (3)(a) of the Theorem 2.6 prove its
statement.

Now prove the exponential stability of the solutions x(t, α) of the system
(2.1) with respect to the moving invariant set A(r). Let x0 be such that

r(α) − δ < ‖x0‖ < r(α) + δ,

where δ > 0 is some constant.
Consider the case (A), where at ‖x‖ > r(α) the condition (3)(a) of the

Theorem 2.6 is satisfied. Denote

ϕ(t) = V (t, x, η) − δ1(α), α ∈ S ⊆ Rd,

ϕ̃ = δ∗2 − δ∗1 ,

δ∗1 = min
α∈S

δ1(α), δ∗2 = max
α∈S

δ2(α).

(2.30)
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It is clear that ϕ(t0) ≥ 0 and ϕ(t) < ϕ̃ at all t ≥ t0.
Since

dϕ

dt
= DV (t, x, η),

taking into account the inequalities ϕ(t) < ϕ̃ and the condition (3)(a) of the
Theorem 2.6,

dϕ(t)

dt
< −qγϕ(t) at all t ≥ t0.

Hence
ϕ(t) < ϕ(t0) exp[−qγ(t− t0)] at all t ≥ t0.

Taking into account the notation (2.30),

V (t, x(t, α), η) < δ1(α) + [V (t0, x0, η) − δ1(α)] exp[−qγ(t− t0)]. (2.31)

If the condition (2)(b) of the Theorem 2.6 is satisfied, V (t0, x0, η)−δ1 > 0
and therefore there exists a constant k1 > 0 such that

k1V (t0, x0, η) = V (t0, x0, η) − δ1. (2.32)

Taking into account the inequality (2.32), the inequality (2.31) transforms to
the form

V (t, x(t, α), η) < δ1(α) + k1V (t0, x0, η) exp[−qγ(t− t0)]. (2.33)

In conformity with the condition (2)(a),

‖x(t, α)‖ <
[
V (t, x(t, α), η)

/
a1(α)

]1/q
<
[
V (t, x(t, α), η)

/
w1

]1/q
,

where w1 = min
α∈S

a1(α). Hence, taking into account (2.33),

‖x(t,α)‖ < [δ1(α)/w1 + (k1V (t0, x0, η)/w1) exp[−qγ(t− t0)]]
1/q

< (δ1(α)/w1)
1/q + (k1V (t0, x0, η)/w1)

1/q
exp[−γ(t− t0)]

< r1(α) + β1‖x0‖ exp[−γ(t− t0)],

(2.34)

where β1 = k
1/q
1

(
w2

w1

)1/q

, r1(α) =

(
δ1(α)

w1

)1/q

.

Consider the case (B) where at ‖x‖ < r(α) the condition (3)(c) in the
Theorem 2.6 is satisfied. Denote

ψ(t) = V (t, x, η) − δ2(α), α ∈ S ⊆ Rd. (2.35)

From the condition (2)(b) of the Theorem 2.6 it follows that ψ(t0) ≤ 0 and
ψ(t) < ϕ̃ at all t ≥ t0. From

dψ

dt
= DV (t, x, η)



Lyapunov’s Direct Method for Uncertain Systems 37

and ϕ̃ > ψ(t) ≥ 0 at all t ≥ t0

dψ(t)

dt
> −qγψ(t) at all t ≥ t0.

Hence
ψ(t) > ψ(t0) exp[−qγ(t− t0)] at all t ≥ t0. (2.36)

From (2.36), taking into account (2.35), we obtain

V (t, x(t, α), η) > δ2(α) + [V (t0, x0, η) − δ2(α)] exp[−qγ(t− t0)]. (2.37)

Since V (t, x, η) − δ2(α) ≤ 0 at all t ≥ t0 and α ∈ S ⊆ Rd, there exists a
constant k2 < 0 such that

−k2V (t0, x0, η) = V (t0, x0, η) − δ∗2 . (2.38)

Taking into account the equality (2.38), represent the inequality (2.37) in the
form

V (t, x(t, α), η) > δ2(α) − k2V (t0, x0, η) exp[−qγ(t− t0)]. (2.39)

According to the condition (2)(a) we obtain

‖x(t, α)‖ >
[
V (t, x(t, α), η)

/
a2(α)

]1/q
>
[
V (t, x(t, α), η)

/
w2

]1/q
, (2.40)

where w2 = max
α∈S

a2(α). From the inequality (2.40), taking into account (2.39),

‖x(t,α)‖ > [δ2(α)/w2 − (k2V (t0, x0, η)/w2) exp[−qγ(t− t0)]]
1/q

> (δ2(α)/w2)
1/q − (k2V (t0, x0, η)/w2)

1/q exp[−γ(t− t0)]

> r2(α) − β2‖x0‖ exp[−γ(t− t0)],

(2.41)

where r2(α) =

(
δ2(α)

w2

)1/q

and β2 = k
1/q
2

(
w1

w2

)1/q

.

Taking into account the condition (2)(b) of the Theorem 2.6, the estimates
(2.34), (2.41) imply the statement (b) of the Theorem 2.6 with the function
r(α) = min {r1(α), r2(α)}.
Remark 2.7 If in the system (2.1) f(t, 0, α) = 0 and r(α) → 0 at ‖α‖ → 0
or r(α) → ∞ at ‖α‖ → +∞, then the Theorem 2.6 contains the conditions
for the exponential stability of the zero solution of the uncertain system (2.1)
or the exponential stability in large of its zero solution.

Remark 2.8 If f(t, x, α) ≡ P (t)x at all α ∈ S ⊆ Rd, where P (t) is an (n×n)-
matrix with continuous real elements on R, then the Definition 2.13 implies
the definition of the exponential stability of the condition x = 0 of the system
ẋ = P (t)x, based on the estimate (Zubov [1994])

a1e
−b1(t−t0)‖x0‖ ≤ ‖x(t; t0, x0)‖ ≤ a2e

−b2(t−t0)‖x0‖,
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where a1, b1, a2, b2 are some positive constants.

The Theorem 2.6 implies the result of the article by Corless and Leitmann
[1996], which is given below.

Corollary 2.1 Assume that f(t, x, α) in the system (2.1) is continuous on
R+ ×Rn ×Rd and the following conditions are satisfied:

(1) there exists a scalar function V : R+ × Rn → R+ and constants q ≥ 1,
ω1 > 0, ω2 > 0 such that

ω1‖x‖q ≤ V (t, x) ≤ ω2‖x‖q

at all x ∈ Rn;

(2) for any α ∈ S ⊆ Rd there exist constants δ1(α) and δ2(α), 0 < δ1(α) <
δ2(α) < +∞, such that δ1(α) < V (t, x) < δ2(α) at all α ∈ S ⊆ Rd;

(3) there exists a constant γ > 0 such that

D+V (t, x)
∣∣
(2.1)

≤ −qγ[V (t, x) − δ1(α)]

at all t ∈ R+.

Then:

(a) the set A = {x ∈ Rn : V (t, x) < δ2(α)} is invariant for the solutions of
the system (2.1);

(b) the solutions of the system (2.1) uniformly with respect to t exponentially
converge to the surface of the sphere B(r) = {x ∈ Rn : ‖x‖ = r}, where
r = (δ1(α)/ω)1/q, with the estimate

‖x(t, α)‖ ≤ r + β‖x(t0)‖ exp[−γ(t− t0)],

where β = (ω2/ω1)
1/q.

Example 2.6 Consider the scalar equation

dx

dt
= −x+ α(t),

where α(t) is an unknown external perturbation with the known boundary eρ,
0 ≤ ρ ≤ 1, |α(t)| ≤ eρ at all t ≥ t0.

Let V (x) = |x|, then

D+V (x)[−x+ α(t)] ≤ −(|x| − eρ).

We now study the behavior of solutions of the scalar equation with respect
to the moving set

A(ρ) = {x ∈ R : |x| = eρ}.
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Note that at ρ → 0 the set A(ρ) becomes a two-point set A(ρ) =
{x : |x| = 1} on the line x ∈ R.

It is obvious that

D+V (x)[−x + α(t)] < 0 at |x| > eρ,

D+V (x)[−x + α(t)] = 0 at |x| = eρ,

D+V (x)[−x + α(t)] > 0 at |x| < eρ.

Hence follows the convergence of solutions to the invariant moving set
|x| = eρ, 0 ≤ ρ ≤ 1, with the estimate

|x(t)| ≤ eρ + |x0| exp(−(t− t0))

at all t ≥ t0.

2.5 Instability of Solutions with Respect to a Given
Moving Set

In this section we will consider the problem of the instability of solutions
of the uncertain system (2.1) with respect to the given moving set A(r).

Definition 2.14 The motions x(t, α) of the system (2.1) are unstable with
respect to the moving set A(r), if with the given function r(α) > 0 there exist
ε > 0, t0 ∈ Ti and with any δ > 0 there exist x0 and t∗ ∈ Ti such that if

r(α) − δ < ‖x0‖ < r(α) + δ,

the norm of the solution x(t, α) = x(t; t0, x0, α) satisfies one of the inequalities

‖x(t∗, α)‖ > r(α) + ε (2.42)

or
‖x(t∗, α)‖ < r(α) − ε. (2.43)

The sufficient conditions for the instability of solutions of the system (2.1)
in the sense of the Definition 2.14 are contained in the following statement.

Theorem 2.7 Assume that f(t, x, α) in the system (2.1) is continuous on
T0 ×Rn ×Rd , and the following conditions are satisfied:

(1) for any α ∈ S ⊆ Rd there exists a function r = r(α) > 0 such that the
set A(r) is not empty at all α ∈ S;

(2) there exists a matrix-valued function U ∈ C(T0 × Rn, Rs×s), U(t, x)
locally Lipshitz with respect to x, a vector y ∈ Rs and (s× s)-matrices
Q1(r) and Q2(r) such that:
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(a) 0 < V (t, x, y) ≤ b(‖x‖) at ‖x‖ > r(α) for some function b belong-
ing to the KR-class,

(b) a(‖x‖) ≤ V (t, x, y) ≤ c(‖x‖) at ‖x‖ ≤ r(α), where a and c belong
to the K-class,

(c) D+V (t, x, y)
∣∣
(2.1)

> ϕT(‖x‖)Q1(r)ϕ(‖x‖) at ‖x‖ > r(α), α ∈ S,

where

ϕT(‖x‖) =
(
ϕ

1/2
1 (‖x1‖), . . . , ϕ1/2

s (‖xs‖)
)
, ϕi ∈ K,

(d) D+V (t, x, y)
∣∣
(2.1)

= 0 at ‖x‖ = r(α), α ∈ S,

(e) D+V (t, x, y)
∣∣
(2.1)

< ψT(‖x‖)Q2(r)ψ(‖x‖) at ‖x‖ < r(α), α ∈ S,

where

ψT(‖x‖) =
(
ψ

1/2
1 (‖x1‖), . . . , ψ1/2

s (‖xs‖)
)
, ψi ∈ K;

(3) there exist symmetrical constant (s× s)-matrices Q1, Q2 such that:

(a)
1

2

(
Q1(r) +QT

1 (r)
)
≥ Q1 ∀α ∈ S ⊆ Rd,

(b)
1

2

(
Q2(r) +QT

2 (r)
)
≤ Q2 ∀α ∈ S ⊆ Rd,

Q1 is positive-semidefinite, and Q2 is negative-definite.

Then the solutions of the uncertain system (2.1) are unstable with respect
to the given moving set A(r).

Proof At first consider the case of the instability of the solution x(t, α) of the
system (2.1), which is realized on the basis of the inequality (2.42). From the
conditions (1) and (2)(a) of the Theorem 2.7 it follows that for each δ > 0
one can find x0 such that ‖x0‖ < r(α) + δ and V (t0, x0, y) > 0. While the
solution x(t, α) ∈ {x : r(α)− ε ≤ ‖x‖ < r(α)+ ε} from the conditions (2)(a),
(c) for any t ∈ J ⊆ R+ one can find

V (t, x(t), y) = V (t0, x0, y) +

t∫

t0

D+V (τ, x(τ), y) dτ

> V (t0, x0, y) + ξ(‖x0‖)λm(Q1)(t− t0),

(2.44)

where λm(Q1) ≥ 0 is the minimum eigenvalue of the matrix Q1 and ξ(‖x‖) ≥
ϕT(‖x‖)ϕ(‖x‖), ϕ ∈ K-class. From the condition (2)(a) of the Theorem 2.7 it
follows that the function V (t, x, y) is bounded, i. e., |V (t, x, y)| ≤M at t ≥ t0
and ‖x‖ > r(α), α ∈ S ⊆ Rd, M is some positive constant.

From the estimate (2.44) it follows that the function V (t, x, y) in the do-
main t ≥ t0 and ‖x‖ > r(α), α ∈ S ⊆ Rd, is unbounded. Therefore the
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solution x(t, α) must leave the domain ‖x‖ ≥ r(α) + ε upon some point of
time t0 ≤ t∗ <∞.

If r(α) → r0 at ‖α‖ → 0, then the instability of solutions of the system
(2.1) with respect to the set A(r) is proved.

Now consider the case when the function r(α) is given and does not vanish
at any α ∈ S ⊆ Rd. The instability of the solutions of the system (2.1) with
respect to the set A(r) can occur when the inequality (2.43) is true.

With the given function r(α), denote

V −1(t, r(α)) = {x : V (t, x, y) ≤ a(r(α))},

where a ∈ K is chosen so that V −1(t, r(α)) ⊂ A(r) for each t ∈ R+ at
any α ∈ S. Let t0 ∈ R+ and x0 : ‖x0‖ < r(α) + δ, x0 ∈ V −1(t, r(α)). Then
according to the conditions (2)(c), (e) and (3)(b) find that x(t, α) ∈ V −1(t0, α)
and, since

V −1(t, r(α)) ⊂ A(r) ⊂ Rn,

the motion x(t, α) cannot reach the boundary of the set A(r). Then for any
ε > 0 choose η > 0 so that

c(r(α) − η) < a(r(α) − ε) at all α ∈ S,

and take T (ε) larger than c(r(α) + δ)/λM (Q2)ψ(r(α) − η). Now ‖x(t, α)‖
cannot exceed the value r(α) − η for all t ∈ [t0, t0 + T (ε)] because in that
case we would obtain for t = t0 + T (ε)

V (t, x(t), y) < V (t0, x0, y) − λM (Q2)

t0+T (ε)∫

t0

Ψ(‖x(s, α)‖) ds

< c(r(α) + δ) − λM (Q2)ψ(r(α) − η)T (ε) < 0,

which contradicts the condition (2)(b).
Therefore one can find t1 ∈ [t0, t0 + T (ε)] such that c(‖x(t1, α)‖) <

c(r(α) − η) < a(r(α) − ε) and since V (t, x(t, α), y) is decreasing, for t ≥
t0 + T (ε) we obtain

a(‖x(t, α)‖) ≤ V (t, x(t, α), y) < V (t1, x(t1, α), y)

< c(‖x(t1, α)‖) < c(r(α) − η) < a(r(α) − ε).

Hence, for t ≥ t0+T (ε) ‖x(t, α)‖ < r(α)−ε. According to the Definition 2.14,
this means the instability of the solutions of the system (2.1) with respect to
the given moving set A(r).

The Theorem 2.7 is proved.

Remark 2.9 If x = 0 is the only equilibrium state of the system (2.1) at all
α ∈ S ⊆ Rd and f(t, 0, α) = 0, then the conditions (1), (2)(b), (d) and (3)(b)
of the Theorem 2.7 guarantee the uniform asymptotic stability of solutions
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of the system (2.1) with respect to Bα ⊂ V −1(t, r(α)), and the set A(r) is
an unstable limit cycle for such solutions, from which they tend to zero at
t→ +∞.

Below is a variant of the Theorem 2.7, which is based on the scalar Lya-
punov function.

Theorem 2.8 Assume that the following conditions are satisfied:

(1) for any α ∈ S ⊆ Rd there exists a function r = r(α) > 0 such that the
set A(r) is not empty at all α ∈ S;

(2) there exists a function V ∈ C(1,1)(T0×Rn, R+) and functions H1 : Rn×
Rd → R and H2 : Rn ×Rd → R such that:

(a) 0 < V (t, x) ≤ b(‖x‖) at ‖x‖ > r(α) for some function b belonging
to the KR-class,

(b) a(‖x‖) ≤ V (t, x) ≤ c(‖x‖) at ‖x‖ ≤ r(α), where a and c belong to
the K-class,

(c) D+V (t, x)
∣∣
(2.1)

≥ H1(x, α) at ‖x‖ > r(α), α ∈ S,

(d) D+V (t, x)
∣∣
(2.1)

= 0 at ‖x‖ = r(α), α ∈ S,

(e) D+V (t, x)
∣∣
(2.1)

≤ H2(x, α) at ‖x‖ < r(α), α ∈ S ⊆ Rd;

(3) there exist sign-definite functions H1(x) and H2(x) such that:

(a) H1(x, α) ≥ H1(x) > 0 at all α ∈ S,

(b) H2(x, α) ≤ H2(x) < 0 at all α ∈ S.

Then the motions x(t, α) of the system (2.1) are unstable with respect to
the given moving set A(r),

Example 2.7 Let the equations of the motion of the uncertain system have
the form

dx

dt
= −p(t)y −

[
1 − 1

a2
m2(α)(x2 + y2)

]
x(x2 + y2),

dy

dt
= p(t)x−

[
1 − 1

a2
m2(α)(x2 + y2)

]
y(x2 + y2),

(2.45)

where p ∈ C(R+, R+) is a single-valued function t ≥ t0 ≥ 0, m(α) is a
function which characterizes the uncertainties, with the same properties as in
the Example 2.2.

The function r(α) will be chosen as follows: r(α) =
a

m(α)
, α ∈ S ⊆ R,

r(α) > 0, and therefore

A(r) = {x, y : ‖z‖ = r(α)} , (2.46)
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where ‖z‖ = (x2 + y2)1/2.
To investigate the instability of the solutions (x(t, α), y(t, α)) of the system

(2.45) with respect to the given moving set (2.46), apply the function V of
the form

V = x2 + y2.

This function is positive-definite and satisfies the conditions (2)(a), (b) of the
Theorem 2.8. Its derivative, in view of the equations (2.45), is determined by
the formula

dV

dt

∣∣∣∣
((2.45))

= −2

[
1 − 1

a2
m2(α)(x2 + y2)

]
(x2 + y2)2.

It is easy to prove that for α ∈ S ⊆ Rd

dV

dt

∣∣∣∣
(2.45)

> 0 at ‖z‖ > a

m(α)
, (2.47)

dV

dt

∣∣∣∣
(2.45)

= 0 at ‖z‖ =
a

m(α)
,

dV

dt

∣∣∣∣
(2.45)

< 0 at ‖z‖ < a

m(α)
. (2.48)

Thus, if the function m(α) satisfies the above conditions, then the condi-
tions (2)(c), (d) of the Theorem 2.8 are satisfied. So, according to the The-
orem 2.8, any motion (x(t, α), y(t, α)) of the system (2.45), which begins in
the domain

r(α) − δ < (x2
0 + y2

0)
1/2 < r(α) + δ,

at arbitrarily small δ > 0 will leave the domain

r(α) − ε > (x2 + y2)1/2 > r(α) + ε (2.49)

at some point t∗ > t0.
The motion (x(t, α), y(t, α)) can leave the domain (2.49) in two ways:

either under the condition (2.47) the solutions (x(t, α), y(t, α)) leave the ε-
neighbourhood of the set (2.46) through the external boundary of the ε-
neighbourhood, or under the condition (2.48), they leave it through its internal
boundary.

Example 2.8 Let the equations of the motion of the uncertain system have
the form

dx

dt
= −(x− βy)

(
1 −m2(α)(x2 + y2)

)
,

dy

dt
= −(y + γx)

(
1 −m2(α)(x2 + y2)

)
,

(2.50)

where γ, β, γ < β, are positive constants, the function of the uncertainties
parameter m(α) satisfies the same conditions as in the Example 2.5.
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Determine the moving set A(r) by the formula

A(r) = {x, y : ‖z‖ = r(α)} , r(α) =
1

m(α)
> 0.

For the system (2.50) the positive-definite function

V = γx2 + βy2

satisfies the conditions (2)(a), (b) of the Theorem 2.8. Its derivative

dV

dt

∣∣∣∣
(2.50)

= −2
(
γx2 + βy2

) (
1 −m2(α)(x2 + y2)

)

satisfies the conditions (2)(c), (d):

dV

dt

∣∣∣∣
(2.50)

< 0 at ‖z‖ < r(α),

dV

dt

∣∣∣∣
(2.50)

= 0 at ‖z‖ = r(α),

dV

dt

∣∣∣∣
(2.50)

> 0 at ‖z‖ > r(α),

where ‖z‖ = (x2 + y2)1/2, α ∈ S ⊆ Rd.
Thus, the solutions (x(t, α), y(t, α)) of the system (2.50), outgoing from

an arbitrary point x0, y0 located in the moving ring

r(α) − δ ≤ (x2
0 + y2

0)
1/2 ≤ r(α) + δ,

for an arbitrarily small δ > 0 , will be unstable with respect to the given
moving set A(r).

2.6 Stability with Respect to a Conditionally Invariant
Moving Set

In this section we will describe the approach which gives the opportunity
to reduce the analysis of the stability of moving conditionally invariant sets to
the study of the external part of the phase space with respect to the boundary
of the moving set. This is attained by the inverse transformation of the initial
dynamic system, which is used in the next chapter for the synthesis of controls
of motions of an uncertain system.

Along with the concept of stability of the equilibrium state x = 0 of the
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system (2.1) in the sense of the Definitions 2.1–2.4, it is interesting to consider
other concepts of stability of solutions of that system.

Let 0 < ρ0(α) ≤ r0(α) ≤ ρ(α) be some known functions of parameter α,
determining the moving sets

B+ = {x ∈ Rn : ‖x‖ ≥ ρ0(α)},
B− = {x ∈ Rn : ‖x‖ ≤ ρ0(α)},
A+ = {x ∈ Rn : ‖x‖ ≥ r0(α)},
A− = {x ∈ Rn : ‖x‖ ≤ r0(α)},
B = B+ ∩B−, A = A+ ∩A−.

Let M denote one of the sets B+, B− or B, and let N denote one of the
sets A+, A− or A.

Definition 2.15 The pair of moving sets (M,N) is called conditionally in-
variant and uniformly asymptotically stable with respect to the solutions of
the system (2.1) if the following conditions are satisfied:

(a) at any (t0, x0) ∈ R+×N the motion of the system (2.1) x(t, α) belongs
to M at all t ≥ t0;

(b) at any ε > 0 and t0 ∈ R+ there exists δ = δ(ε) > 0 such that motions
of the system (2.1) beginning in the δ-neighborhood of the set N at all
t ≥ t0 stay in the ε-neighborhood of the set M , i. e., for any x0 such
that d(N, x0) < δ, the inequality d(M,x(t, α)) < ε holds at all t ≥ t0;

(c) there exist δ0 > 0 and T = T (ε) > 0 such that at all x0 such that
d(N, x0) < δ0 the estimate d(M,x(t, α)) < ε holds at all t ≥ t0 +T (ε).

Here d(M,x) = inf
y∈M

‖x− y‖.
Later along with the system (2.1) we will consider the scalar comparison

equation
du

dt
= g(t, x, µ), u(t0) = u0 ≥ 0, (2.51)

where u ∈ R, g ∈ C(R3, R) and µ = µ(α) ≥ 0 is some function of uncertain-
ties parameter α ∈ S.

Assume that solutions of the equation (2.51) exist at all t ≥ t0 and they
are unique for the given initial conditions (t0, u0) ∈ R+ ×R+.

We introduce the sets

Ω+(H) = {u ∈ R+ : u ≤ H},
Ω−(H) = {u ∈ R+ : u ≥ H0},

Ω(H,H0) = Ω+(H) ∩ Ω−(H0), 0 ≤ H0 ≤ H < +∞,

and formulate the following definition.
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Definition 2.16 The set Ω+(H) is invariant and uniformly asymptotically
stable with respect to solutions of the equation (2.51) if the following condi-
tions are satisfied:

(a) from the condition u0 ≤ H it follows that u(t, t0, u0) ≤ H at all t ≥ t0;

(b) for the given ε > 0 and t0 ∈ R+ there exists δ = δ(ε) > 0 such that
from the condition u0 < H + δ it follows that u(t, t0, u0) < H + ε at
all t ≥ t0;

(c) there exist values δ0 > 0 and T = T (ε) > 0 such that from u0 < H+δ0
it follows that u(t, t0, u0) < H + ε at all t ≥ t0 + T (ε).

We now determine the conditions under which the motions of the system
(2.1) are conditionally invariant and uniformly asymptotically stable with re-
spect to the pairs of sets (A,B), (A+, B+), (A−, B−).

The correctness of the following statement can easily be verified.

Proposition 2.7 The pair of moving sets (A,B) is invariant and uniformly
asymptotically stable with respect to solutions of the system (2.1) if, and only
if, the pairs of moving sets (A+, B+) and (A−, B) are conditionally invariant
and uniformly asymptotically stable with respect to the system (2.1).

In the terms of the existence of a relevant Lyapunov function, the sign of
the conditional invariance and the uniform asymptotic stability of the pair of
moving sets (A+, B+) is formulated as follows.

Theorem 2.9 Assume that the equations of perturbed motion (2.1) are such
that:

(1) for any α ∈ S ⊆ Rd there exist functions r(α) and ρ(α), ρ(α) ≥ r(α) at
all α ∈ S, such that r(α) → q−const > 0 at ‖α‖ → 0 and ρ(α) → +∞
at ‖α‖ → +∞;

(2) there exists a function V ∈ C(R+ × Rn, R+), V (t, x) locally Liptshitz
with respect to x at each t ∈ R+, and the functions a, b belonging to the
KR-class, such that:

(a) b(‖x‖) ≤ V (t, x) ≤ a(‖x‖) at ‖x‖ ≥ r(α),

(b) D+V (t, x)|(2.1) ≤ g(t, V (t, x), r(α)) at ‖x‖ ≥ r(α),

where g ∈ C(R3, R), g(t, 0, r(α)) = 0 at all t ∈ R+;

(3) the set Ω+(H), where H = a(r) = b(ρ), is invariant and uniformly
asymptotically stable with respect to solutions of the comparison equa-
tion (2.51).

Then the pair of moving sets (A+, B+) is conditionally invariant and uni-
formly asymptotically stable with respect to solutions of the system (2.1).
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Proof First, prove the conditional invariance of the pair of moving sets
(A+, B+). Assume that under the conditions of the Theorem 2.9 the pair
of sets (A+, B+) is not conditionally invariant. In this case there exists a solu-
tion x(t, α) of the system (2.1) with the initial conditions (t0, x0) ∈ R+×A+

and points of time t2 > t1 ≥ t0 such that

‖x(t1, α)‖ = r(α), ‖x(t2, α)‖ > ρ(α) and

‖x(t, α)‖ ≥ r(α) at t ∈ [t1, t2].
(2.52)

In consequence of the condition 2 (c) and the comparison principle,

V (t x(t, α)) ≤ u+(t, t1, V (t1, x(t1, α))) at t ∈ [t1, t2], (2.53)

where u+(t, ·) is the upper solution of the comparison equation (2.51) with
the initial conditions (t1, V (t1, x(t1, α))).

Taking into account the condition 2 (a) of the theorem and the relation
(2.52), from the inequality (2.53) we obtain

b(ρ) < b(‖x(t2, α)‖) ≤ V (t2, x(t2, α)) ≤ u+(t2, t1, a(‖x(t1, α)‖))
= u+(t2, t1, a(r)) ≤ H = a(r) = b(ρ).

The obtained contradiction proves that under the conditions of the Theo-
rem 2.9 the relations (2.52) are impossible, i. e., the pair of sets (A+, B+) is
conditionally invariant with respect to solutions of the system (2.1).

Now we prove that solutions of the system (2.1) are asymptotically stable
with respect to the pair of sets (A+, B+) .

According to the condition (3) of the Theorem 2.9, for arbitrary ε̃ > 0
and t0 ∈ R+ there exists δ̃ = δ̃(ε̃) > 0 such that the condition u0 < H + δ̃
implies u(t) < H + ε̃ at all t ≥ t0. Now for an arbitrary ε > 0 determine
ε̃ = b(ρ+ε)−b(ρ) > 0 and choose δ(ε) = a−1(H+δ̃)−r > 0. Let ‖x0‖ < r+δ,
then ‖x0‖ < a−1(H + δ̃). According to the condition (2) of the Theorem 2.9,

u0 = V (t0, x0) < a(a−1(H + δ̃)) = H + δ̃,

and for u(t) the estimate u(t) < H+ ε̃ holds at all t ≥ t0. From the condition
2(a) obtain b(‖x(t, α)‖) ≤ V (t, x(t)) ≤ u+(t, u0) < H + ε̃ = b(ρ + ε) at all
t ≥ t0. Therefore ‖x(t, α)‖ < b−1(b(ρ+ ε)) = ρ+ ε at all t ≥ t0. The stability
of the pair of moving sets (A+, B+) is proved.

Show that the stability will be asymptotic. From the condition (3) of the

Theorem 2.9 it follows that for any ε̃ > 0 there exist δ̃0 > 0 and T̃ (ε̃) > 0
such that at all u0 < H + δ̃0 the estimate u(t) < H + ε̃ holds at all t ≥
t0+ T̃ (ε̃). Assume δ0 = a−1(H+ δ̃0)−r > 0 and for an arbitrary ε > 0 choose

T (ε) = T̃ (ε̃), where ε̃ = b(ρ+ ε)− b(ρ) > 0. In this case, under the condition
‖x0‖ < H + δ0 we obtain u0 = v(t0, x0) ≤ a(‖x0‖) < a(H + δ0) = r = δ̃0 and

u(t) < H + ε̃ at t ≥ t0 + T̃ (ε̃) = t0 + T (ε).
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From the condition (2)(a) we obtain

b(‖x(t, α)‖) ≤ V (t, x(t)) ≤ u+(t, t0, u0) < H + ε̃ = b(ρ+ ε).

Hence, at all t ≥ t0 + T (ε) ‖x(t, α)‖ < ρ+ ε, which proves the Theorem 2.9.

Definition 2.17 A function f(t, x), given in R+×Rn, is called homogeneous
of order µ = p

q , (p and q are natural numbers, q is odd), if the following
equality is true

f(t, λx1, . . . , λxn) = λµf(t, x1, . . . , xn)

at all (t, x) ∈ R+ ×Rn.

Now make the following assumption with respect to the system (2.1)
The vector-function f ∈ C(R+ × Rn × Rd, Rn) in the system (2.1) can

be represented in the form

f(t, x, α) =
s∑

i=1

fi(t, x1, . . . , xn, α),

where fi(t, x1, . . . , xn, α) are homogeneous functions of order µi, i =
1, 2, . . . , n.

Let µ = max
i
µi and γ > max (µ− 1, v). In the system (2.1) perform the

change of variables by the formula

y =
x

‖x‖γ+1
, ‖x‖ 6= 0. (2.54)

As a result of the change (2.54) we obtain the system

dy

dt
= f∗(t, y, α), y(t0) = y0, t0 ≥ 0. (2.55)

Here at ‖y‖ 6= 0 f∗(t, y, α) is determined by the formula

f∗(t, y, α) = f

(
t,

y

‖y‖1+ 1
γ

, α

)
‖y‖1+ 1

γ −
(1 + γ)yTf

(
t, y

‖y‖
1+ 1

γ

, α

)

‖y‖1− 1
γ

y

and f∗(t, y, α) = 0 at ‖y‖ = 0.
We now prove the following statement.

Proposition 2.8 If in the system (2.1) the vector-function f ∈ C(R+ ×
Rn × Rd, Rn) has homogeneous functions of order µi, as its components
fi(t, x1, . . . , xn, α), i = 1, 2, . . . , n. Then through the nonlinear transforma-
tion (2.54) it is reducible to the form (2.55) and the vector-function f∗(t, y, α)
is continuous on R+ ×Rn ×Rd.
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Proof The system (2.55) is obtained directly from the system (2.1) by us-
ing the nonlinear transformation (2.54). To verify the continuity of the func-
tion f∗(t, y, α) on R+ × Rn × Rd it is sufficient to show that the relation
‖f∗(t, y, α)‖ → 0 holds at ‖y‖ → 0 uniformly with respect to t ∈ R+ .

Theorem 2.10 Assume that the pair of moving sets (A+, B+) is condition-
ally invariant and uniformly asymptotically stable with respect to the motions
of the system (2.1). Then the pair of moving sets (A−

1 , B
−
1 ), where

A−
1 = {y ∈ Rn : ‖y‖ ≥ r−γ(α)},

B−
1 = {y ∈ Rn : ‖y‖ ≥ ρ−γ(α)},

is conditionally invariant and uniformly asymptotically stable with respect to
the motions of the system (2.55).

Proof From (2.54) it follows that

‖y(t; t0, y0)‖ = ‖x(t; t0, x0)‖−γ at all t ∈ I, (2.56)

where I = I1 ∩ I2 and Ik is the maximal interval of existence of solutions
of the systems (2.1) and (2.55) respectively. Therefore if y0 ∈ A−1

1 , then

‖x0‖ = ‖y0‖−
1
γ ≤ r(α) and x(t, t0, x0) ∈ B+ at all t ≥ t0. From the relation

(2.56) if follows that ‖y(t; t0, y0)‖ = ‖x(t; t0, x0)‖−γ ≥ ρ−γ(α) at all t ≥ t0,
i. e., y(t; t0, y0) ∈ B−

1 . From the conditions of the Theorem 2.10 it follows that
for an arbitrary ε̃ > 0 and t0 ∈ R+ there exists δ̃ = δ̃(ε̃) > 0 such that

‖x(t; t0, x0)‖ < ρ+ ε̃ at all t ≥ t0,

if ‖x0‖ < r+δ̃. Then for an arbitrary small ε > 0 we choose ε̃ = (ρ−γ−ε)− 1
γ −

ρ > 0 so that δ̃(ε̃) > 0. According to the given ε we choose δ(ε) in the form
δ(ε) = r−γ − (r+ δ̃)−γ > 0 and show that from the condition ‖y0‖ > r−γ − δ
it follows that ‖y(t; t0.y0)‖ > ρ−γ−ε at all t ≥ t0. Indeed, from the condition

‖y0‖ > r−γ − δ it follows that ‖x0‖ = ‖y0‖−
1
γ < (r−γ − δ)−

1
γ = r + δ̃. But

then ‖x(t; t0, x0)‖ < ρ + ε̃ at all t ≥ t0. According to the relation (2.56) we
obtain ‖y(t; t0, x0)‖ > (ρ+ ε̃)−γ = ρ−γ − ε at all t ≥ t0.

Now prove the asymptotic properties of solutions of the system (2.55).
From the conditions of the Theorem 2.10 it follows that there exist δ̃0 > 0 and
T̃ (ε̃) > 0 such that ‖x(t; t0, x0)‖ < ρ+ε̃ at all t ≥ t0+T̃ (ε̃), if ‖x0‖ < r0+δ̃0.

For an arbitrarily small ε > 0 we choose ε̃ = (ρ−γ−ε)− 1
γ −ρ > 0, δ0 = r−γ−

(r + δ̃0)
−γ > 0, T (ε) = T̃ (ε̃). It is not difficult to see that from the condition

‖y0‖ > r−γ − δ0 it follows that ‖x0‖ = ‖y0‖−
1
γ < (r−γ − δ)−

1
γ = r + δ̃, and

therefore ‖x(t; t0, x0)‖ < ρ+ ε̃ at t ≥ t0 + T̃ (ε̃) = t0 +T (ε̃). From the relation
(2.56) it follows that ‖x(t; t0, x0)‖−γ = ‖y(t; t0, y0)‖ > (ρ + ε̃)−γ = ρ−γ − ε
at all t ≥ t0 + T (ε).

The Theorem 2.10 is proved.
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We now continue the study of the behavior of the solutions of the uncer-
tain system (2.1) on the basis of the principle of comparison with the scalar
Lyapunov function.

Let 0 < p0(α) ≤ r0(α) ≤ r(α) ≤ p(α) be some known functions of param-
eter α ∈ S ⊆ Rd.

Definition 2.18 The moving set B = {x ∈ Rn : p0(α) ≤ ‖x‖ ≤ p(α)} is
conditionally invariant with respect to the set A = {x ∈ Rn : r0(α) ≤ ‖x‖ ≤
r(α)} and uniformly asymptotically stable with respect to solutions of the
system (2.1) if the following conditions are satisfied:

(1) From r0(α) ≤ ‖x0‖ ≤ r(α) follows the estimate p0(α) ≤ ‖x(t, α)‖ ≤ p(α)
at all t ≥ t0;

(2) for the given ε > 0 and t0 ∈ R+:

(a) there exists δ = δ(ε) > 0 such that the condition r0(α)−δ < ‖x0‖ <
r(α) + δ implies the estimate p0(α) − ε < ‖x(t, α)‖ < p(α) + ε at
all t ≥ t0;

(b) there exist δ0 > 0 and τ = τ(ε) such that the condition r0(α)−δ0 <
‖x0‖ < r(α) + δ0 implies the estimate p0(α) − ε < ‖x(t, α)‖ <
p(α)+ε at all t ≤ t0 +τ , where x(t, α) = x(t; t0, x0, α) is a solution
of the system (2.1).

Definition 2.19 The set K = {u ∈ R : κ0 ≤ u ≤ κ} is is invariant and
uniformly asymptotically stable for solutions of the system (2.51), if:

(1) the condition κ0 ≤ u0 ≤ κ implies the estimate κ0 ≤ u(t) ≤ κ at all
t0 ∈ R+;

(2) for the given ε∗ > 0 and t0 ∈ R+

(a) there exists δ∗ = δ∗(ε) > 0 such that the condition κ0−δ∗ < u0 <
κ + δ∗ implies the estimate κ0 − ε∗ < u(t) < κ + ε∗ at all t ≥ t0,

(b) there exist δ∗0 > 0 and τ = τ(ε∗) > 0 such that the condition
κ0−δ∗ < u0 < κ+δ∗ implies the estimate κ0−ε∗ < u(t) < κ+ε∗

at all t ≥ t0 + τ , where u(t) = u(t; t0, u0) is a solution of the
equation (2.51).

Now we prove the following statement.

Theorem 2.11 Assume that the equations (2.1) are such that:

(1) for any α ∈ S ⊆ Rd there exist functions ρ0(α) ≤ r0(α) ≤ r(α) ≤ ρ(α)
at all α ∈ S such that r(α) → q− const > 0 at ‖α‖ → 0 and r0(α) →
+∞ at ‖α‖ → +∞;
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(2) there exists a function V ∈ C(R+ × Rn, R+), V (t, x) locally Lipshitz
with respect to x at each t ∈ R+, and comparison functions ai, bi be-
longing to the K-class, such that:

(a) b1(‖x‖) ≤ V (t, x) ≤ a1(‖x‖) at all ‖x‖ > r(α),

(b) b2(‖x‖) ≤ V (t, x) ≤ a2(‖x‖) at all ‖x‖ < r0(α);

(3) there exists a function G(t, V (t, x), µ(α)), G ∈ C(R3
+, R), such that:

(a) D+V (t, x)
∣∣
(2.1)

≤ G(t, V (t, x), µ(α)) at all ‖x‖ > r(α),

(b) D+V (t, x)
∣∣
(2.1)

= 0 at ‖x‖ = r0(α) = r(α),

(c) D+V (t, x)
∣∣
(2.1)

≥ G(t, V (t, x), µ(α)) at all ‖x‖ < r0(α);

(4) for each r0(α) ≤ r(α) there exists κ0 ≤ κ such that κ = a1(r) = b1(ρ),
κ0 = b2(r0) = a2(ρ0), where ρ0 ≤ r0 ≤ r ≤ ρ and κ → 0 at r → 0
and κ0 → +∞ at r0 → +∞;

(5) the set K is invariant and uniformly asymptotically stable.

Then the set B is conditionally invariant with respect to the set A and
uniformly asymptotically stable for the solutions of the system (2.1).

Proof Let the set B be not conditionally invariant with respect to the set A
for the system (2.1). Then for the solution x(t, α) with the initial conditions
r0(α) ≤ ‖x0‖ ≤ r(α) one can find a value of time t2 > t0 such that the
following conditions are satisfied:

(a) ‖x(t2, α)‖ > ρ(α) and r0(α) ≤ ‖x(t, α)‖ at all t ∈ [t0, t2]

or

(b) ‖x(t2, α)‖ < ρ0(α) and ‖x(t, α)‖ ≤ r(α) at all t ∈ [t0, t2].

According to the conditions (3) (a)–(c) of the Theorem 2.11, from the
comparison principle it follows that at all t ∈ [t1, t2]

V (t, x(t, α)) ≤ uM (t; t0, V (t0, x(t0, α))

or
V (t, x(t, α)) ≥ um(t; t0, V (t0, x(t0, α)),

where uM (t, t0, u0) and um(t, t0, u0) are the maximal and the minimal
solutions of the comparison equation (2.51) with the initial condition
(t1, V (t1, x(t1, α))).

Then in the case (a) we have the inequalities

b1(p(α)) < b1(‖x(t2, α)‖) ≤ V (t2, x(t2, α))

≤ uM (t2, t0, a1(‖x(t0, α)‖)) = uM (t2; t0, a1(r(α)))

≤ a1(r(α)) = b1(p(α)),
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or in the case (c), the opposite inequalities

a2(p0(α)) > a2(‖x(t2, α)‖) ≥ V (t2, x(t2, α))

≥ um(t2, t1, b2(‖x(t0, α)‖)) = u(t2; t0, b2(r0(α)))

≥ b2(r0(α)) = a2(p0(α)).

In both cases we obtained the contradictions which prove the first part of
the statement of the Theorem 2.11, i. e., the set B is conditionally invariant
with respect to the set A.

Let ε > 0, t0 ∈ R+ be given, and the set K be uniformly stable. Then,
since a1(r(α)) = b1(p(α)) = κ and κ0 = b2(r0(α)) = a2(p0(α)), for the given
a2(p0(α) − ε), b1(p(α) + ε) there exist values ε1, δ1, δ > 0 such as that under
the conditions

κ0 + δ1 = a1(r(α) + δ) < b1(p(α) + ε) = κ + ε1

and

κ0 + ε1 = a2(p0(α) − ε) < b2(r0(α) − δ) = κ0 − δ1

the condition κ0 − δ1 < u0 < κ + δ1 implies the estimate κ0 − ε1 < u(t) <
κ + ε1 at all t ≥ t0, where u(t) is any solution of the comparison equation
(2.51).

Show that with the chosen value δ > 0 the set B is uniformly stable with
respect to the set A, i. e., the condition r0(α) − δ < ‖x0‖ < r(α) + δ implies
the estimate p0(α) − ε < ‖x(t, α)‖ < p(α) + ε at all t ≥ t0 and at all α ∈ S.

If this is not so, then there should exist a solution x(t, α) of the system
(2.1) with the initial conditions x0, r0(α) − δ < ‖x0‖ < r(α) + δ, and points
of time t2 > t1 > t0 such that at all t ∈ [t0, t2]

(a) ‖x(t2, α)‖ ≥ p(α) + ε and ‖x(t, α)‖ ≥ r0(α)

or

(b) ‖x(t2, α)‖ ≤ p(α) − ε and ‖x(t, α)‖ ≤ r(α).

Consider the case (a). From the condition (3)(a) of the Theorem 2.11 we
obtain

V (t, x(t, α)) ≤ uM (t; t0, V (t0, x(t0, α))) at all t ∈ [t0, t2].

Hence, according to the condition (2)(a),

b1(p(α) + ε) ≤ b1(‖x(t2, α)‖) ≤ V (t2, x(t2, α)) ≤ uM (t2, t0, V (t0, x0))

≤ uM (t2, t0, a1(r(α) + δ)) < b1(p(α) + ε),

which is a contradiction.
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In the case (b) we obtain V (t, x(t, α)) ≥ um(t; t0, V (t0, x(t0, α))) at all
t ∈ [t0, t2] and according to the condition (2)(c) of the Theorem 2.11 obtain

a2(p0(α) − ε) > a2(‖x(t2, α)‖) ≥ V (t2, x(t2, α))

≥ um(t2, t0, V (t0, x0)) ≥ um(t2; t1, b2(r(α) − δ))

≥ b2(r0(α)) = a2(p0(α) − ε),

which is a contradiction, too. This proves that the set B is uniformly stable.
Now show that under the conditions of the Theorem 2.11 the set B is

uniformly asymptotically stable with respect to the set A.
Let ε = p0(α), δ0 = δ(p0(α)) > 0 and the set K be uniformly asymp-

totically stable. Then for the given a2(p0(α) − ε), b1(p(α) + ε) there exists
τ = τ(ε) > 0 such that the condition b2(r0(α) − δ0) < u0 < a1(r(α) + δ0)
implies the estimate a2(p0(α) − ε) < u(t) < b1(p(α) + ε) at all t ≥ t0 + τ .

Show that with the given choice of δ0 = δ(p0(α)) > 0 under the initial
conditions r0(α)− δ0 < ‖x0‖ < r(α) + δ0 for the solution x(t, α) the estimate
p0(α) − ε < ‖x(t, α)‖ < p(α) + ε follows at all t ≥ t0 + τ .

If this is not so, then there should exist a solution x(t, α) of the system
(2.1) and a value t2 > t0 such that:

(a) ‖x(t2, α)‖ ≥ p(α) + ε at t2 ≥ t0 + τ ,

(b) ‖x(t2, α)‖ ≤ p(α) − ε at t2 ≥ t0 + τ .

Similarly to the analysis of the uniform stability of the set B with respect
to A, we obtain

(a) b1(p(α) + ε) ≤ V (t2, x(t2, α)) ≤ uM (t2, t0, a1(r(α) + δ0)) < b1(p(α) + ε)

and

(b) a2(p0(α)− ε) ≥ V (t2, x(t2, α)) ≥ um(t2, t0, b2(r0(α)− δ0)) > a2(p0(α)−
ε).

The contradictions (a) and (b) prove the statement of the Theorem 2.11.

Thus, the Theorems 2.1–2.11 form the basis for a new generalization of the
direct Lyapunov method for finite-dimensional dynamic systems with uncer-
tain values of their parameters. Those theorems have wide potential for the
further development and applications at the analysis of specific problems of
mechanics.





Chapter 3

Stability of Uncertain

Controlled Systems

In this chapter the construction of controls in the system (3.1) will be made,
which ensure the conditional invariance and the uniform asymptotic stability
of solutions of the system (3.1) with respect to the pair of moving sets (A,B).
As follows from the previous chapter, this problem can be reduced to the
study of the conditional invariance and the uniform asymptotic stability of the
solutions of the system (3.1) with respect to the pairs (A+, B+) and (A−, B−).
In its turn, the study of the conditional invariance and the uniform asymptotic
stability of the pair (A−, B−) is reduced to the analysis of the pair (A+

1 , B
+
1 )

for an inverse system corresponding to the system (3.1).

3.1 Problem Setting

Consider the class of controlled uncertain systems in the form

dx

dt
= f(t, x) + ∆f(t, x, α) + [B(t, x) + ∆B(t, x, α)]u(t), (3.1)

where t ∈ R+, x(t) ∈ Rn, u(t) ∈ Rm is the control, α ∈ Rd is the uncertain-

ties parameter, f ∈ C(R×Rn, Rn), f =
s∑
i=1

fi(t, x), fi(t, x) ∈ C(R×Rn, R)

are homogeneous functions of order µi, B ∈ C(R+×Rm×n, Rm×n), Bi(t, x) =
s2∑
j=1

Bij(t, x), and Bij are homogeneous functions of degree κij ,

∆f ∈ C(R×Rn ×Rd, Rn), ∆f(t, 0, α) = 0,

∆B ∈ C(R×Rn ×Rd, Rm×n), ∆B(t, 0, α) = 0.

To calculate the value σ = max{µi,κij} , we will call it the homogeneity
degree of the system (3.1).

For the given functions r0(α), r(α), ρ(α), ρ0(α) and the parameter α ∈

55



56 Uncertain Dynamical Systems: Stability and Motion Control

S ⊆ Rd we will consider the moving sets

B(ρ0, ρ) = {x ∈ Rn : ρ0 ≤ ‖x‖ ≤ ρ},
A(r0, r) = {x ∈ Rn : r0 ≤ ‖x‖ ≤ r}

and the problem of the synthesis of controls in the system (3.1).

3.2 Synthesis of Controls

From the system (3.1) separate the nominal controlled system

dx

dt
= f(t, x) +B(t, x)u

and assume that there exists a control u1 ∈ C(R × Rn, Rm) which stabilizes
the equilibrium state x = 0 of the uncontrollable nominal system

dx

dt
= f(t, x), x(t0) = x0, t0 ≥ 0,

to the uniform asymptotically stable condition.
We denote

f0(t, x) = f(t, x) +B(t, x)u1(t, x),

∆f0(t, x, α) = ∆f(t, x, α) + ∆B(t, x, α)u1(t, x).

The system (3.1) with the control u(t, x) = u1(t, x) + u2(t, x) will take the
form

dx

dt
= f0(t, x) + ∆f0(t, x, α) + [B(t, x) + ∆B(t, x, α)]u2, (3.2)

where f0(t, 0) = 0 at all t ∈ R+. The equilibrium state x = 0 of the system

dx

dt
= f0(t, x), x(t0) = x0, (3.3)

is uniformly asymptotically stable according to the assumption.
Then we will need some assumptions on the systems (3.2), (3.3).

Assumption 3.1 There exist functions V ∈ C1,1(R+×Rn, R+), a, b ∈ KR-
class and a comparison function g ∈ C(R+ ×R+, R) such that:

(a) b(‖x‖) ≤ V (t, x) ≤ a(‖x‖) at ‖x‖ ≥ r(α) and t ∈ R+;

(b) DV (t, x)
∣∣
(3.3)

≤ −g(t, V (t, x)) at ‖x‖ ≥ r(α) and all t ∈ R+,

g(t, 0) = 0.
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Assumption 3.2 There exist a matrix-valued function E : R×Rn ×Rd →
Rm×m and a constant ρ

E
> −1 such that

∆B(t, x, α) = B(t, x)E(t, x, α),

min
α∈S

λmin (E + ET) ≥ 2ρ
E

at ‖x‖ ≥ r(α).

Assumption 3.3 Let β(t, x) = BT(t, x)
∂V (t, x)

∂x
and let there exist:

(a) continuous functions ψi : R×Rn×R+ → R+, i = 1, 2, . . . , s, such that
at ‖x‖ ≥ r(α)

max
α∈S

(
∂V (t, x)

∂x

)T

∆f0(t, x, α) ≤
s∑

i=1

ψi(t, x, ‖β‖);

(b) for any i ψi(t, x, 0) = 0 at all t ∈ R+ and ‖x‖ ≥ r0(α);

(c) for any εi>0 there exist continuous functions ki(t, x, εi)= εi such that

ψi(t, x, ki) = εi at ‖x‖ ≥ r0(α)

and
πi(t, x, βi, εi) = β(t, x)

[
ki(t, x, εi)

]−2

are continuous on R+ × extA(r) ×R+.

Following the article by Chen [1996], assume

ψ̂l(t, x, β) =
ψl(t, x, β)

1 + ρ
E

, ρ
E
> −1

at ‖x‖ ≥ r(α).
For the given εi > 0, i = 1, 2, . . . , s, and the function r(α) choose the

control u2(t, x) in the form

u2(t, x) =

s∑

i=1

ψi(t, x, β), (3.4)

where

ψi(t, x, β) =





−β(t, x)ψ̂i(t, x, β)

‖β(t, x)‖2
, ψ̂i > εi,

−β(t, x)ψ̂i(t, x, β)

k2
i (t, x, εi)

, ψ̂i ≤ εi,

and (1 + ρ
E
)

s∑
i=1

εi ≤ r(α) at all α ∈ S.

Now show that the controls (3.4) ensure the conditional invariance and the
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uniform asymptotic stability of solutions of the system (3.1) with respect to
the pair of sets (A+, B+). To construct the controls u∗2(t, x) which ensure the
conditional invariance and the uniform asymptotic stability of the pair of sets
(A−, B−) with respect to solutions of the system (3.1), apply the nonlinear
transformation of the system (3.1)

y =
x

‖x‖1+γ
at ‖x‖ 6= 0.

The system (3.1) takes the form

dy

dt
= f∗(t, y) + ∆f∗(t, y, α) + [B∗(t, y) + ∆B∗(t, y, α)]u∗, (3.5)

where G(γ, y, ‖y‖) =

(
I‖y‖1+ 1

γ − (1 + γ)yyT

‖y‖1− 1
γ

)
, I is a unit matrix n×n and

at ‖y‖ 6= 0

f∗(t, y) = G(γ, y, ‖y‖)f
(
t,

y

‖y‖1+ 1
γ

)
,

∆f∗(t, y, α) = G(γ, y, ‖y‖)∆f
(
t,

y

‖y‖1+ 1
γ

, α

)
,

B∗(t, y) = G(γ, y, ‖y‖)B
(
t,

y

‖y‖1+ 1
γ

)
,

∆B∗(t, y, α) = G(γ, y, ‖y‖)∆B
(
t,

y

‖y‖1+ 1
γ

, α

)
.

Obviously, at y = 0 we obtain f∗(t, 0) = ∆f∗(t, 0, α) = 0 and B∗(t, 0) =
∆B∗(t, 0, α) = 0 at all t ∈ R+.

Assume that for the nominal system

dy

dt
= f∗(t, y) +B∗(t, y)u∗

there exists a control u∗1(t, y) which ensures the uniform asymptotic stability
of the equilibrium state y = 0 of the system (3.1). Now represent the system
(3.5) in the form

dy

dt
= f∗

0 (t, y) + ∆f∗
0 (t, y, α) + [B∗(t, y) + ∆B∗(t, y, α)]u∗2, (3.6)

where
f∗
0 (t, y) = f∗(t, y) +B∗(t, y)u∗1(t, y),

∆f∗
0 (t, y) = ∆f∗(t, y, α) + ∆B∗(t, y, α)u∗1(t, y).

Assume that the equilibrium state y = 0 of the system

dy

dt
= f∗

0 (t, y), y(t0) = y0 (3.7)
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is uniformly asymptotically stable.
Now we will need the following assumptions.

Assumption 3.4 There exist functions V ∗ ∈ C(1,1)(R+ ×Rn, R+), a∗, b∗ ∈
KR-class and a majorizing function g∗(t, V ∗(t, y)) such that:

(1) b∗(‖y‖) ≤ V ∗(t, y) ≤ a∗(‖y‖) at ‖y‖ ≥ r−γ0 (α) and at all α ∈ S and
t ∈ R+;

(2) DV (t, y)
∣∣
(3.7)

≤ −g∗(t, V ∗(t, y)) at ‖y‖ ≥ r−γ0 (α) and at all α ∈ S and

t ∈ R+.

Assumption 3.5 There exist a function E : R × Rn × Rd → Rm×m and a
constant ρ

E∗ > −1 such that

∆B∗(t, y, α) = B∗(t, y)E∗(t, y, α),

min
α∈S

λmin (E∗ + E∗T) ≥ 2ρ
E∗ .

Assumption 3.6 Let β∗(t, y) = B∗T(t, y)
∂V (t, y)

∂y
and there exist functions

ψl : R+ ×Rn ×R+ such that:

(1) max
α∈S

(
∂V (t, y)

∂y

)T

∆f∗
0 (t, y, α) ≤

s∑
l=1

ψ∗
l (t, y, β

∗);

(2) in the domain ‖y‖ ≥ r−γ0 (α), α ∈ S the following condition is satisfied:

ψ∗
l (t, y, 0) = 0, l = 1, 2, . . . , s;

(3) for any ε∗i > 0 in the domain ‖y‖ ≥ r−γ0 (α), α ∈ S, there exist
functions k∗i ∈ C(R+ × extA(r−γ0 ) ×R+, R+) such that

ψ∗
i (t, y, k

∗
i (t, y, ε

∗
i )) = ε∗i

and the functions

π∗
i (t, y, β

∗, ε∗i ) =
β∗(t, y)

(
k∗i (t, y, ε

∗
i )
)2

are continuous on R+ × extA(r−γ0 ) ×R+.

Now consider the functions

ψ̂∗
l (t, y, ‖β∗‖) =

ψ∗
l (t, y, β

∗)

1 + ρ
E∗

, ρ
E∗ > −1,

in the domain ‖y‖ ≥ r−γ0 (α) at all α ∈ S.
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For the given ε∗l > 0, l = 1, 2, . . . , s, and the function r−γ0 (α) choose the
controls u∗2(t, x) in the form

u∗2(t, y) =

s∑

l=1

ψ∗
l (t, y, β

∗(t, y)),

where

ψ∗
l (t, y, β

∗) =





−β
∗(t, y)ψ̂∗

l (t, y, β
∗)

‖β∗(t, y)‖ at ψ̂i > εi,

−β
∗(t, y)ψ̂∗

l (t, y, β
∗)

(k∗i (t, y, ε
∗
i ))

2
at ψ̂i ≤ εi,

and (1 + ρ∗
E
)

s∑
i=1

ε∗i ≤ r−γ0 (α).

The stabilization of motions of the uncertain system (3.1) with respect to
the given manifold is effected by using controls synthesized on the basis of the
initial and the inverse systems.

The Theorems 2.9 and 2.10 along with the Assumptions 3.1 – 3.6 allow

to prove that the controls u2(t, x) and u∗2(t, y) = u∗2

(
t,

x

‖x‖1+γ

)
ensure the

conditional invariance and the uniform asymptotic stability of solutions of the
system (3.1) with respect to the pair of moving sets (A,B).

Theorem 3.1 Assume that:

(1) for the system (3.1) all the conditions of the Assumptions 3.1 – 3.3 are
satisfied;

(2) for the system (3.6) all the conditions of the Assumptions 3.4 – 3.6 are
satisfied;

(3) under the given functions V (t, x), V ∗(t, x) and r0(α), r(α) the following
inequalities hold true:

(a) DV (t, x)
∣∣
(3.1)

≤ −g(t, V (t, x)) + r(α) at ‖x‖ ≥ r(α) t ∈ R+,

(b) DV ∗(t, y)
∣∣
(5.10)

≥ −g∗(t, V ∗(t, y)) + r−γ0 (α) at ‖y‖ ≥ r−γ0 (α),

t ∈ R+;

(4) solutions of the comparison equations

du

dt
= −g(t, u) + r(α), u(t0) = u0 ≥ 0,

dw

dt
= −g∗(t, w) + r−γ0 (α), w(t0) = w0 ≥ 0,

exist at all t ∈ R+, and they are invariant and uniform asymptotically
stable with respect to the sets

Ω+
1 = {u ∈ R+ : u ≤ H = a(r) = b(ρ)},

Ω+
2 = {u ∈ R+ : u ≤ H∗ = a(r−γ) = b(ρ−γ)}
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respectively.

Then the controls

u = u1(t, x) + u2(t, x), ‖x‖ ≥ r(α),

u∗ = u∗1

(
t,

x

‖x‖1+γ

)
+ u∗2

(
t,

x

‖x‖1+γ

)
, ‖x‖ ≤ r0(α), α ∈ S,

stabilize the motions of the uncertain system (3.1) with respect to the condi-
tionally invariant set B(ρ0, ρ).

Proof At first consider the dynamics of the uncertain system (3.1) in the
domain of the values x : ‖x‖ ≥ r(α). With this purpose, apply the Lyapunov
function V (t, x) indicated in the Assumption 3.1. For any admissible α ∈ S ⊆
Rd we obtain

DV (t, x)
∣∣
(3.2)

≤ ∂V

∂t
+

(
∂V (t, x)

∂x

)T

[f0(t, x) + ∆f0(t, x)]

+

(
∂V (t, x)

∂x

)T

B(t, x)[I + E(t, x, α)]u2.

(3.8)

Taking into account the conditions of the Assumptions 3.2, 3.3, from (3.8) we
obtain

DV (t, x)
∣∣
(3.2)

≤−g(t, V (t, x))+

s∑

l=1

(
ψl − βT(t, x)β(t, x)hl(t, x, β)

− βT(t, x)

[
1

2
(E(t, x, α) + ET(t, x, α))

]
β(t, x)hl(t, x, ‖β‖)

)
,

(3.9)

where the functions hl(t, x, ‖β‖) are determined by the relation

ψl(t, x, β) = −β(t, x)hl(t, x, ‖β‖), l = 1, 2, . . . , s.

From the inequality (3.9) it follows that

DV (t, x)
∣∣
(3.2)

≤ −g(t, V (t, x))

+

s∑

l=1

[
ψl − ‖β(t, x)‖2hl(t, x, ‖β‖) − ‖β(t, x)‖2ρ

E
hl(t, x, ‖β‖)

]
.

(3.10)

If ψ̂l(t, x, ‖β‖) > εl, l = 1, 2, . . . , s, then

ψl − ‖β(t, x)‖2hl − ‖β(t, x)‖2ρ
E
hl

= ψl − ψ̂l − ρ
E
ψ̂l = ψl − ψ̂l(1 + ρ

E
) = 0.

(3.11)
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If ψ̂l(t, x, ‖β‖) ≤ εl, l = 1, 2, . . . , s, then

ψl − ‖β(t, x)‖2hl − ‖β(t, x)‖2ρ
E
hl

= ψl − ‖β(t, x)‖2k−2
l ψ̂l(1 + ρ

E
)

≤ ψ̂l

(
1 − ‖β(t, x)‖2

k2
l

)
(1 + ρ

E
) ≤ ψ̂l(1 + ρ

E
) ≤ εl(1 + ρ

E
).

(3.12)

Taking into account (3.4), and also (3.11), (3.12), from (3.10) we find

DV (t, x)
∣∣
(3.2)

≤ −g(t, V (t, x)) + r(α), α ∈ S, (3.13)

in the range x : ‖x‖ ≥ r(α).
When the condition (1) of the Theorem 3.1 and the inequality (3.13) are

satisfied, all the conditions of the Theorem 2.9 are satisfied as well, therefore
the motions of the controlled system (3.1) are conditionally invariant and uni-
formly asymptotically stable with respect to the pair of moving sets (A+, B+).

The conditions for the conditional invariance and the uniform asymptotic
stability of the pair of moving sets (A−, B−) with respect to the solutions
of the system (3.6) follow from the conditional invariance and the uniform
asymptotic stability of the pair (A−, B−), where

B−
1 = {y ∈ Rn : ‖y‖ ≥ ρ−γ0 },
A−

1 = {y ∈ Rn : ‖y‖ ≥ r−γ0 }

with respect to solutions of the system (3.6).
As above, we obtain the inequality

DV (t, y)
∣∣
(3.6)

≤ −g∗(t, V ∗(t, y)) + r−γ0 , α ∈ S.

This inequality, together with the Assumptions 3.4 – 3.6, is sufficient for the
application of the Theorems 2.9 and 2.10.

The Theorem 3.1 is proved.

3.3 Convergence of Controlled Motions to a Moving Set

As an example of application of the Theorem 2.11, consider a controlled
uncertain system of the form

dx

dt
= f0(t, x, α) +B(t, x)F (t, x, u), x(t0) = x0, t0 ≥ 0. (3.14)

Make the following assumptions about the components of the right-hand part
of the system (3.14):
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H1. The vector-function f0 belongs to C(R+ × Rn × S, Rn), (m × n)-
matrix B to C(R+ ×Rn, Rn×m) and the vector-function F to C(R+ ×Rn×
Rm × S, Rn), where u ∈ Rm.

H2. There exists a function V ∈ C1(R+ ×Rn, R+) and comparison func-
tions a, b ∈ KR-class, such that:

(a) b(‖x‖) ≤ V (t, x) at ‖x‖ ≥ r(α),

(b) V (t, x) ≤ a(‖x‖) at ‖x‖ ≤ r0(α).

H3. There exist comparison functions C1, C2 ∈ KR-class, such that:

(a) DV (t, x)
∣∣
f0

≤ −C1(V (t, x)) at ‖x‖ > r(α),

(b) DV (t, x)
∣∣
f0

= 0 at ‖x‖ = r(α),

(c) DV (t, x)
∣∣
f0

≥ −C2(V (t, x)) at ‖x‖ < r0(α),

where r0(α) ≤ r(α) at all α ∈ S.

H4. There exist functions β1, β2 ∈ C(R+×Rn, R+) and β1, β2 ∈ C(R+×
Rn, R+) such that uTF (t, x, u, α) ≥ −β1(t, x)‖u‖ + β2(t, x)‖u‖2 at ‖x‖ >
r(α) and β1 ≤ β2β1, β1 ≤ β2.

H5. There exist functions γ1, γ2 ∈ C(R+ ×Rn, R+) such that

uTF (t, x, u, α) ≤ −γ1(t, x)‖u‖ + γ2(t, x)‖u‖2 at ‖x‖ < r0(α)

and γ1 ≥ γ2β1, γ1 ≥ β2, γ2 ≥ β1.

H6. There exists a set P = {pµ ∈ C(R+×Rn, Rn), µ > 0} which satisfies
the conditions:

(a) ‖∇(t, x)‖pµ = −‖pµ‖∇(t, x), where

∇(t, x) = BT(t, x)

(
∂V

∂x1
, . . . ,

∂V

∂xn

)T

,

η(t, x) = β2∇(t, x), and if ‖x‖ > r(α), then ‖pµ‖ ≥ β1(1 − r(α)
‖η‖ );

(b) if ‖x‖ < r0(α) and ‖η(t, x)‖ > 0, then ‖pµ‖ ≤ β1

(
1 − r0(α)

‖η(t,x)‖

)
at all

α ∈ S.

Prove the following statement.
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Theorem 3.2 Assume that for the uncertain controlled system (3.14) all the
conditions of the Assumptions H1–H6 are satisfied, and in addition, C−1

2 (u) ≤
C−1

1 (u).
Then the set B is conditionally invariant with respect to the set A, and the

motions of the system (3.14) are uniformly asymptotically stable with respect
to the set B.

Proof At first consider the dynamics of the system (3.14) in the domain
‖x‖ > r(α) at all α ∈ S. According to the conditions H3(a) and H4, obtain
the estimates

DV (t, x)
∣∣
f0

≤ −C1(V (t, x))

and

∇(t, x)F (t, x,pµ, α) = − ‖∇(t, x)‖
‖pµ(t, x)‖

F (t, x, pµ, α)pµ

≤ ‖∇(t, x)‖
[
β1(t, x) − β2(t, x)‖pµ(t, x)‖

]

≤ ‖∇(t, x)‖
[
β1(t, x) − β2(t, x)β1(t, x)

(
1 − r(α)

‖η(t, x)‖

)]

≤ ‖∇(t, x)‖β1(t, x)
r(α)

‖η(t, x)‖ ≤ r(α)

at all α ∈ S. Hence in the domain ‖x‖ > r(α) the estimate

DV (t, x)
∣∣
(3.14)

≤ −C1(V (t, x)) + r(α) (3.15)

is true at all α ∈ S.
Similarly to the above, in the domain ‖x‖ < r0(α) the following inequali-

ties hold true:
DV (t, x)

∣∣
f0

≥ −C2(V (t, x))

and

∇(t, x)F (t, x,pµ, α) = − ‖∇(t, x)‖
‖pµ(t, x)‖

F (t, x, pµ, α)pµ

≥ ‖∇(t, x)‖
[
γ1(t, x) − γ2(t, x)‖pµ(t, x)‖

]

≥ ‖∇(t, x)‖
[
γ1(t, x) − γ2(t, x)β1(t, x)

(
1 − r0(α)

‖η(t, x)‖

)]

≥ ‖∇(t, x)‖γ1(t, x)
r0(α)

‖η(t, x)‖ ≥ r0(α)

at all α ∈ S. Therefore in the domain ‖x‖ < r0(α) we obtain the estimate

DV (t, x)
∣∣
(3.14)

≥ −C2(V (t, x)) + r0(α) (3.16)

at all α ∈ S.
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Along with the inequalities (3.15), (3.16), consider the comparison equa-
tions

du

dt
= −C1(u) + r(α), u(t0) = u0 ≥ 0,

dω

dt
= −C2(ω) + r0(α), ω(t0) = ω0 ≥ 0.

According to the Theorem 2.11, obtain u = C−1
1 (r) = κ and ω =

C−1
2 (r0) = κ0. Taking into account the conditions H2, the conditions of the

Theorem 3.2 and the properties of the functions a, b, C1, C2, and also the
fact that ρ0(α) ≤ r0(α) ≤ ρ(α) at all α ∈ S, we find κ = a(r) = b(ρ),
κ0 = b(r0) = a(ρ0) and κ0 ≤ κ. Then, repeating the reasoning of the proof of
the Theorem 2.11, we conclude that the set K = {u ∈ R+ : κ0 ≤ u ≤ κ} is
invariant, and the motions of the system (3.14) are uniformly asymptotically
stable with respect to that set.

3.4 Stabilization of Rotary Motions of a Rigid Body in
an Environment with Indefinite Resistance

Consider the problem of stabilization of rotary motions of a rigid body in
an environment with incomplete information about the resistance forces. It is
assumed that the rigid body is controlled by three bounded forces at three
unknown components (but with known boundaries of change) of the resistance
forces. It is necessary to construct controls under which the motions will be
stabilized to the surface of a moving ellipsoid whose surface is an invariant set
for the motions of the considered system.

Let b̂1, b̂2, b̂3 be orthogonal unit vectors fixed in the rigid body in the centre
of gravity and parallel to the main axes of inertia. The control forces and the
resistances have the form u1b̂1, u2b̂2, u3b̂3 and e1b̂1, e2b̂2, e3b̂3, respectively.
Let the angular velocity of the rotary motion of the rigid body be determined
by the expression

ω = x1b̂1 + x2b̂2 + x3b̂3.

Then the rotary motion of the rigid body is described by the dynamic Euler
equations in the following form (see Corless and Leitmann [1996]):

dx1

dt
=

(
I2 − I3
I1

)
x2x3 +

u1

I1
+
e1(t)

I1
,

dx2

dt
=

(
I3 − I1
I2

)
x3x1 +

u2

I2
+
e2(t)

I2
,

dx3

dt
=

(
I2 − I3
I3

)
x1x2 +

u3

I3
+
e3(t)

I3
,

(3.17)
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where I1, I2, I3 > 0 are the principal moments of inertia of the body with
respect to its centre of gravity. If x1 = x2 = x3 = 0, then the body does not
rotate.

Assume that at all t ∈ R+ the function which describes the unknown
resistance of the environment satisfies the condition

|e1(t)| ≤ ρ, |e2(t)| ≤ ρ, |e3(t)| ≤ ρ, 0 < ρ < 1. (3.18)

The controls u1(t), u2(t), u3(t) will be sought in the class of bounded func-
tions for which the following inequalities hold true:

|u1(t)| ≤ 1, |u2(t)| ≤ 1, |u3(t)| ≤ 1 at all t ∈ R+.

Using the change of variables

yi = I
1/2
i xi, i = 1, 2, 3,

reduce the system (3.17) to the form

dy1
dt

=

(
I2 − I3

I1
√
I2I3

)
y2y3 +

u1√
I1

+
e1(t)√
I1

,

dy2
dt

=

(
I3 − I1

I2
√
I1I3

)
y1y3 +

u2√
I2

+
e2(t)√
I2

,

dy3
dt

=

(
I1 − I2

I3
√
I1I2

)
y1y2 +

u3√
I3

+
e3(t)√
I3

.

(3.19)

Use the canonical Lyapunov function

V (y) =
1

2

(
y2
1 + y2

2 + y2
3

)
, y ∈ R3,

and show that the controls

ui = −sign yi(‖y‖ − r(ρ)), i = 1, 2, 3, (3.20)

stabilize the motion of the system (3.19) with respect to the moving surface
of the ellipsoid

A(r) = {y ∈ R3 : I1y
2
1 + I2y

2
2 + I3y

2
3 = r2(ρ)}. (3.21)

Estimate the change of the function V (y):

dV

dt

∣∣∣∣
(3.19)

=
1√
I1

(u1y1 + e1(t)y1) +
1√
I2

(u2y2 + e2(t)y2)+

+
1√
I3

(u3y3 + e3(t)y3).

(3.22)
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Taking into account the condition (3.18) and the control (3.20), for the ex-
pression (3.22) obtain

dV

dt

∣∣∣∣
(3.19)

≤ (ρ− 1)

(
1√
I1

+
1√
I2

+
1√
I3

)
< 0

in the domain extA(r): ‖y‖ > r(ρ),

dV

dt

∣∣∣∣
(3.19)

= 0

On the surface of the ellipsoid A(r): ‖y‖ = r(ρ),

dV

dt

∣∣∣∣
(3.19)

≥ (1 − ρ)

(
1√
I1

+
1√
I2

+
1√
I3

)
> 0

in the domain int A(r): ‖y‖ < r(ρ).
Therefore, for the system (3.19) and the function V (y) all the conditions

of the Theorem 2.4 are satisfied, and the controls

ui(x) = −sign xi(I1x
2
1 + I2x

2
2 + I3x

2
3 − r2(ρ)) (3.23)

stabilize the motion of the rigid body with respect to the surface of the ellipsoid
(3.21), i. e., at y0 ∈ extA(r) solutions of the system (3.19) are attracted to
the surface A(r), and at y0 ∈ int A(r) they are repelled from the equilibrium
state y1 = y2 = y3 = 0.

A special case of the problem (3.17) is the problem of the exponential
convergence of the motions of the system (3.17) to the surface of a stationary
sphere (see Corless and Leitmann [1996]).

Construct the function V (x) = xTPx, where

P =



I1 0 0
0 I2 0
0 0 I3


 .

It is known that
Im‖x‖2 ≤ xTPx ≤ IM‖x‖2

at all x ∈ R3, where IM = max{I1, I2, I3}, Im = min{I1, I2, I3}.
Let q be the index of the exponential convergence of motions of the system

(3.17). Select γ ≥ qIM and calculate the constants γ̃ and ε according to the
results obtained by Corless and Leitmann [1996]:

γ̃ = γ(1 − ρ)−1,

0 < ε < ε∗ = (1 − ρ)2Im(3ρI2
Mα)−1.

Recall the notation of the function

sat (y) =

{
y at ‖y‖ ≤ 1,

‖y‖−1y at ‖y‖ > 1.
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According to the results of Corless and Leitmann [1996], the controls

ui(x) = −ρ sat (ε−1xi) − (1 − ρ)sat (γ̃xi), i = 1, 2, 3, (3.24)

guarantee the exponential convergence of the motions of the system (3.17) to
the surface of the sphere of radius

rε =

(
3ρε

αIM

) 1
2

(3.25)

for all initial values xi(0), i = 1, 2, 3 located in the sphere of radius

r∗ = (1 − ρ)I1/2
m I

3/2
M α. (3.26)

It is not difficult to show that the sphere of radius (3.25) is inscribed into
the moving ellipsoid (3.21), while the sphere of radius (3.26) is circumscribed
around it.

Thus, the controls (3.23) and (3.24) solve the problem of the stabilization
of the motion of a rigid body under the condition of an uncertain value of
resistance of the environment in the two cases: the convergence of the motions
to the moving ellipsoid (3.21) and their convergence to the stationary surface
of a sphere of radius (3.25).

3.5 Stability of an Uncertain Linear System with
Neuron Control

Consider the linear approximation of the controlled uncertain system

dx

dt
= f(x, u, α),

where x ∈ Rn, u ∈ Rm, f ∈ C(Rn ×Rm ×S, Rn) and f(0, 0, α) = 0 at any
α ∈ S, in the form

dx

dt
= (A0 + αA)x +Bu. (3.27)

Here A0 ∈ Rn×n, B ∈ Rn×m are constant nominal matrices, A ∈ Rn×n is a
matrix of uncertainties, and α ∈ S : |α| ≤ µ ∈ R+, µ > 0 is a constant.

It is assumed that the pair (A0, B) is controlled.
Let W1 and W2 be some weight matrices characterizing respectively the

closed and the output layers of the continual neuron net.
The control vector-function u(t) is chosen in the form

u(t) = W2F (W1x(t)) = W2F (h), (3.28)
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where F (h) is a vector-function describing the continuous activation of neu-
rons, with the components fi(hi), i = 1, 2, . . . , n. In the theory of neuron nets,
functions of the form

(1) fi(hi) = 1/(1 + exp(−hi));

(2) fi(hi) = tanh(hi);

(3) fi(hi) = arctg(hi) and other functions are applied .

Further in this section, components of the vector-function F (h) are functions
of the form (2).

We now determine the conditions for the stability of the zero solution of
the uncertain system (3.27) with the neuron control (3.28). At first, we prove
the following statement.

Lemma 3.1 Let the constant (n×n)-matrix A and the positive-definite sym-
metrical (n× n)-matrix P be given. Then in Rn the matrix inequality

ATP + PA ≤ ATPA+ P (3.29)

holds true.

Proof Denote M = ATPA+P −ATP −PA and consider the quadratic form
xTMx at any (x 6= 0) ∈ Rn. Since the relation

xT[ATPA+ P −ATP − PA]x = ‖P 1/2Ax− P 1/2x‖2 ≥ 0,

holds true, then xTMx ≥ 0 at all (x 6= 0) ∈ Rn. Hence follows the inequality
(3.29).

Theorem 3.3 Assume that for the uncertain system (3.27) there exist
positive-definite symmetrical matrices P ∈ Rn×n and Q ∈ Rn×n, a matrix
S ∈ Rn×p and a constant 0 < β < 1 such that

(A0 + βBW2W1)
TP + P (A0 + βBW2W1)

= −Q− SST − µ(ATPA+ P ),

PBW2 = −WT
1 −

√
2SI,

(3.30)

where I is a unit matrix of dimension p× p.
Then the neuron control (3.28) ensures the stability of the equilibrium state

x = 0 of the system (3.27).

Proof Let for the nominal system corresponding to (3.27) a quadratic form
V (x) = xTPx be constructed with the matrix P satisfying the conditions
indicated in the Theorem 3.3. Having calculated the full derivative of this
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function along the solutions of the system (3.27) with the control (3.28), we
obtain

DV (x)
∣∣
(3.27)

= [(A0 + αA)x +BW2F (W1x)]
TPx

+ xTP [(A0 + αA)x +BW2F (W1x)]

= [(A0 + βBW2W1 + αA)x +BW2F̃ (h)]TPx

+ xTP [(A0 + βBW2W1 + αA)x +BW2F̃ (h)],

(3.31)

where h = W1x and F̃ (h) = F (h) − βh.
Denote Ã = A0+βBW2W1 and, taking into account the matrix inequality

from the lemma 3.1, transform the expression (3.31) to the form

DV (x)
∣∣
(3.27)

= [(Ã+ αA)x +BW2F̃ (h)]TPx

+ xTP [(Ã+ αA)x+BW2F̃ (h)]

= xT(Ã+ αA)TPx+ F̃T(h)WT
2 B

TPx

+ xTP (Ã+ αA)x + xTPBTW2F̃ (h)

= xT(ÃTP + PÃ)x+ αxT(ATP + PA)x + 2xTPBW2F̃ (h)

≤ xT(ÃTP + PÃ)x+ αxT(ATP + P )x+ 2xTPBW2F̃ (h)

≤ xT(ÃTP + PÃ)x+ µ(ATP + P )x+ 2xTPBW2F̃ (h).

Hence, taking into account the conditions (3.30), we obtain the estimate

DV (x)
∣∣
(3.27)

≤ −xTQx− xTSSTx− 2hTF̃ (h) − 2
√

2xTSF̃ (h)

= −xTQx− ‖xTS +
√

2F̃T(h)‖2 − 2[hTF̃ (h) − F̃T(h)F̃ (h)]

= −xTQx− ‖xTS +
√

2F̃T (h)‖2 − 2

p∑

i=1

f̃i(hi)(hi − f̃i(hi)).

(3.32)

Note that the first two summands in the right-hand part of the inequality
(3.32) are not positive. Consider the third summand. The values hi ∈ R and
therefore hi ≥ 0 or hi ≤ 0. Let hi ≥ 0, then hi − f̃i(hi) = (hi − tanh(hi)) +
βhi ≥ 0. Since 0 < β < 1, then f̃i(hi) = tanh(hi) − βhi ≥ 0 for all 0 < hi <
h∗, where h∗ = minh∗i , h

∗
i is the root of the equations tanh(hi)−βhi = 0 at

any i = 1, 2, . . . , p. Hence it follows that f̃i(hi)(hi−f̃i(hi)) ≥ 0 at 0 < hi < h∗i .
The case hi ≤ 0 is analyzed in a similar way. As a result we obtain

p∑
i=1

f̃i(hi)(hi − f̃i(hi)) ≤ 0, if max
i

|hi| = ‖W1x‖ < h∗.

Thus, there exists ε > 0 such that

DV (x)
∣∣
(3.27)

≤ 0

at all x : ‖x‖ < ε. This condition, together with the condition for the positive
definiteness of the matrix P , is sufficient for the stability by Lyapunov of the
equilibrium state x = 0 of the system (3.27).
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3.6 Conditions for Parametric Quadratic Stabilizability

Consider the nonlinear system of differential equations

ẋ = [A+ ∆A(α)]x +BΦ(u), (3.33)

where x(t) ∈ Rn is the system status, u(t) ∈ Rm is a control at a time t,
α ∈ Rl is a vector-parameter. The constant matrices A ∈ Rn×n and B ∈
Rn×m represent the known part of the system, ∆A(α) ∈ Rn×n denotes the
indefinite members and is a continuous matrix-valued function α, Φ: Rm →
Rm is a nonlinear continuous function. Assume that at any given initial state
x0 = x(t0), the fixed value of parameter α ∈ Rl and the continuous control
u the system of equations (3.33) has a unique solution x(t;x0, α, u).

The control u is considered to be linear with respect to the state vector
x(t), i. e. u = Kx+ r, where K ∈ Rm×n is a constant matrix and r ∈ Rm is
a correction function.

With regard to the system (3.33) make the following assumption.

Assumption 3.7 The system of equations (3.33) is such that:

(1) the function Φ(u) = (Φ1(u), . . . ,Φm(u)) is determined and continuous

on some open set Γ ⊆ Rm together with the partial derivatives
∂Φi
∂uj

,

i, j = 1, . . . ,m;

(2) the point u = 0 belongs to the set Γ, and

Φ(0) = 0 and
∂Φ(u)

∂u

∣∣∣∣
u=0

6= 0;

(3) the matrix

C = A+B
∂Φ(u)

∂u

∣∣∣∣
u=0

K

is stable;

(4) for all p from the domain P ⊆ Rl the following estimate is true:

‖∆A(p)‖ ≤ η <
1

2‖C−1‖ ;

(5) there exists a value of the parameter α∗, belonging to the domain P,
such that ∆A(α∗) = 0.

Under the conditions of the Assumption 3.7 the system (3.33) for the values
of parameters α∗, r∗ = 0 has the equilibrium state x∗ = 0, which is stable.

According to Ohta, Šiljak [1] give the definition of the global PQ-stabili-
zability.
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Definition 3.1 The system (3.33) is called globally PQ-stabilizable by the
control u = Kx+r, if there exists a matrix K ∈ Rm×n a symmetrical positive-
definite matrix P ∈ Rn×n and a number β > 0 such that for all (α, r) ∈
P ×R ⊆ Rl ×Rm the following conditions are satisfied:

(1) there exists a unique equilibrium state xe(α, r) of the system

ẋ = [A+ ∆A(α)]x +BΦ(Kx+ r); (3.34)

(2) the derivative of the quadratic Lyapunov function

V (x, xe(α, r)) = (x− xe(α, r))TP (x− xe(α, r))

along the solutions of the system (3.34) satisfies the inequality

DV (x, xe(α, r))
∣∣
(3.34)

≤ −β‖x− xe(α, r)‖2

for all (x, α, r) ∈ Rn × P ×R.

Taking into account the conditions of the Assumption 3.7, find the domain
Ωα × Ωr ⊂ Rl × Rm, for all values of parameters, from which the condition
(1) of the Definition 3.1 is satisfied, and determine the sufficient conditions for
the global PQ-stabilizability of the system (3.33) with respect to the found
domain by the control u = Kx + r , i. e., the conditions under which the
condition (2) of the Definition 3.1 is satisfied.

Let r = (r1, . . . , rs), where ri, i = 1, . . . , s, are some subvectors of the
vector r with dimensions ni respectively. The domain

Π =

{
(x, α, r) | Ωx : ‖x‖ ≤ a, Ωα = P, Ωr =

s∏

i=1

Ωri
,

Ωri
: ‖ri‖ ≤ bi, i = 1, . . . , s

}

such that for all (α, r) from Ωα × Ωr there exists xe(α, r) — the unique
equilibrium state of the system (3.34), which belongs to Ωx, can be determined
by using the approach indicated in Appendix.

The equation
[A+ ∆A(α)]x +BΦ(Kx+ r) = 0, (3.35)

from which the desired equilibrium state is determined, appears in the form

x = C−1(Cx − [A+ ∆A(α)]x −BΦ(Kx+ r))

and considers the iterative process

xn+1 = C−1(Cxn − [A+ ∆A(α)]xn −BΦ(Kxn + r)). (3.36)

Applying the theorem of convergence of the general iterative process in pseu-
dometric space (see Collatz [1]) to (3.36), we ascertain that the equation (3.35)
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has a unique solution if the iterative process (3.36) converges. For this it is
sufficient that the following conditions be satisfied:

‖B‖max
Ωu

∥∥∥∥
∂Φ(u)

∂u

∣∣∣∣
u

− ∂Φ(u)

∂u

∣∣∣∣
u=0

∥∥∥∥ ‖K‖ ≤ 1

2‖C−1‖ − η,

where Ωu = {u : ‖Ui‖ ≤ ci, i = 1, . . . , s}, Ui, i = 1, . . . , s, are subvectors of
the vector u, and

‖Φ(r)‖ ≤ a

2‖C−1‖ ‖B‖ . (3.37)

Since

Ui =



Kn1+···+ni−1+1

. . . . . . . . . . . . . .
Kn1+···+ni


x+ ri,

where Kj is the j-th row of the matrix K, i = 1, . . . , s, j = 1, . . . ,m, using
the inequalities

∥∥∥∥∥∥



Kn1+···+ni−1+1

. . . . . . . . . . . . . .
Kn1+···+ni



∥∥∥∥∥∥
a+ bi ≤ ci, i = 1, . . . , s,

and the estimate (3.37), we can estimate the boundary of the domain Π. Note
the spectral norm of the matrix.

Let for the equation (3.35) the domain Π be determined. The following
statements should be proved.

Theorem 3.4 Let the vector-function Φ(u) in the system (3.33) satisfy the
inequality

∥∥∥∥
dΦ(u)

du

∣∣∣∣
u

− dΦ(u)

du

∣∣∣∣
u=0

∥∥∥∥ <
1

‖B‖ ‖K‖

(
λmin(Q)

2‖P‖ − η

)
. (3.38)

For all u ∈ Rm, where λmin(Q) is the minimum eigenvalue of the matrix Q,
Q is an arbitrary symmetrical positive-definite matrix of dimensions n × n,
P is a symmetrical positive-definite matrix which is a solution of the matrix
Lyapunov equation

CTP + PC = −Q. (3.39)

Then the system (3.33) is globally PQ-stabilizable by the control u = Kx+ r.

Remark 3.1 The domain of change of the parameters of the system (3.33)
is the domain Ωα × Ωr, where Ωr is determined by the method indicated in
Appendix for the equation (3.35), and

Ωα =

{
α ∈ Rl|‖∆A(α)‖ ≤ η <

λmin(Q)

2‖P‖

}
.
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Since, according to the condition (4) of the Assumption 3.7, η <
1

2‖C−1‖ ,
such a domain can be determined.

Proof Let the function Φ(u) satisfy the inequality (3.38). Determine the do-
main Ωα × Ωr, for each value of parameter, from which the equation (3.35)
has a unique solution, and the domain Ωx to which it belongs. With respect
to the domain of change of parameters of the system Ωα × Ωr the condition
(1) of the Definition 3.1 is satisfied. By the change of variables

z = x− xe(α, r)

we reduce the system (3.33) to the form

dz

dt
= [A+ ∆A(α)](z + xe(α, r)) +BΦ(Kz +Kxe(α, r) + r). (3.40)

and show that the derivative of the quadratic function

V (z) = zTPz, (3.41)

where P is determined from the equation (3.39), along the solutions of the
system (3.40) is negative for the values (α, r) ∈ Ωα × Ωr at all x ∈ Rn.
In other words, (3.41) is a Lyapunov function which allows determining the
global asymptotic stability of the zero equilibrium state of the system (3.40),
i.e., the equilibrium state xe(α, r) of the system (3.33). Calculate

dV (z)

dt

∣∣∣∣
(3.40)

= zTP ([A+ ∆A(α)](z + xe(α, r))

+BΦ(Kz +Kxe(α, r) + r)) +
(
[A+ ∆A(α)](z + xe(α, r))

+BΦ(Kz +Kxe(α, r) + r)
)T
Pz

= zTP

(
[A+ ∆A(α)] +B

∂Φ(u)

∂u

∣∣∣∣
ũ

K

)
z

+ zT

(
[A+ ∆A(α)] +B

∂Φ(u)

∂u

∣∣∣∣
ũ

K

)T

Pz

= zT(CTP + PC)z

+ zT

(
∆A(α) +B

(
∂Φ(u)

∂u

∣∣∣∣
ũ

− ∂Φ(u)

∂u

∣∣∣∣
u=0

)
K

)T

Pz

+ zTP

(
∆A(α) +B

(
∂Φ(u)

∂u

∣∣∣∣
ũ

− ∂Φ(u)

∂u

∣∣∣∣
u=0

)
K

)
z,

where ũ is some point of the space Rm. Hence obtain the estimate

dV (z)

dt

∣∣∣∣
(3.40)

≤
(
− λmin(Q) + 2‖P‖

(
η

+ ‖B‖ ‖K‖
∥∥∥∥
∂Φ(u)

∂u

∣∣∣∣
ũ

− ∂Φ(u)

∂u

∣∣∣∣
u=0

∥∥∥∥
))

‖z‖2 = α(ũ)‖z‖2.
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Taking into account the inequality (3.38), find

α(ũ) < 0

for all ũ ∈ Rm. Thus, the condition (2) of the Definition 3.1 is satisfied, and
the system (3.33) is globally PQ-stabilizable by the control u = Kx+ r.

The Theorem 3.4 is proved.

Theorem 3.5 Let the function Φ(u) in the system (3.33) satisfy the inequal-
ity

∥∥∥∥
∂Φ(u)

∂u

∣∣∣∣
u

− ∂Φ(u)

∂u

∣∣∣∣
u=0

∥∥∥∥ ≤ 1

‖B‖ ‖K‖

(
λmin(Q)

4‖P‖ ‖C‖ ‖C−1‖ − η

)
(3.42)

for all u ∈ Rm. Then the system (3.33) is globally PQ-stabilizable by the
control u = Kx+ r, the domain of change of parameters of the system (3.33)
is the domain P × Ωr, Ωr = {r ∈ Rm : ‖r‖ ≤ b}, where b is an arbitrarily
large predetermined positive number,

P =

{
α ∈ Rl : ‖∆A(α)‖ ≤ η <

λmin(Q)

4‖P‖ ‖C‖ ‖C−1‖

}
.

Proof Let the function Φ(u) satisfy the inequality (3.42), and b be an arbitrary
positive number. Since ‖C‖ ‖C−1‖ ≥ 1, then

1

‖B‖ ‖K‖

(
λmin(Q)

4‖P‖ ‖C‖ ‖C−1‖ − η

)
≤ 1

‖B‖ ‖K‖

(
λmin(Q)

4‖P‖ − η

)

<
1

‖B‖ ‖K‖

(
λmin(Q)

2‖P‖ − η

)

and the condition (6) of the Theorem 3.5 is satisfied. Then under the condition
(3.42) the system (3.33) is globally PQ-stabilizable by the control u = Kx+r.

Show that the domain of change of the system parameters is the domain
P × Ωr. Let

Π = {(x, α, r) | Ωx : ‖x‖ ≤ a, Ωα = P, Ωr : ‖r‖ ≤ b},

where

a =
2‖C−1‖b
‖K‖

(
λmin(Q)

4‖P‖ ‖C‖ ‖C−1‖ − η

)
+ 2‖C−1‖ ‖B‖

∥∥∥∥
dΦ(u)

du

∣∣∣∣
u=0

∥∥∥∥ b.

According to the method used for the estimation of the domain Π, at all
(α, r)∈ Ωα × Ωr the condition for the existence of the unique solution of the
equation (3.35), belonging to Ωx, is the correctness of the inequalities

‖C−1‖
(
η + ‖B‖ ‖K‖

∥∥∥∥
∂Φ(u)

∂u

∣∣∣∣
u

− ∂Φ(u)

∂u

∣∣∣∣
u=0

∥∥∥∥
)

≤ 1

2
(3.43)
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for all u ∈ Ωu, Ωu = {u ∈ Rm : ‖u‖ ≤ c}, and

‖Φ(r)‖ ≤ a

2‖C−1‖ ‖B‖ (3.44)

for all r ∈ Ωr. Having estimated the value c using the inequality (3.43), from
the inequalities (3.44) and

‖K‖a+ b ≤ c (3.45)

we can estimate the domain Π. However, under the condition (3.42) the in-
equality (3.43) is true at all u ∈ Rm, i. e., with an arbitrarily large c. So the
chosen values a and b satisfy the inequality (3.45) and can be applied for the
estimation of the domain Π. The inequality (3.45) is satisfied for all r ∈ Ωr:

‖Φ(r)‖ =

∥∥∥∥Φ(0) +
∂Φ(u)

∂u

∣∣∣∣
u=r̃

r

∥∥∥∥ ≤
∥∥∥∥
∂Φ(u)

∂u

∣∣∣∣
u=r̃

∥∥∥∥ b

=

∥∥∥∥
∂Φ(u)

∂u

∣∣∣∣
u=r̃

− ∂Φ(u)

∂u

∣∣∣∣
u=0

+
∂Φ(u)

∂u

∣∣∣∣
u=0

∥∥∥∥ b

≤
∥∥∥∥
∂Φ(u)

∂u

∣∣∣∣
u=r̃

− ∂Φ(u)

∂u

∣∣∣∣
u=0

∥∥∥∥ b+

∥∥∥∥
∂Φ(u)

∂u

∣∣∣∣
u=0

∥∥∥∥ b

≤ b

‖B‖ ‖K‖

(
λmin(Q)

4‖P‖ ‖C‖ ‖C−1‖ − η

)
+

∥∥∥∥
∂Φ(u)

∂u

∣∣∣∣
u=0

∥∥∥∥ b

=
1

2‖C−1‖ ‖B‖

(
2‖C−1‖b
‖K‖

(
λmin(Q)

4‖P‖ ‖C‖ ‖C−1‖ − η

)

+ 2‖C−1‖ ‖B‖
∥∥∥∥
∂Φ(u)

∂u

∣∣∣∣
u=0

∥∥∥∥ b
)

=
a

2‖C−1‖ ‖B‖ .

Therefore the condition (3.44) is satisfied for all r ∈ Ωr, and for all (α, r) ∈
Ωα × Ωr there exists a unique solution of the equation

[A+ ∆A(α)]x +BΦ(Kx+ r) = 0,

belonging to Ωx. That is, the domain of change of the system parameters is
P × Ωr.

The Theorem 3.5 is proved.

Example 3.1 Let an airplane have a bicycle scheme of the landing gear with
the controlled forewheel (see Letov [1964], Neimark and Fufaev [1967]).

Let Θ denote the angle of deflection of the longitudinal plane of the airplane
from the vertical, Ψ denote the angle of rotation of the forewheel with respect
to the line connecting the points M1 and M2, where M1 and M2 are the points
of contact of the wheels with the plane of rolling motion.

Then assume that the plane of rolling motion is absolutely coarse and the
equation of the motion of the airplane with respect to the line M1M2 has the
form

Θ̈ =
mg − C∗

yV
2

md
Θ −

(
bV

cd
Ψ̇ +

V 2

cd
Ψ

)
− LΘ̇. (3.46)
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If the mass of the airplane is m = 1000 kg, the velocity is V = 5 m/s,
the distance from the centre of gravity G of the airplane to the line M1M2

d = 1 m, the distance of the projection of the point G onto the line M1M2

from the point M1 of contact of the rear wheel b = 5 m, the distance between
the points M1 and M2 c = 10 m, the coefficient responsible for the bearing
strength, C∗

y = 100, and the coefficient meeting the damping moment, L =
0.1, then the equation (3.46) takes the form

Θ̈ = 7.3Θ − 2.5Ψ̇ + 2.5Ψ − 0.1Θ̇. (3.47)

Let the forewheel be automatically controlled by the actuating motor, the
equations of its motions being as follows:

Ψ̇ = wΘ̇ + f(σ),

σ = aΘ +EΘ̇ − 1

l
Ψ.

(3.48)

Here w = kV > 0 (k = const), a > 0, E > 0, l > 0 are parameters of the
control system. Choose k = 1. Performing the change of variables Θ = η1,
Θ̇ = η2, Ψ = η3, reduce the equations (3.47), (3.48) to the form

η̇1 = η2,

η̇2 = 7.3η1 − 12.6η2 − 2.5η3 − 2.5f(σ),

η̇3 = 5η2 + f(σ),

σ = aη1 + Eη2 −
1

l
η3,

or in the matrix form
η̇ = Aη +Bf(σ),

σ = Kη,
(3.49)

where η = (η1, η2, η3)
T,

A =




0 1 0
7.3 −12.6 −2.5
0 5 0


 , B =




0
−2.5

1


 , K =

(
a E −1

l

)
.

Assuming that in the system (3.49) there are some uncertainties due both
to the system parameters and to the control, the system (3.49) can be repre-
sented in the form

η̇ = [A+ ∆A(α)]η +Bf(σ),

σ = Kη + r,
(3.50)

where ∆A(α) ∈ R3×3, r ∈ R1. The essence of the problem is to choose the
parameters of the control system a, E, l, with the given function f(σ), so that
the control σ = Kη + r, where K =

(
a E − 1

l

)
, would ensure the global

PQ-stabilizability of the system (3.50), and also to obtain the estimates of
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the domain of values of the parameters α and r, at which the stability of the
system (3.50) will remain.

Let f(σ) =
399

400
σ+

1

400
sinσ. According to the conditions for the function

f(σ) obtain f(0) = 0 and f ′(0) = 1 6= 0. For the stable matrix

C =




0 1 0
−12.7 −12.85 −2.25

8 5.1 −0.1


 .

According to the equation from the condition (3) of the Assumption 3.7,
calculate the matrix K =

(
8 0.1 −0.1

)
, i. e., the parameters of the control

system a = 8, E = 0.1, l = 10. For the matrix

Q =




1 0 0
0 1 0
0 0 1




the matrix P has the form

P =




2.776 0.446 0.646
0.446 0.154 0.202
0.646 0.202 0.454


 .

Let the domain Ωα be such that for all α from Ωα the following estimate
would hold true:

‖∆A(α)‖ ≤ 1

20
< min

(
λmin(Q)

2‖P‖ ,
1

2‖C−1‖

)

= min(0.165, 0.208) = 0.165.

(3.51)

Applying the approach from the Appendix, calculate the domain

Π = {(x, α, r)| : ‖x‖ ≤ 0.362, α ∈ Ωα, |r| ≤ 0.03}. (3.52)

According to the Theorem 3.5, the sufficient condition for the global PQ-
stabiliziability of the system (3.50) by the control σ = Kη+ r is satisfied. The
estimates of uncertainties (3.51), (3.52) secure the stability of the considered
system.



Chapter 4

Stability of Quasilinear

Uncertain Systems

Quasilinear systems with uncertain values of parameters are typical models of
many events and processes in technical applications. In this chapter we will
analyze the problem of the stability of solutions of a quasilinear uncertain sys-
tem consisting of two subsystems. It is assumed that the linear approximation
of each of the subsystems is reducible to the diagonal form or to the Jordan
form. The conditions for the stability of solutions with respect to a moving
invariant set are determined on the basis of the results of Chapter 2 in such a
form that for their actual verification, the sign-definiteness of special matrices
is analyzed.

Along with the matrix-valued Lyapunov function, the vector Lyapunov
function is also used in this chapter as a particular case of the matrix-valued
function. Several results are illustrated by specific examples.

4.1 Uncertain Quasilinear System and
Its Transformation

Consider a perturbed motion described by the quasilinear equations

dz

dt
= Pz +Q(z, w, α),

dw

dt
= Hw +G(z, w, α).

(4.1)

Here z ∈ Rn, w ∈ Rm, α ∈ S ⊆ Rd is the uncertainness parameter of
the system (4.1), P , H are constant matrices of the respective dimensions,
Q : Rn × Rm × Rd → Rn and G : Rn × Rm × Rd → Rm have as their
components power series of integer positive powers of z and w, beginning
from terms of not lower than the second order and converging absolutely in
the product of the arbitrarily large open connected neighbourhoods Nz and
Nw of the states z = 0 and w = 0 at any values of the uncertainness
parameter α ∈ S ⊆ Rd.

Using the linear nonsingular transformations z = Tx and w = Ry

79
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(det T 6= 0, det R 6= 0) reduce the linear part of the system (4.1) to the
diagonal form

dx

dt
= Ax+ f1(x, y, α),

dy

dt
= By + f2(x, y, α),

(4.2)

where x ∈ Rn, y ∈ Rm, A = diag{λ1, . . . , λn}, B = diag{β1, . . . , βm},
f1(x, y, α) = Q(Tz,Rw, α), f2(x, y, α) = G(Tz,Rw, α).

For the components xs and yk of the vectors x and y consider the variables

xs = rs exp(iθs), xs = rs exp(−iθs),
yk = ρk exp(iϕk), yk = ρk exp(−iϕk),
s = 1, 2, . . . , n, k = 1, 2, . . . ,m,

θs ∈ (0, π), ϕk ∈ (0, π).

Hence obtain

3rs = xs exp(−iθs), rs = xs exp(iθs), s = 1, 2, . . . , n,

ρk = yk exp(−iϕk), ρk = yk exp(iϕk), k = 1, 2, . . . ,m,

and therefore

drs
dt

=
1

2

(
dxs
dt

e−iθs +
dxs
dt

eiθs

)
, s = 1, 2, . . . , n,

dρk
dt

=
1

2

(
dyk
dt

e−iϕk +
dyk
dt

eiϕk

)
, k = 1, 2, . . . ,m.

Taking into account the systems of equations (4.2), obtain

drs
dt

= Re λs rs +
1

2

(
f1se

−iθs + f1se
iθs
)
, s = 1, 2, . . . , n,

dρk
dt

= Re βk ρk +
1

2

(
f2ke

−iϕk + f2ke
iϕk
)
, k = 1, 2, . . . ,m.

(4.3)

In the systems (4.3) the equations corresponding to the complex conjugate
roots will repeat because the respective variables have the same absolute val-
ues. Therefore the number of different equations in the systems (4.3) will be
n1 < n and m1 < m , respectively.

Remark 4.1 If in the system (4.2) the functions f1 and f2 are represented
in the form

f1(x, y, α) = f∗
1 (x, y, 0) + ∆f1(·, α),

f2(x, y, α) = f∗
2 (x, y, 0) + ∆f2(·, α),

where ∆f1 = f1(x, y, α)−f∗
1 (x, y, 0), ∆f2 = f2(x, y, α)−f∗

2 (x, y, 0), α ∈ S ⊆
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Rd, then the system (4.3) is transformed to the following one:

drs
dt

= Re λs rs +
1

2

(
f∗
1se

−iθs + f
∗

1se
iθs

)
+

1

2

(
∆f1se

−iθs + ∆f1se
iθs
)
,

dρk
dt

= Re βk ρk +
1

2

(
f∗
2ke

−iϕk + f
∗

2ke
iϕk

)
+

1

2

(
∆f2ke

−iϕk + ∆f2ke
iϕk
)
.

In this system the impact of the uncertainties α ∈ S ⊆ Rd is “concentrated”
in the last summands of the right-hand parts of the equations. Sometimes such
a transformation of the system can facilitate the estimation of the impact of
the “uncertainness” upon the dynamics of the system (4.1).

For the system (4.3) we will consider the moving set A∗(κ) determined by
the formula

A∗(κ) = {r ∈ Rn, ρ ∈ Rm : ‖r‖ + ‖ρ‖ = κ(α)}.

Here it is assumed that κ(α) > 0 and, in addition, κ(α) → κ0 (κ0 = const >
0) at ‖α‖ → 0 and κ(α) → ∞ at ‖α‖ → ∞.

4.2 Application of the Canonical
Matrix-Valued Function

We will analyze the system (4.3), using the matrix-valued function

U(r, ρ) =

(
u11(r) u12(r, ρ)
u21(r, ρ) u22(ρ)

)
, (4.4)

whose elements uij(·), i, j = 1, 2, are determined by the variables r and ρ of
the system (4.3):

u11(r) =

n1∑

s=1

νsr
2
s , s = 1, 2, . . . , n1,

u22(ρ) =

m1∑

k=1

ψkρ
2
k, k = 1, 2, . . . ,m1,

u12(r, ρ) = u21(r, ρ) = γ

min(n1,m1)∑

s=k

rsρk,

(4.5)

where νs, ψk are some positive constants and γ is an arbitrary constant.
The function (4.4) with the elements (4.5) will be called canonical, taking

into account that its elements are constructed on the basis of the transforma-
tion of the linear approximation of the system (4.2) to the canonical form.



82 Uncertain Dynamical Systems: Stability and Motion Control

Denote νm = min
s

(νs), νM
= max

s
(νs), ψm = min

k
(ψk), ψM

= max
k

(ψk).

It is easy to verify that for the functions (4.5) the following estimates are
true:

νm‖r‖2 ≤ u11(r) ≤ ν
M
‖r‖2 at all r ∈ Rn1 ,

ψm‖ρ‖2 ≤ u22(ρ) ≤ ψ
M
‖ρ‖2 at all ρ ∈ Rm1 ,

−γ‖r‖ ‖ρ‖ ≤ u12(r, ρ) ≤ γ‖r‖ ‖ρ‖ at all (r, ρ) ∈ Rn1 ×Rm1 .

Now apply the function

V (r, ρ) = ηTU(r, ρ)η, η ∈ R2
+, η > 0, (4.6)

for which the following estimates hold true:

(a) vTHTA1Hv ≤ V (r, ρ) at ‖r‖ + ‖ρ‖ ≥ κ(α),

(b) V (r, ρ) ≤ vTHTA2Hv at ‖r‖ + ‖ρ‖ ≤ κ(α),
(4.7)

where vT = (‖r‖, ‖ρ‖), H = diag(η1, η2),

A1 =

(
νm −γ
−γ ψm

)
, A2 =

(
ν

M
γ

γ ψ
M

)
.

To apply the direct Lyapunov’s method generalized in Chapter 2 to the
analysis of solutions of the system (4.3) on the basis of the function (4.6), at
first determine the structure of its full derivative in view of the system (4.3).
For that we introduce some assumptions.

Assumption 4.1 There exist constants µjl, j = 1, 2, l = 1, 2, 3, 4, such that
at ‖r‖ + ‖ρ‖ > κ(α) the following inequalities are true:

(a)

n1∑

s=1

νs
(
f1se

−iθs + f1se
iθs
)
rs ≤ µ11‖r‖2 + µ12‖ρ‖ ‖r‖,

(b)

m1∑

k=1

ψk
(
f2ke

−iϕk + f2ke
iϕk
)
ρk ≤ µ21‖ρ‖2 + µ22‖ρ‖ ‖r‖,

(c)
∑

s=k

γ
(
f1se

−iθs + f1se
iθs
)
ρk ≤ µ13‖ρ‖ ‖r‖ + µ14‖ρ‖2,

(d)
∑

s=k

γ
(
f2ke

−iϕk + f2ke
iϕk
)
rs ≤ µ23‖ρ‖ ‖r‖ + µ24‖r‖2.

Assumption 4.2 There exist constants µjl, j = 1, 2, l = 1, 2, 3, 4, such that
at ‖r‖ + ‖ρ‖ < κ(α) the inequalities (a) – (d) from the Assumption 4.1 with
the sign “≥” instead of “≤” hold true.

Denote a = max
s

(Re λs), b = max
k

(Re βk), a = min
s

(Re λs), b =

min
k

(Re βk). If all the conditions of the Assumptions 4.1 and 4.2 are satis-

fied, then for the fully derived elements of the matrix-valued function (4.4)
along the solutions of the system (4.3) the following estimates hold true:
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(a) at all ‖r‖ + ‖ρ‖ > κ(α), α ∈ S ⊆ Rd

u̇11(r) ≤ (2ν
M
a+ µ11)‖r‖2 + µ12‖r‖ ‖ρ‖,

u̇22(ρ) ≤ (2ψ
M
b+ µ21)‖ρ‖2 + µ22‖r‖ ‖ρ‖,

u̇12(r, ρ) ≤
1

2
µ24‖r‖2+

[
γ(a+ b)+

1

2
(µ13+µ23)

]
‖r‖‖ρ‖+

1

2
µ14‖ρ‖2;

(b) at all ‖r‖ + ‖ρ‖ < κ(α), α ∈ S ⊆ Rd

u̇11(r) ≥ (2νma+ µ11)‖r‖2 + µ12‖r‖ ‖ρ‖,
u̇22(ρ) ≥ (2ψmb+ µ21)‖ρ‖2 + µ22‖r‖ ‖ρ‖,

u̇12(r, ρ) ≥
1

2
µ24‖r‖2+

[
γ(a+ b)+

1

2
(µ13+µ23)

]
‖r‖‖ρ‖+

1

2
µ14‖ρ‖2.

Lemma 4.1 Let all the conditions of the Assumptions 4.1 and 4.2 be satisfied.
Then for the full derivative of the function (4.6) in view of the system (4.3)
the following estimates hold true:

(a) at ‖r‖ + ‖ρ‖ > κ(α) and at all α ∈ S ⊆ Rd

dV (r, ρ)

dt

∣∣∣∣
(4.3)

≤ vTCv, (4.8)

where vT = (‖r‖, ‖ρ‖), C =

(
c11 c12
c21 c22

)
,

c12 = c21,

c11 = η2
1(2νM

a+ µ11) + η1η2µ24,

c22 = η2
2(2ψ

M
b+ µ21) + η1η2µ14,

c12 =
1

2
η2
1µ12 +

1

2
η2
2µ22 + η1η2

[
γ(a+ b) +

1

2
(µ13 + µ23)

]
;

(b) at ‖r‖ + ‖ρ‖ < κ(α) and at all α ∈ S ⊆ Rd

dV (r, ρ)

dt

∣∣∣∣
(4.3)

≥ vTDv, (4.9)

where D =

(
d11 d12

d21 d22

)
,

d12 = d21,

d11 = η2
1(2νma+ µ11) + η1η2µ24,

d22 = η2
2(2ψmb+ µ21) + η1η2µ14,

d12 =
1

2
η2
1µ12 +

1

2
η2
2µ22 + η1η2

[
γ(a+ b) +

1

2
(µ13 + µ23)

]
.
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The proof is made by the substitution of estimates for the components of the
matrix-valued function into the expression (4.6).

The estimates (4.7) and the inequalities (4.8), (4.9) allow to determine the
sufficient conditions for the uniform asymptotic stability of solutions of the
system (4.1) with respect to the moving invariant set A∗(κ).

Theorem 4.1 Assume that in the system (4.2) the functions f1(z, w, α) and
f2(z, w, α) are continuous on Rn ×Rm ×Rd and

(1) for any α ∈ S ⊆ Rd there exists a function κ(α) > 0 such that the set
A∗(κ) is not empty at all α ∈ S ⊆ Rd;

(2) for the transformed system (4.3) the matrix-valued function (4.4) with
the elements (4.5) is constructed;

(3) all the conditions of the Assumptions 4.1 and 4.2 are satisfied;

(4) in the inequalities (4.7)(a), (b) the matrices A1 and A2 are positive-
definite;

(5) the following conditions are satisfied:

(a)
dV (r, ρ)

dt

∣∣∣∣
(4.3)

< 0 at ‖r‖ + ‖ρ‖ > κ(α),

(b)
dV (r, ρ)

dt

∣∣∣∣
(4.3)

= 0 at ‖r‖ + ‖ρ‖ = κ(α),

(c)
dV (r, ρ)

dt

∣∣∣∣
(4.3)

> 0 at ‖r‖ + ‖ρ‖ < κ(α);

(6) for the functions a(‖r‖+‖ρ‖) = λm(HTA1H)(‖r‖, ‖ρ‖)T(‖r‖, ‖ρ‖) and
b(‖r‖ + ‖ρ‖) = λ

M
(HTA2H)(‖r‖, ‖ρ‖)T(‖r‖, ‖ρ‖) the relation

a(κ(α)) = b(κ(α))

is true at any κ(α) > 0.

Then the solutions (x(t, α), y(t, α)) of the system (4.2) are uniformly
asymptotically stable with respect to the invariant moving set A∗(κ).

The proof is similar to that of the Theorem 2.2 and is not given here.
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4.3 Isolated Quasilinear Systems

Let the perturbed motion be described by the system

dz

dt
= Pz +Q(z, α), (4.10)

where z ∈ Rn, P is a constant real (n × n)-matrix and Q : Rn × S → Rn,
S ⊆ Rd.

As in Section 4.2, reduce the system (4.10) to the form

dx

dt
= P ∗x+Q∗(x, α). (4.11)

Here x ∈ Rn, P ∗ = A−1PA = [δsrλr + δs−1,rµr], + s, r = 1, 2, . . . , n, A is
an (n × n)-matrix of nonsingular transformation z = Ax (i. e. det A 6= 0),
Q∗ = A−1Q(Ax, α), λr — are eigenvalues of the matrix P , µr are sufficiently
small positive numbers.

Determine the moving set

A∗(κ) =

{
x ∈ Rn :

n∑

s=1

|xs| = κ(α)

}
, (4.12)

where κ(α) → κ0 at ‖α‖ → 0.
The analysis of the behavior of solutions of the system (4.11) with respect

to the set (4.12) will be conducted, using the positive-definite function

V = ‖x‖ =

n∑

s=1

|xs| =

n∑

s=1

rs. (4.13)

Since

drs
dt

= Re λsrs+
1

2
µs−1(xs−1e

−iθs + x̄s−1e
iθs)+

1

2
(Q∗

se
−iθs + Q̄∗

se
iθs), (4.14)

the estimates for the time derivative of the function V in the domains
extA∗(κ) and int A∗(κ) will be as follows:

(a) at ‖x‖ > κ(α), α ∈ S ⊆ Rd,

dV

dt
≤ (∆ + µ)V + f(V, α), (4.15)

where ∆ = max
s

{Re λs}, µ ≥ µr, r = 1, 2, . . . , n; f(V, α) is a polyno-

mial with respect to V , estimating the last summand in the right-hand
part of the expression (4.14), f(0, α) = 0 at any α ∈ S;
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(b) at ‖x‖ < κ(α), α ∈ S ⊆ Rd, obtain

dV

dt
≥ (∆∗ − µ∗)V − f(V, α), (4.16)

where ∆∗ = min
s

{Re λs}, µ∗ ≤ µr, r = 1, 2, . . . , n.

On the basis of the estimates (4.15) and (4.16) one can formulate the
following statement.

Theorem 4.2 Assume that in the system (4.10) the function Q(z, α) is con-
tinuous on Rn × S and the following conditions are satisfied:

(1) for any α ∈ S ⊆ Rd there exists a function κ(α) > 0 at any α ∈ S
such that the set (4.12) is not empty at all α ∈ S;

(2) there exist functions W1(x) and W2(x) such that at all α ∈ S ⊆ Rd

(a) (∆ + µ)V + f(V, α) ≤W1(x) at ‖x‖ > κ(α),

(b) (∆∗ − µ∗)V − f(V, α) ≥W2(x), at ‖x‖ < κ(α),

(c) Re λsrs + 1
2 µs−1(xs−1e

−iθs + x̄s−1e
iθs)+ 1

2 (Q∗
se

−iθs + Q̄∗
se
iθs) = 0

at ‖x‖ = κ(α);

(3) the following inequalities are true

(a) W1(x) < 0 at ‖x‖ > κ(α),

(b) W2(x) > 0 at ‖x‖ < κ(α).

Then the motions of the system (4.10) are uniformly asymptotically stable
with respect to the moving set A∗(κ).

The proof of this theorem will not be given here as it is the corollary of the
proof of the Theorem 4.1.

Example 4.1 Consider the system of equations of perturbed motion

dx

dt
= µx+ y − g(x, y, α)x(x2 + y2),

dy

dt
= µy − x− g(x, y, α)y(x2 + y2), α ∈ S,

(4.17)

where µ = const > 0 and g(x, y, α) > 0 is a function characterizing the
“uncertainties” of the system (4.17).

In the system (4.17) perform the change of variables

x = −r cos θ, y = r sin θ

and reduce it to the form

dr

dt
= µr − g(r, θ, α)r3,

dθ

dt
= 1, (4.18)
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where
gm ≤ g(r, θ, α) ≤ gM (4.19)

at all (r, θ, α) ∈ R+ × [0, 2π] × S and gm < gM are given constants.
Note that the solution r = 0 of the equations of the first approximation

(4.18) is unstable in the Lyapunov sense, since the linear approximation
dr

dt
=

µr has an eigenvalue λ = µ > 0.
Along with the system (4.18) consider the function V = r2.
For the derivative dV/dt, in view of the system (4.18),

dV

dt

∣∣∣∣
(4.18)

= 2r
dr

dt
= 2r2[µ− g(r, θ, α)r2], α ∈ S.

Hence at any function g(r, θ, α) satisfying the condition (4.19) at all t ≥ 0 ,
the following inequalities hold true

dV

dt

∣∣∣∣
(4.18)

< 0 at r2 >
µ

g(r, θ, α)
,

dV

dt

∣∣∣∣
(4.18)

= 0 at r2 =
µ

g(r, θ, α)
,

dV

dt

∣∣∣∣
(4.18)

> 0 at r2 <
µ

g(r, θ, α)
,

then the moving set

A∗(κ) =

{
r : r2 =

µ

g(r, θ, α)

}
, α ∈ S,

is uniformly asymptotically stable.
Now consider the motion of the system (4.18) with respect to the domains:

S1 = {r : r2 < H}, 0 < H <∞,

S2 = {r : r2 ≤ δ}, δ =

(
µ

gM

)1/2

,

S3 = {r : r2 ≥ η}, η =

(
µ

gm

)1/2

,

under the limitations (4.19).
Let the motion of the system (4.18) begin outside the ring of radius r0 +σ,

where r0 =

(
µ

gm

)1/2

, σ is an arbitrarily small constant. Since

dV

dt

∣∣∣∣
(4.18)

= 2µV − 4g(r, θ, α)V 2,
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then the estimate of the time interval within which the solutions of the system
(4.18) will reach the moving surface

r2 =
µ

g(r, θ, α)

is obtained from the inequality

τ ≤
κ∫

κ1

dc

2µc− 4gmc2
, (4.20)

where κ1 < κ, κ1 = 1
2 r

2 and κ = 1
2 (r0 + σ)2. From the estimate (4.20) it

follows that

τ ≤ 1

2µ
ln

∣∣∣∣
(r0 + σ)2

r2
(r2 − r20)

2r0σ + σ2

∣∣∣∣.

In a similar way we estimate the time interval sufficient for the solutions

beginning in the domain r∗−σ ≥ 0, where r∗=
( µ

gM

)1/2
, to reach the moving

surface r2 =
µ

g(r, θ, α)
.

Note that the function g(r, θ, α), α ∈ S ⊆ Rd, is not assumed to be
continuously differentiable, therefore the equation (4.18) can effectively be
analyzed by the qualitative method, while its direct integration is difficult.

4.4 Quasilinear Systems with
Nonautonomous Uncertainties

Consider the system (4.10) whose uncertainties α = α(t) are time-variable,
and the vector-function Φ(z, α(t)) at all α(t) ∈ S can be represented in the
form

Φ(z, α(t)) = Φ(z) +R(z, α(t)),

where the components of Φ(z) are power-series of z, beginning from the terms
not lower than the second order and converging absolutely in the neighborhood
D(a) ⊂ Rn of the equilibrium state z = 0; the vector-function R(z, α(t)) has
the sense of uncertain nonautonomous continuously acting perturbations.

Assume that R(z, α(t)) 6= 0, t ≥ 0, and for the components Ri the es-
timates |Ri(z, α(t))| ≤ σ̃i(t) hold at all (z, α) ∈ D(a) × S, where σ̃i(t) ∈
C(R,R+), i = 1, 2, . . . , n, are positive bounded functions on any finite inter-
val.

In this case the system (4.10) takes the form

dz

dt
= Pz + Φ(z) +R(z, α(t)). (4.21)
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Analyze the behavior of the solutions of this system in the neighbourhood of
the state z = 0.

As above, using the transformation x = Tz (detT 6= 0), reduce the system
(4.21) to the diagonal form

dxs
dt

= λsxs +Xs(x1, . . . , xn) + Πs(x1, . . . , xn, α(t)), (4.22)

where Xs and Πs are components of the vector-functions T−1Φ(T−1x) and
T−1R(t, T−1x, α(t)) respectively.

Represent the variables xi in the form

xs = ps exp(iθs), xs = ps exp(−iθs),

and obtain

dps
dt

=
1

2
(ẋs exp(−iθs) + ẋs exp(iθs)), s = 1, 2, . . . , n. (4.23)

Taking into account the equations (4.22), write the relations (4.23) in the form

dps
dt

= αsps +
1

2

(
Xse

−iθs +Xse
iθs
)

+
1

2

(
Πse

−iθs + Πse
iθs
)
, (4.24)

where αs = Re λs, s = 1, 2, . . . , n.
For the derivative of the function

V =
n′∑

s=1

|xs| =
n′∑

s=1

ps, n′ ≤ n,

along the solutions of the system (4.24) one can easily obtain the expression

dV

dt
=

n′∑

s=1

αsps +
1

2

n′∑

s=1

(
Xse

−iθs +Xse
iθs
)

+
1

2

n′∑

s=1

(
Πse

−iθs + Πse
iθs)

and the estimate

dV

dt
≤ αV + βV 2 + Π(t), t ∈ R+, (4.25)

in the domain D(a) ⊂ Rn. Here α = max
s
αs and β =

n′∑
s=1

βs, βs are some

positive constants, Π(t) =
n′∑
s=1

n∑
i=1

|tsi| σ̃i(t).
To the inequality (4.25) the following comparison equation corresponds

du

dt
= αu+ βu2 + Π(t), u(t0) = u0 ≥ 0, (4.26)
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which is not integrable in quadratures.
By an appropriate choice of the constants b > 0, c > 0 we can secure

αu + βu2 − b(e−cu − 1) ≤ 0 (4.27)

in the domain D(a∗) ⊆ D(a).
Then, taking into account (4.27), determine the solution of the comparison

equation (4.26) by the solution of the equation

dω

dt
= b(e−cω − 1) + Π(t), ω(t0) = ω0 ≥ 0. (4.28)

This equation has a solution of the form

ω(t) = ψ(t) +
1

c
ln

{
exp(cω0) + bc

t∫

0

exp[−cψ(s)] ds

}
,

where ψ(t) =
t∫
0

Π(s)ds − bt at all t ∈ R+.

From the inequalities (4.25) and (4.27) it follows that at the initial values
t0 = 0 and ω0 ≤ V0 the estimate V (x(t)) ≤ ω(t) holds true in the domain
D(a∗) at all t ≥ 0.

Hence the unperturbed motion of the uncertain system (4.21) has a certain
type of stability in the domain D(a∗), if at |V0| < δ, δ = δ(a∗) the inequality
holds true:

ψ(t) +
1

c
ln

{
exp(cω0) + bc

t∫

0

exp[−cψ(s)] ds

}
< a∗, (4.29)

where a∗ = min{a,− 3α
8β } and a is a predefined quantity determining the open

domain D(a) ⊆ Rn.
Now analyze the dynamic behavior of solutions of the system (4.21) under

some concrete assumptions.
Case A. Assume that in the system (4.21) the vector-function

R(z, α(t)) ≡ 0 at all t ≥ 0. In this case the function Π(t) = 0 and the
condition (4.29) take the form

−bt+ 1

c
ln{exp(cω0) + exp(cbt) − 1} < a∗.

Hence any solution of the system (4.21) with initial conditions from the domain
ω0 ≤ V0 asymptotically approximates the equilibrium state z = 0 with the
estimate V (x(t)) ≤ ω(t, ω0), where

ω(t, ω0) =
1

c
ln
{
exp[c(ω0 − bt)] − exp(−cbt) + 1

}
→ 0 at t→ +∞.



Stability of Quasilinear Uncertain Systems 91

In fact this case corresponds to the absence of uncertainties in the system
(4.21).

Case B. Let the uncertainties be “small” in the system (4.21), and the
estimating function Π(t) be bound by some constant g > 0. If Π(t) ≤ g at
all t ≥ 0, then from the estimate (4.29) obtain

exp[−c(b− g)t] [exp(cω0) − b/(b− g)] < exp(ca∗) − b/(b− g). (4.30)

Let the uncertainties α(t) ∈ S be such that

exp(ca∗) − b/(b− g) ≥ 0.

Then the inequality

g ≤ b[1 − exp(−ca∗)]

is the estimate of uncertainties in the domain v =
n′∑
s=1

|zos | ≤ ω0, under which

the inequality (4.30) holds true at all t ≥ 0.

Thus, if the uncertainties α(t) ∈ S in the system (4.21) are such that

Π(t) =

n′∑

s=1

n∑

i=1

|tsi| |Ri(z, α(t))| ≤ g

at all t ≥ 0, then any solution z(t, z0), remaining in the domain v ≤ a∗, at all
t ≥ 0 will asymptotically approximate the equilibrium state z = 0 according
to the estimate v(t, v0) ≤ ω(t, ω0), where

ω(t, ω0) =
1

c
ln{exp[−c(a− g)t](exp(cω0) − b/(b− g)) + b/(b− g)}

and lim
t→∞

ω(t, ω0) = 1
c ln(b/(b− g)).

Case C. Let the motion of the system (4.21) begin from the zero state, i. e.,
at t0 = 0 the initial values z(t0) = 0 and ω0 = 0 for the comparison equa-
tion (4.28). The solution of the system (4.21) is estimated by the inequality
v(z(t)) ≤ ω(t) at all t ≥ 0, where

ω(t) = ψ(t) +
1

c
ln

{
1 + bc

t∫

0

exp[−cψ(s)] ds

}
.

In the system (4.21) such uncertainties α(t) ∈ S, are admissible that ω(t) <
ã∗ at all t ≥ 0, where ã∗ ≤ a∗.
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4.5 Synchronizing of Motions in Uncertain
Quasilinear Systems

The problem of synchronizing of motions of uncertain systems is connected
with the requirements for engineering applications in such areas as safe infor-
mation transfer, the modeling of neuron nets, the description of processes in
laser dynamics, etc.

In the general context of the qualitative analysis of solutions of uncertain
systems, in this paragraph the direct Lyapunov’s method based on the simplest
auxiliary function is applied to the above mentioned problem.

Consider two uncertain systems of the form

dx

dt
= (A+ ∆A1(t))x + f(t, x) + r1(t), (4.31)

where x ∈ Rn, A is an (n× n)-constant matrix, ∆A1(t) is an (n×n)-matrix
of uncertainties, satisfying the condition ‖∆A1(t)‖ ≤ δ1, δ1−const > 0, r1(t)
is an external perturbation with the estimate ‖r1(t)‖ ≤ d1, d1 = const > 0
at all t ≥ t0 and

dx

dt
= (A+ ∆A2(t))x + f(t, x) + r2(t) +B(y − y) + σ,

y = Kx, y = Kx.
(4.32)

Here x ∈ Rn, ∆A2(t) is an (n× n)-matrix of uncertainties with the estimate
‖∆A2(t)‖ ≤ δ2, δ1 = const > 0, r2(t) is an external perturbation with the
estimate ‖r2(t)‖ ≤ d2, d2 = const > 0 at all t ≥ t0, K ∈ R1×n is the vector
coefficient of the strengthening of feedback, B ∈ Rn×1 the control vector such
that the pair (A,B) is controlled, σ ∈ Rn×1 is a nonlinear input vector.

Assumption 4.3 The reference (master) (4.31) and the operative (slave)
(4.32) systems are such that:

(1) the vector-function f(t, x) is continuous in the domain R+ ×D, D ⊂
Rn, and satisfies the Lipshitz condition

‖f(t, x) − f(t, y)‖ ≤ L‖x− y‖,

at all (x, y) ∈ D with the constant L > 0;

(2) there exist positive constants δ3 and d such that

(a) ‖∆A1(t) − ∆A2(t)‖ ≤ δ3 at any ∆Ai(t) ∈ S, i = 1, 2,

(b) ‖r1(t) − r2(t)‖ ≤ d at all t ≥ t0.
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Now let e = x−x, e ∈ Rn denote the mismatch between the state vectors
of the systems (4.31), and upon simple transformations obtain

de

dt
= (A+BK)e+ f(t, x) − f(t, x) +

+ r2(t) − r1(t) + ∆A2(t)x− ∆A1(t)x+ σ(e).
(4.33)

Set limitations for the vectorsK, B and the nonlinear input σ, under which
the solutions of the operative system (4.32) asymptotically approximate the
solutions of the reference system (4.31), i. e., there occurs synchronization of
motions in the sense of the limit relation

lim
t→∞

‖e(t, t0, e0)‖ = 0 at (t0, e0) ∈ int (R+ ×D).

Now we will need the following Cauchy inequality with ε.

Lemma 4.2 (Ladyzhenskaya [1973]) Let x and y be vectors whose dimensions
are matched with those of the matrices P and Q(t), ‖Q(t)‖ ≤ r, r = const >
0, at all t ≥ t0. Then for the bilinear form 2xTPTQ(t)y the following estimate
holds true

2xTPTQ(t)y ≤ εxTPTPx+
r2

ε
yTy,

where ε > 0 is an arbitrary constant.

Proof From

(√
εPx− 1√

ε
Q(t)y

)T(√
εPx− 1√

ε
Q(t)y

)
≥ 0,

the required estimate follows:

xTPTQ(t)y + yTQT(t)Px ≤ εxTPTPx+
1

ε
yTQT(t)Q(t)y

≤ εxTPTPx+
r2

ε
yTy.

We now show that the following statement is true.

Theorem 4.3 Let the system (4.32) be such that:

(1) the pair (A,B) is controllable;

(2) all the conditions of the Assumption 4.3 are satisfied;



94 Uncertain Dynamical Systems: Stability and Motion Control

(3) there exist positive constants εi, i = 1, 2, 3, 4, and η > 0 such that

P (A+BK) + (A+BK)TP +

4∑

i=1

εiP
2 + (ε−1

1 δ22 + ε−1
3 L2)I + 2ηP < 0,

(4.34)

σ(e) =
−(ε−1

2 δ23x
Tx+ ε−1

4 d2)

2‖e‖2
P−1e, (4.35)

where P is a positive-definite symmetrical matrix, and I is a unit matrix.

Then the solution e(t, t0, x0) of the system (4.33) exponentially decreases,
and the motions of the pair of systems (4.31) and (4.32) are exponentially
synchronized.

Proof For the matrix P satisfying the inequality (4.34) consider the quadratic
form V (e) = eTPe and calculate its full derivative in view of the system (4.33)

dV

dt

∣∣∣∣
(4.33)

=
(
(A+BK)e+ f(t, x) − f(t, x) + r2(t) − r1(t)+ ∆A2(t)x

− ∆A1(t)x + σ
)T
Pe+ eTP

(
(A+BK)e+ f(t, x) − f(t, x)

+ r2(t) − r1(t) + ∆A2(t)x− ∆A1(t)x+ σ
)

= eT
(
P (A+BK) + (A+BK)TP

)
+∆AT

2 P + P∆A2(t)e

+ 2(f(t, x) − f(t, x))TPe+ 2eTPσ

+ 2eTP (∆A2(t) − ∆A1(t))x + 2eTP (r2(t) − r1(t)).
(4.36)

Then, applying the estimate from the Lemma 4.2, for the summands of the
right-hand part of the relation (4.36) obtain

2eTP∆A2(t)e ≤ ε1e
TP 2e+ ε−1

1 δ22e
Te,

2eTP (∆A2(t) −A1(t))x ≤ ε2e
TP 2e+ ε−1

2 δ23x
Tx,

2(f(t, x) − f(t, x))TPe ≤ ε3e
TP 2e+ ε−1

3 L2eTe,

2eTP (r2(t) − r1(t)) ≤ ε4e
TP 2e+ ε−1

4 d2.

(4.37)

Taking into account the inequalities (4.37), obtain the estimate of the full
derivative of the function V (e):

dV

dt

∣∣∣∣
(4.33)

≤ eT
(
P (A+BK) + (A+BK)TP +

4∑

i=1

εiP
2

+ (ε−1
1 δ22 + ε−1

3 L2)I
)
e ≤ −2ηeTPe = −2ηV (e) < 0.

Hence
V (e(t)) ≤ V (e0) exp(−2η(t− t0)), t ≥ t0.
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Thus, for any ε > 0 and δ(ε) =
λ

1/2
m (P )

λ
−1/2
M (P )

ε the estimate

‖e(t, t0, e0)‖ ≤ ε exp(−η(t− t0)), t ≥ t0, (4.38)

is true if ‖e0‖ < δ(ε).
The estimate (4.38) proves the statement of the Theorem 4.3.

Remark 4.2 From the expression (4.35) it follows that σ(e) → ∞ at
e(t, t0, e0) → ∞. However, if for the error e(t) some lower boundary β is
taken, then the expression σ(e) can be substituted by σ∗(t) :

σ∗(t) =




σ(e) at ‖e‖ ≥ β,

−(ε−1
2 δ23x

Tx+ ε−1
4 d2)

2r2
P−1e at ‖e‖ < β.

The Theorem 4.3 implies the following statement.

Corollary 4.1 Let for the system (4.33) the conditions of the 4.3 be satisfied,
and

(1) the pair (A,B) be controllable;

(2) there exist positive constants εi, i = 1, 2, 3, 4, and matrices X > 0 and
W of the respective dimensions, such that



AX +XAT +BWT +WBT + 2ηX +

4∑
i=1

εiI δ2X LX

δ2X −ε1I 0
LX 0 −ε3I


 < 0.

Then the solution e(t, t0, e0) of the system (4.33) with the feedback K =
WTX−1 and the nonlinear input σ∗(e) exponentially decrease and the mo-
tions of the pair of the systems (4.31) and (4.32) are exponentially synchro-
nized.

Example 4.2 Consider the uncertain Lorenz system (see Lorenz [1963])

dx1

dt
= σ1(y1 − x1),

dy1
dt

= −r1x1 − x1z1 − y1,

dz1
dt

= x1y1 − b1z1,

(4.39)
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where the parameters σ1, r1, b1 take on values from some compact sets. Along
with the system (4.39), consider the system

dx2

dt
= σ2(y2 − x2),

dy2
dt

= r2x2 − x1z1 − y2 + u(x2 − x1),

dz2
dt

= x1y2 − b2z2,

(4.40)

where σ2, r2 and b2 are the uncertainties parameters of the system.
Let σ̃ = σ2 − σ1, r̃ = r2 − r1 and b̃ = b2 − b1 be the uncertainties in the

determination of parameters of the Lorenz system, and e1 = x2 − x1 and let
e2 = y2 − y1, e3 = z2 − z1 be the mismatch between the state vectors of the
systems (4.39) and (4.40). It is not difficult to obtain the system

de1
dt

= σ2(e2 − e1) + σ̃(y1 − x1),

de2
dt

= r2e1 + r̃x1 − x1e3 − e2 + ue1,

de3
dt

= x1e1 − b2e3 − b̃z1.

(4.41)

Let the system
dσ̃

dt
= −(y1 − x1)e1,

dr̃

dt
= −x1e2,

db̃

dt
= z1e3

(4.42)

describe the variation of fluctuations in the values of parameters of the systems
(4.39) and (4.40). Along with the system (4.41) consider the function V (e) =
1

2
(e21 + e22 + e23 + σ̃2 + r̃2 + b̃2) and its full derivative, taking into account the

equations (4.42), in the form

dV

dt

∣∣∣∣
(4.41)

= −σ2e
2
1 + σ2e2e1 + r2e1e2 − e22 + ue1e2 − b2e

2
3.

If the control parameter u is chosen in the form u = −(σ2 + r2), then

dV

dt

∣∣∣∣
(4.41)

= −σ2e
2
1 − e22 − b2e

2
3. (4.43)

The function V (e) is positive-definite, while the function (4.43) at σ2 > 0
and b2 > 0 is negative-definite. Therefore lim ‖e(t, t0, e0)‖ = 0 at t → ∞
and motions of the systems (4.39) and (4.40) are asymptotically synchronized
under the above mentioned conditions.
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Example 4.3 Consider an uncertain system of the form (see Chen [1996],
Ming-Chung, Ho et al. [2007])

dx

dt
= a(y − x),

dy

dt
= (c− a)x− xz + cy,

dz

dt
= xy − bz,

(4.44)

where a > 0, b > 0, c > 0 and c < a < 2c.
Then for the system (4.44) consider two systems: the reference system

dx1

dt
= a1(y1 − x1),

dy1
dt

= (c1 − a1)x1 − x1z1 + c1y1,

dz1
dt

= x1y1 − b1z1,

(4.45)

where the parameters a1, b1, c1 are uncertain, and the operative system

dx2

dt
= a2(y2 − x2),

dy2
dt

= (c2 − a2)x2 − x1z2 + c2y2 + u(y2 − y1),

dz2
dt

= x1y2 − b2z2,

(4.46)

where the parameters a2, b2, c2 also are uncertain, and the control u ∈ R.
Denote ã = a2 − a1, b̃ = b2 − b1, c̃ = c2 − c1; e1 = x2 − x1, e2 = y2 − y1,

e3 = z2 − z1 and, using simple calculation, obtain the system

de1
dt

= a2(e2 − e1) + ã(y1 − x1),

de2
dt

= (c2 − a2)e1 + (c̃− ã)x1 − x1e3 + c2e2 + c̃y1 + ue2,

de3
dt

= x1e2 − b2e3 − b̃z1.

(4.47)

The system of equations describing the parameter variation in the systems
(4.45) and (4.46) has the form

dã

dt
= x1e1 − (y1 − x1)e1,

db̃

dt
= z1e3,

dc̃

dt
= −e2(x1 + y1).

(4.48)
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For the function V (e) =
1

2
(e21 + e22 + e23 + ã2 + b̃2 + c̃2), taking into account

the equations (4.48),

dV

dt

∣∣∣∣
(4.47)

= −a2e
2
1 + c2e1e2 + (c2 + u)e22 − b2e

2
3.

If we choose u = −c
2
2 + 4a2c2

4a2
−k2(k > 0), then −a2e

2
1+c2e1e2+(c2+u)e

2
2 < 0

and therefore dV/dt
∣∣
(4.47)

< 0. Since V (e) > 0, lim ‖e(t, t0, e0)‖ = 0 at

t → ∞ and the motions of the systems (4.45) and (4.46) are asymptotically
synchronized.



Chapter 5

Stability of Large-Scale

Uncertain Systems

Different engineering systems with branched and flexible structures, such as
aerospace systems, power networks, economic and ecological systems, are de-
scribed by systems of equations of large dimensions, whose parameters are de-
fined uncertainly. The presence of “uncertainties” in the mathematical model
of a system of such kind essentially complicates the analysis of the stability
of its operation.

In this chapter we will discuss some approaches to the solution of the above
mentioned problem. They are based on the results of Chapter 2 and use the
ideas of hierarchical and vector Lyapunov functions.

5.1 Description of a Large-Scale System

Assume that the system (2.1) has all criteria of a large-scale system, among
which there is the high dimension of the system of equations of perturbed
motion and the presence of subsystems interacting with each other. Let the
system (2.1) be decomposed in some way into s interacting subsystems

dxi
dt

= fi(t, xi) + gi(t, x1, . . . , xs, α), i = 1, 2, . . . , s, (5.1)

where xi ∈ Rni , t ∈ R+, fi ∈ C(R+ × Rni , Rni), gi ∈ C(R+ × Rn1 × . . .×
Rns ×S, Rni), and n1 +n2 + · · ·+ns = n. As in the case of the system (2.1),
assume that fi(t, 0) = 0 and gi(t, 0, . . . , 0, α) = 0 at xi = 0, i = 1, 2, . . . , s,
and at any α ∈ S.

From the general form of the system (5.1) it follows that its nonlinear
approximation (at gi(t, x1, . . . , xs, α) ≡ 0) does not contain the uncertainties
parameter α ∈ S ⊆ Rd, whereas the functions gi(t, x1, . . . , xs, α) are defined
uncertainly. For example,

gi(t, x1, . . . , xs, α) =

s∑

j=1,i6=j

Cij(α)xj , i = 1, 2, . . . , s, (5.2)
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where Cij(α) are ni × nj-matrices whose nonzero elements depend on the
parameter α ∈ S ⊆ Rd or

gi(t, x1, . . . , xs, α) =

s∑

j=1,i6=j

gij(t, xj , α), i = 1, 2, . . . , s, (5.3)

where gij ∈ C(R+ × Rnj × S, Rni). The system (5.1), taking into account
(5.2) and (5.3), takes the form

dxi
dt

= fi(t, xi) +
s∑

j=1,i6=j

Cij(α)xj , α ∈ S ⊆ Rd,

or
dxi
dt

= fi(t, xi) +

s∑

j=1,i6=j

gij(t, xj , α), α ∈ S ⊆ Rd,

respectively.
We now determine the sufficient conditions of the uniform asymptotic sta-

bility of solutions of the system (5.1) with respect to the moving invariant set
A(r).

These conditions are connected with the existence of the auxiliary func-
tions vi(t, xi) for the subsystems

dxi
dt

= fi(t, xi), i = 1, 2, . . . , s, (5.4)

with special properties, and qualitative properties of the functions
gi(t, x1, . . . , xs, α), i = 1, 2, . . . , s, defined uncertainly.

Remark 5.1 The procedure of the mathematical decomposition of the sys-
tem (2.1) into s interrelated subsystems (5.1) is a nontrivial problem. For its
solution (in the case when the uncertainties parameter α in the system (2.1)
is missing) special approaches have been developed (see Gruijć, Martynyuk,
Ribbens-Pavella [1984]). Those approaches, though slightly modified, can be
applied in the analysis of the uncertain systems (5.1).

Assume that for each of the subsystems (5.4) an auxiliary function vi(t, xi),
i = 1, 2, . . . , s is constructed. The function

V (t, x, c) = cTL(t, x), (5.5)

where ci ∈ Rs+ and L = [v1(t, x1), . . . , vs(t, xs)]
T, vi ∈ C(R+ × Rni , R+).

Under the known assumptions on the functions vi (see Michel and Miller [1977,
p. 26]) the function (5.5) is positive-definite and decreasing. Note that as a
function L(t, x) we can take the matrix-valued function, where vij(t, xi, xj) ≡
0 at all (i 6= j) ∈ [1, s], i. e.,

L(t, x) = diag[v11(t, x1), . . . , vss(t, xs)].
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The set A(r) for the system (5.1) will be determined as follows:

A(r) = A1(r) ∪A2(r) ∪ · · · ∪As(r).
The properties of the motion of the subsystems (5.4) and the limitations

on the change of the functions gi(t, x1, . . . , xs, α), α ∈ S ⊆ Rd, are the main
factors influencing the dynamics of the uncertain system (5.1).

5.2 Stability of Solutions with Respect to a Moving Set

To solve the problem we will utilize the following statements.

Theorem 5.1 Let the following conditions be satisfied:

(1) for each α ∈ S ⊆ Rd there exists a function r = r(α) > 0 such that
the set A(r) is not empty at all α ∈ S ⊆ Rd;

(2) for each isolated subsystem (5.4) there exist continuously differentiable
functions vi : R+ ×Rni → R+, functions ψi1, ψi2, ψi3 ∈ KR-class, and
constants (σi, σi) ∈ R such that:

(a) ψi1(‖xi‖) ≤ vi(t, xi) at ‖xi‖ >
1

s
r(α),

(b) vi(t, xi) ≤ ψi2(‖xi‖) at ‖xi‖ ≤ 1

s
r(α),

(c) Dvi(t, xi)
∣∣
(5.4)

< σiψi3(‖xi‖) at ‖xi‖ >
1

s
r(α), α ∈ S ⊆ Rd,

(d) Dvi(t, xi)
∣∣
(5.4)

> σiψi3(‖xi‖) at ‖xi‖ ≤ 1

s
r(α), α ∈ S ⊆ Rd;

(3) at the given functions vi and ψi3 there exist constants (aij , aij) ∈ R
such that:

(a)

(
∂vi(t, xi)

∂xi

)T

gi(t, x1, . . . , xs, α) < [ψi3(‖xi‖)]1/2
s∑

j=1

aij

× [ψj3(‖xj‖)]1/2 at ‖xi‖ >
1

s
r(α),

(b) Dvi(t, xi)|(5.4) +

(
∂vi(t, xi)

∂xi

)T

gi(t, x1, . . . , xs, α) = 0

at ‖xi‖ =
1

s
r(α),

(c)

(
∂vi(t, xi)

∂xi

)T

gi(t, x1, . . . , xs, α) > [ψi3(‖xi‖)]1/2
s∑

j=1

aij

× [ψj3(‖xj‖)]1/2 at ‖xi‖ <
1

s
r(α);
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(4) for the given constants (σi, σi) there exists a vector cT = (c1, . . . , cs) > 0
such that:

(a) the matrix Q = [qij ] with the elements

qij =

{
ci(σi + aij) at i = j,

(ciaij + cjaij)/2 at i 6= j

is negative-definite,

(b) the matrix Q = [q
ij

] with the elements

q
ij

=

{
ci(σi + aij) at i = j,

(ciaij + cjaij)/2 at i 6= j

is positive-definite;

(5) for the given function r(α) > 0 and the functions

ψ1(‖x‖) ≤
s∑

i=1

ciψi1(‖xi‖) and ψ2(‖x‖) ≥
s∑

i=1

ciψi2(‖xi‖)

the following relation is true:

ψ1(r) = ψ2(r).

Then the set A(r) is invariant for the solutions of the system (5.1), and
the motions x(t, α) of the system (5.1) are uniformly asymptotically stable
with respect to A(r).

Proof Consider the motion of the system (5.1), beginning at t0 ∈ R+ and
‖x0‖ < r(α) + δ.

For the system (5.1) apply the Lyapunov function (5.5):

V (t, x, c) =

s∑

i=1

civi(t, xi), (5.6)

where vi(t, xi) satisfies the conditions (2) (a), (b) of the Theorem 5.1, and
ci > 0 at all i = 1, 2, . . . , s. Hence the function V (t, x, c) satisfies the estimates

(a)

s∑

i=1

ciψi1(‖xi‖) ≤ V (t, x, c) at ‖x‖ > r(α),

(b) V (t, x, c) ≤
s∑

i=1

ciψi2(‖xi‖) at ‖x‖ ≤ r(α).
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Since according to the Theorem 5.1 the functions ψi1, ψi2 belong to the KR-
class, it is possible to select functions ψ1(‖x‖) and ψ2(‖x‖) of the KR-class,
such that

ψ1(‖x‖) ≤
s∑

i=1

ciψi1(‖xi‖) at ‖xi‖ >
1

s
r(α),

ψ2(‖x‖) ≥
s∑

i=1

ciψi2(‖xi‖) at ‖xi‖ ≤ 1

s
r(α)

and therefore

(a) ψ1(‖x‖) ≤ V (t, x, c) at ‖x‖ > r(α),

(b) V (t, x, c) ≤ ψ2(‖x‖) at ‖x‖ ≤ r(α).

Now show that under the conditions (2)(c), (3)(a), and (4)(a) of the Theo-
rem 5.1 the function (5.6) along the solutions of the system (5.1) is monotone
decreasing at all t ∈ R+ and at ‖x‖ > r(α).

Indeed,

dV

dt

∣∣∣∣
(5.1)

=

s∑

i=1

{
ci

[
∂vi(t, xi)

∂t
+

(
∂vi(t, xi)

∂xi

)T

fi(t, xi)

]

+ ci

[(
∂vi(t, xi)

∂xi

)T

gi(t, x1, . . . , xs, α)

]}

=

s∑

i=1

{
ciDvi(t, xi)

∣∣
(5.4)

+ ci

[(
∂vi(t, xi)

∂xi

)T

gi(t, x1, . . . , xs, α)

]}

<

s∑

i=1

ciσiψi3(‖xi‖) + ci[ψi3(‖xi‖)]1/2
s∑

j=1

aij [ψj3(‖xj‖)]1/2

(5.7)
at ‖xi‖ > 1

s r(α) and α ∈ S.

Denote wT = [ψ13(‖x1‖)1/2, . . . , ψs3(‖xs‖)1/2] and let K = [kij ] be an
(s× s)-matrix with the elements

kij =

{
ci [σi + aii] at i = j,

ciaij at i 6= j.

From (5.7) obtain

dV

dt

∣∣∣∣
(5.1)

< wT

(
1

2

[
K +K

T]
)
w = wTQw

at ‖x‖ > r(α) and α ∈ S.
(5.8)

Since the matrix Q is symmetrical, all its eigenvalues are real. According
to the condition (4) (a) the matrix Q is negative-definite, and therefore all its
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eigenvalues are negative, so λ
M

(Q) < 0. Taking this into account, from the
inequality (5.8) obtain the estimate

dV

dt

∣∣∣∣
(5.1)

< λ
M

(Q)wTw = λ
M

(Q)

s∑

i=1

ψi3(‖xi‖)

at ‖xi‖ >
1

s
r(α) and α ∈ S.

(5.9)

Since ψi3 belongs to the KR-class, one can find a function Ψ3(‖x‖) of the
class KR such that

Ψ3(‖x‖) ≤
s∑

i=1

ψi3(‖xi‖) at ‖x‖ > r(α) and ‖xi‖ >
1

s
r(α),

which gives the possibility to transform the estimate (5.9) to the following
one:

dV

dt

∣∣∣∣
(5.1)

< −λ
M

(Q)Ψ3(‖x‖) at all ‖x‖ > r(α) and α ∈ S. (5.10)

Now show that under the conditions (2)(d), (3)(b) and (4)(b) of the Theo-
rem 5.1 along any solution of the system (5.1) the function V (t, x, c) increases,
and therefore the motion of the system (5.1) verges to the boundary of the
set A(r) from within.

Indeed, obtain

dV

dt

∣∣∣∣
(5.1)

>

s∑

i=1

ciσiψi3(‖xi‖) + ci[ψi3(‖xi‖)]1/2
s∑

j=1

aij [ψj3(‖xj‖)]1/2

at ‖xi‖ < 1
s r(α) and α ∈ S.

Similarly to (5.8) we obtain

dV

dt

∣∣∣∣
(5.1)

> wT

(
1

2

[
K +KT

])
w = wTQw at ‖x‖ < r(α) and α ∈ S.

(5.11)

From the fact that the matrix Q, according to the condition (4)(b) of the
Theorem 5.1, is positive-definite it follows that all its eigenvalues are positive,
and the minimum eigenvalue λm(Q) > 0. Therefore the inequality (5.11) is
true subsequent to the inequality

dV

dt

∣∣∣∣
(5.1)

> λm(Q)wTw = λm(Q)

s∑

i=1

ψi3(‖xi‖)

at ‖xi‖ <
1

s
r(α) and α ∈ S.

(5.12)
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Owing to the fact that the functions ψi3(‖xi‖) at all i ∈ [1, s] belong to the

KR-class, one can find a function Φ3(‖x‖) ≥
s∑
i=1

ψi3(‖xi‖) at ‖xi‖ ≤ 1
s r(α)

such that the inequality (5.12) will take the form

dV

dt

∣∣∣∣
(5.1)

> λm(Q)Φ3(‖x‖) (5.13)

at all ‖x‖ < r(α) and α ∈ S.
The inequality (5.13) is sufficient for the condition (3)(b) of the Theo-

rem 2.3 to be satisfied. Along with the other conditions of the Theorem 5.1,
the inequalities (5.10), (5.13) allow to apply the reasoning of the proof of the
Theorem 2.3 (Case (b)).

Thus, the motions x(t, α) of the system (5.1) uniformly asymptotically
approximate the set A(r) from within, which completes the proof of the The-
orem 5.1.

To estimate the impact of the uncertain value of the functions gi(t, x1, . . . ,
xs, α), α ∈ S ⊆ Rd, upon the dynamics of the system (5.1), in the inequal-
ities (3)(a), (b) some constants (aij , aij) ∈ R were used. A small generaliza-
tion of the Theorem 5.1 is the statement in which instead of the constants
(aij , aij) ∈ R some functions are used: aij(t, x, α) : R+ × extA(r) × S → R,
aij(t, x, α) : R+ × int A(r) × S → R.

Theorem 5.2 Let the following conditions be satisfied:

(1) the conditions (1), (2), (5) of the Theorem 5.1;

(2) at the given functions vi and ψi3 there exist functions aij(t, x, α) : R+×
extA(r)×Rd → R and aij(t, x, α) : R+× int A(r)×Rd → R such that:

(a)

(
∂vi(t, xi)

∂xi

)T

gi(t, x1, . . . , xs, α) < [ψi3(‖xi‖)]1/2
s∑

j=1

aij(t, x, α)

× [ψj3(‖xj‖)]1/2 at ‖x‖ > r(α), α ∈ S ⊆ Rd,

(b) Dvi(t, xi)|(5.4) +

(
∂vi(t, xi)

∂xi

)T

gi(t, x1, . . . , xs, α) = 0

at ‖xi‖ =
1

s
r(α),

(c)

(
∂vi(t, xi)

∂xi

)T

gi(t, x1, . . . , xs, α) > [ψi3(‖xi‖)]1/2
s∑

j=1

aij(t, x, α)

× [ψj3(‖xj‖)]1/2 at ‖x‖ < r(α) α ∈ S ⊆ Rd;

(3) for the given constants (σi, σi) there exists a vector cT = (c1, . . . , cs) >
0 and constants (∆,∆) > 0 such that:
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(a) the matrix Q(t, x, α) + ∆E negative-definite at all ‖x‖ > r(α),
α ∈ S ⊆ Rd, where E is a unit (s × s)-matrix and the matrix
Q(t, x, α) has the elements

qij =

{
ci(σi + aij(t, x, α)) at i = j,

[ciaij(t, x, α) + cjaij(t, x, α)]/2 at i 6= j,

(b) the matrix Q(t, x, α) − ∆E positively-definite at all ‖x‖ < r(α),

α ∈ S ⊆ Rd, where the matrix Q(t, x, α) has the elements

q
ij

=

{
ci(σi + aij(t, x, α)) at i = j,

[ciaij(t, x, α) + cjaij(t, x, α)]/2 at i 6= j;

(4) the condition (5) of the Theorem 5.1.

Then the set A(r) is invariant for the solutions of the system (5.1), and the
motions x(t, α) of the system (5.1) are uniformly asymptotically stable with
respect to the set A(r).

Proof At first prove the uniform asymptotic stability of the motions of the
system (5.1) beginning from the outside of the set A(r).

As in the proof of the Theorem 5.1, we will apply the function (5.6) which
under the condition (1) of the Theorem 5.2 is the Lyapunov function. Denote
an (s× s)-matrix with the elements

lij(t, x, α) =

{
ci[σi + aij(t, x, α)] at i = j,

ciaij(t, x, α) at i 6= j

by L(t, x, α) = [lij(t, x, α)] and keep the value of the vector wT from the
previous proof.

Similarly to the inequality (5.7) find the estimate

dV

dt

∣∣∣∣
(5.1)

≤ wTL(t, x, α)w = wT

[
1

2

(
L(t, x, α) + L

T
(t, x, α)

)]
w

= wTQ(t, x, α)w ≤ −∆wTw = −∆

s∑

j=1

ψi3(‖xj‖)
(5.14)

at ‖xj‖ > 1
s r(α), α ∈ S ⊆ Rd.

Since the functions ψi3(‖xi‖) belong to the KR-class at all I ∈ [1, s],

there exists a function Ψ3(‖x‖) ≤
s∑
i=1

ψi3(‖xi‖) at ‖xi‖ > 1
s r(α), α ∈ S,

and the inequality (5.14) takes the form

dV

dt

∣∣∣∣
(5.1)

< −∆Ψ3(‖x‖) (5.15)
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at all t ∈ R+ and ‖x‖ > r(α), α ∈ S.
Along with the other conditions of the Theorem 5.2, the inequality (5.15)

secures the asymptotic stability of motions with respect to the moving set
A(r), beginning from the outside of this set.

Now consider the case of stability of motions of the system (5.1), beginning
from within the set A(r).

Under the conditions (2)(d) of the Theorem 5.1 and (2)(b) and (3)(b) of
the Theorem 5.2 obtain

dV

dt

∣∣∣∣
(5.1)

≥ wTL(t, x, α)w = wT

[
1

2

(
L(t, x, α) + LT(t, x, α)

)]
w

= wTQ(t, x, α)w ≥ −∆wTw = ∆

s∑

j=1

ψi3(‖xj‖)
(5.16)

at ‖xj‖ < 1
s r(α), α ∈ S.

The inequality (5.16) will hold true subsequent to the inequality

dV

dt

∣∣∣∣
(5.1)

> ∆Φ3(‖x‖) (5.17)

at all ‖x‖ < r(α), α ∈ S, where Φ belonging to the KR-class was determined
above.

The increase of the function V (t, x, α) along the solutions of the system
(5.1), beginning within the setA(r), means that at t→ +∞ the motion x(t, α)
asymptotically approximates the boundary of the set A(r) from within.

The Theorem 5.2 is proved.

5.3 Application of the Hierarchical Lyapunov Function

In this section we give the conditions for the stability of solutions of the
uncertain system (2.1) with respect to a moving invariant set on the basis of
the hierarchical Lyapunov function. This function is constructed on the basis
of the two-level decomposition of the system (2.1).

Assume that the system (2.1) tolerates mathematical decomposition into
m interacting subsystems

Ŝi :
dxi
dt

= f̂i(t, xi) + gi(t, x1, . . . , xm, α), (5.18)

where xi ∈ Rni , f̂i ∈ C(R+×Rni, Rni), gi ∈ C(R+×Rn1×. . .×Rnm×S, Rni),
m∑
i=1

ni = n, S ⊆ Rd.



108 Uncertain Dynamical Systems: Stability and Motion Control

The transformation of the system (2.1) to the form (5.18) will be called
the first level mathematical decomposition of the system (2.1).

Along with the system (5.18) consider (i, j)-pairs (i 6= j) ∈ [1,m] of the
independent subsystems

Sij :





dxi
dt

= wi(t, xi, xj),

dxj
dt

= wj(t, xi, xj),

(5.19)

where wi ∈ C(R+ ×Rni ×Rnj , Rni), wj ∈ C(R+ ×Rni ×Rnj , Rnj).
It is easy to see that if (xi, xj) = (0, . . . , 0, xT

i , 0, . . . , 0, x
T
j , 0, . . . , 0)T at

all (i 6= j) ∈ [1,m], then

wi = fi(t, 0, . . . , 0, x
T
i , 0, . . . , 0, x

T
j , 0, . . . , 0, 0),

wj = fj(t, 0, . . . , 0, x
T
i , 0, . . . , 0, x

T
j , 0, . . . , 0, 0) ∀ (i 6= j) ∈ [1,m].

(5.20)

Now denote

Hi(t, x1, . . . , xm, α) = fi(t, x1, . . . , xm, α) − wi(t, xi, xj),

Hj(t, x1, . . . , xm, α) = fj(t, x1, . . . , xm, α) − wj(t, xi, xj).
(5.21)

Taking into account (5.19) – (5.21), write the system (2.1) in the form

Ŝij :





dxi
dt

= wi(t, xi, xj) +Hi(t, x1, . . . , xm, α),

dxj
dt

= wj(t, xi, xj) +Hj(t, x1, . . . , xm, α), i 6= j.

(5.22)

The transformation of the system (2.1) to the form (5.22) will be called the
second level mathematical decomposition of the system (2.1).

If gi ≡ 0, Hi(t, ·) ≡ 0, Hj(t, ·) ≡ 0 At all i = 1, 2, . . . ,m in the system
(2.1), then the subsystems

Si :
dxi
dt

= f̂i(t, xi), xi(t0) = xi0, i = 1, 2, . . . ,m, (5.23)

together with (i, j)-pairs (5.22) of second-level independent subsystems are
some nonlinear approximation of the uncertain system (2.1), obtained as a
result of hierarchical decomposition.

Construct the two-index system of functions

U(t, x) = [vij(t, ·)], i, j = 1, 2, . . . ,m,

in which the elements

vii(t, xi) ∈ C(R+ ×Rni , R+), i = 1, 2, . . . ,m,
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are constructed on the basis of the Si-subsystems (5.23), and the elements

vij(t, xi, xj) ∈ C(R+ ×Rni ×Rnj , R), i 6= j ∈ 1, 2, . . . ,m,

are constructed on the basis of Sij -pairs of the subsystems (5.19).
The function

V (t, x, d) = dTU(t, x)d, d ∈ Rm+ , (5.24)

is hierarchical and under certain conditions can be the Lyapunov function for
the analysis of the behavior of the solutions of the uncertain system (2.1).

Assumption 5.1 There exist:

(1) open time-invariant neighbourhoods Ni ⊆ Rni of the equilibrium states
xi = 0, i = 1, 2, . . . ,m;

(2) the functions (ϕi, ψi) ∈ KR at all i = 1, 2, . . . ,m and (ϕij , ψij) ∈ KR
at all (i 6= j) ∈ [1,m] such that the following inequalities are true:

(a) ϕi(‖xi‖) ≤ vii(t, xi) ≤ ψi(‖xi‖), i = 1, 2, . . . ,m, at all (t, xi) ∈
R+ ×Rni ,

(b) ϕij(‖xij‖) ≤ vij(t, xi, xj) ≤ ψij(‖xij‖) at all (i 6= j) ∈ [1,m] and
(t, xi, xj) ∈ R+ ×Rni ×Rnj , where xij = (xT

i , x
T
j )T ∈ Rni+nj .

Lemma 5.1 If all the conditions of the Assumption 5.1 are satisfied, then the
function (5.24) is locally Lipshitz with respect to x, positive-definite, decreas-
ing, and radially unbounded.

This follows from the fact that for the function

V (t, x, e) = eTU(t, x)e, e = (1, . . . , 1)T ∈ Rm+ ,

it is possible to indicate functions (γ1, γ2) ∈ KR-class, such that the following
bilateral inequality is true:

γ1(‖x‖) ≤ V (t, x, e) ≤ γ2(‖x‖) ∀ (t, x) ∈ R+ ×Rn. (5.25)

Now represent the function (5.24) in the form

V (t, x, d) =
m∑

i=1

[
d2
i vii(t, xi) +

m∑

j=1
i6=j

didjvij(t, xi, xj)

]

and note that vij(t, ·) = vji(t, ·) at all (i 6= j) ∈ [1,m]. Calculate
D+V (t, x, d) as follows:

D+V (t, x, d) =

m∑

i=1

[
d2
iD

+vii(t, xi)
∣∣
(5.18)

+

m∑

j=1
i6=j

didjD
+vij(t, xi, xj)

∣∣
(5.22)

]
,
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where D+vii(t, xi)
∣∣
(5.18)

and D+vij(t, xi, xj)
∣∣
(5.22)

are determined by the

known rules of calculation of the upper right Dini derivative.
The behavior of solutions of isolated subsystems will be analyzed with

respect to the moving sets

Ai(r) =

{
xi ∈ Rni : ‖xi‖ =

1

m
r(α)

}
, i = 1, 2, . . . ,m.

Denote the internal and the external parts of the spaces Rni with respect to
the moving sets Ai(r) by int Ai(r) and ext Ai(r) .

Assumption 5.2 The independent subsystems (5.23) of the first level of
decomposition and the functions gi(t, x1, . . . , xm), i = 1, 2, . . . ,m, such that:

(1) there exist functions vii(t, xi) satisfying the conditions 2(a) of the As-
sumption 5.1;

(2) there exist functions κi(‖xi‖) ∈ KR-class and constants ρ0
ii, µik(α),

i, k = 1, 2, . . . ,m, such that:

(a) D+vii(t, xi)
∣∣
(5.23)

≤ ρ0
iiκi(‖xi‖) at all (t, xi) ∈ R+ × ext Ai(r),

i = 1, 2, . . . ,m,

(b) D+vii(t, xi)
∣∣
(5.18)

− D+vii(t, xi)
∣∣
(5.23)

≤ κ
1/2
i (‖xi‖)

m∑
k=1

µik(α) ×

κ
1/2
k (‖xk‖) at all (t, xi, α) ∈ R+ × ext Ai(r) × S, i = 1, 2, . . . ,m;

(3) there exist constants β0
ii, γik(α), i, k = 1, 2, . . . ,m, such that:

(a) D+vii(t, xi)
∣∣
(5.23)

≥ β0
iiκi(‖xi‖) at all (t, xi) ∈ R+ × int Ai(r),

i = 1, 2, . . . ,m,

(b) D+vii(t, xi)
∣∣
(5.18)

− D+vii(t, xi)
∣∣
(5.23)

≥ κ
1/2
i (‖xi‖)

m∑
k=1

γik(α) ×

κ
1/2
k (‖xk‖) at all (t, xi, α) ∈ R+ × int Ai(r) × S, i = 1, 2, . . . ,m.

Assumption 5.3 The independent Sij-pairs of the subsystems (5.19)
of the second order decomposition and the functions Hi(t, x1, . . . , xm, α),
Hj(t, x1, . . . , xm, α) such that:

(1) there exist functions vij(t, ·) (i 6= j) satisfying the conditions (2b) of
the Assumption 5.1;

(2) there exist functions κi(‖xi‖) ∈ KR-class and constants ρ1
ij , ρ

2
ij , ρ

3
ij ,

νijkp(α), i, j, k, p = 1, 2, . . . ,m, such that:

(a) D+vij(t, xi, xj)
∣∣
(2.4)

≤ ρ1
ijκi(‖xi‖) + 2ρ2

ijκ
1/2
i (‖xi‖)κ1/2

j (‖xj‖) +

ρ3
ijκi(‖xj‖) at all (t, xi, xj) ∈ R+ × ext Ai(r) × ext Aj(r),
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(b) D+vij(t, xi, xj)
∣∣
(5.22)

− D+vij(t, xi, xj)
∣∣
(5.19)

≤
m∑

k, p=1

νijkp(α) ×

κ
1/2
k (‖xk‖)κ1/2

p (‖xp‖) at all (t, xi, xj , α) ∈ R+ × extAi(r) ×
extAj(r) × S;

(3) there exist constants θ1ij , θ
2
ij , θ

3
ij , ξ

ij
kp(α), i, j, k, p = 1, 2, . . . ,m, such

that:

(a) D+vij(t, xi, xj)
∣∣
(5.19)

≥ θ1ijκi(‖xi‖) + 2θ2ijκ
1/2
i (‖xi‖)κ1/2

j (‖xj‖) +

θ3ijκi(‖xj‖) at all (t, xi, xj) ∈ R+ × int Ai(r) × int Aj(r),

(b) D+vij(t, xi, xj)
∣∣
(5.22)

− D+vij(t, xi, xj)
∣∣
(2.4)

≥
m∑

k, p=1

ξijkp(α) ×

κ
1/2
k (‖xk‖)κ1/2

p (‖xp‖) at all (t, xi, xj , α) ∈ R+ × int Ai(r) ×
int Aj(r) × S.

Now we can make the following statement.

Lemma 5.2 If all the conditions of the Assumptions 5.2 and 5.3 are satisfied,
then for the Dini derivative D+v(t, x, d) of the function v(t, x, d) with the
elements vij(t, ·) satisfying the conditions of the Assumption 5.1, the following
estimates hold true:

(a) at ‖x‖ > r(α)

D+V (t, x, d) ≤ κ
T(‖x‖)Q(α)κ(‖x‖), α ∈ S ⊆ Rd, (5.26)

(b) at ‖x‖ < r(α)

D+V (t, x, d) ≥ κ
T(‖x‖)R(α)κ(‖x‖), α ∈ S ⊆ Rd. (5.27)

Here Q(α) = 1
2 (B(α) +BT(α)) and B(α) = [bij(α)], where

bkk(α) = d2
k(ρ

0
kk + µkk(α)) + dk

( m∑

j=1
j 6=k

djρ
1
kj +

m∑

i=1
i6=k

diρ
3
ik

)
+

m∑

i,j=1

didjν
ij
ik(α),

bkl(α) = d2
kµkl(α) + 2dkdlρ

2
kl +

m∑

i,j=1
i6=j

didjν
ij
kl(α).

Similarly R(α) = 1
2 (C(α) + CT(α)) and C(α) = [cij(α)], where

ckk(α) = d2
k(β

0
kk + γkk(α)) + dk

( m∑

j=1
j 6=k

djθ
1
kj +

m∑

i=1
i6=k

diθ
3
ik

)
+

m∑

i,j=1

didjξ
ij
ik(α),

ckl(α) = d2
kγkl(α) + 2dkdlθ

2
kl +

m∑

i,j=1
i6=j

didjξ
ij
kl(α).
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On the basis of the estimates (5.26) and (5.27) obtained for the hierarchical
Lyapunov function, the conditions for the stability of solutions of the system
(2.1) with respect to the moving invariant set

A(r) = A1(r) ∪A2(r) ∪ · · · ∪Am(r)

are written in the form similar to the conditions of Lyapunov theorems of
stability of motion.

Theorem 5.3 Assume that the vector-function f(t, x, α) in the system (2.1)
is continuous on R+ ×Rn ×Rd and the following conditions are satisfied:

(1) for each α ∈ S ⊆ Rd there exists a function r = r(α) > 0 such that
the set A(r) is not empty at all α ∈ S;

(2) for the function (5.24) locally Lipshitz with respect to x all the conditions
of the Assumptions 5.1 – 5.3 are satisfied, as well as

(a) γ1(‖x‖) ≤ V (t, x, d) at ‖x‖ > r(α),

(b) V (t, x, d) ≤ γ2(‖x‖) at ‖x‖ < r(α),

(c) D+V (t, x, d) ≤ κT(‖x‖)Q(α)κ(‖x‖) at ‖x‖ > r(α), α ∈ S,

(d) D+V (t, x, d) = 0 at ‖x‖ = r(α), α ∈ S,

(e) D+V (t, x, d) ≥ κT(‖x‖)R(α)κ(‖x‖) at ‖x‖ < r(α), α ∈ S;

(3) there exist constant (m×m)-matrices θ1, θ2 such that:

(a) 1
2 (Q(α) +QT(α)) ≤ θ1 at all α ∈ S,

(b) 1
2 (R(α) +RT(α)) ≥ θ2 at all α ∈ S, θ1 is a negative-semidefinite
matrix and θ2 is a positive-semidefinite matrix;

(4) for the given function r(α) > 0 and the functions (γ1, γ2) ∈ KR-class
the relation γ1(r) = γ2(r) is true.

Then the set A(r) is invariant for solutions of the system (2.1), and the
solutions x(t, α) of the system (2.1) are stable with respect to the set A(r).

Proof Under the conditions of the Theorem 5.3 its proof is analogous to that of
the Theorems 2.3 and 5.1. Therefore we will give some fragments of the proof.
In particular, under the conditions of the Assumption 5.1, one can find the
functions γ1, γ2 ∈ KR-class in the estimate (5.25) of the function V (t, x, e).
Since

V (t, x, e) =

m∑

i=1

vii(t, xi) +

m∑

i,j=1
i6=j

vij(t, xi, xj),

under the conditions of the Assumption 5.1,

m∑

i=1

ϕi(‖xi‖) +

m∑

i,j=1
i6=j

ϕij(‖xij‖) ≤ V (t, x, e) ≤
m∑

i=1

ψi(‖xi‖) +

m∑

i,j=1
i6=j

ψij(‖xij‖)
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at all (t, xi, xj) ∈ R+ × Rni × Rnj . From the condition (2) of the Assump-
tion 5.1 it follows that there exist functions α1, α2 ∈ KR-class, such that

α1(‖x‖) ≤
m∑

i=1

ϕi(‖xi‖) and α2(‖x‖) ≥
m∑

i=1

ψi(‖xi‖),

and functions β1, β2 ∈ KR-class, such that

β1(‖x‖) ≤
m∑

i,j=1
i6=j

ϕij(‖xij‖) and β2(‖x‖) ≥
m∑

i,j=1
i6=j

ψij(‖xij‖).

Then, since α1, α2, β1, β2 belong to the KR-class, one can find functions
γ1, γ2 ∈ KR-class, for which

γ1(‖x‖) ≤ α1(‖x‖) + β1(‖x‖) and γ2(‖x‖) ≥ α2(‖x‖) + β2(‖x‖).

The constructed functions γ1(‖x‖) and γ2(‖x‖) secure the estimates 2(a), (b)
from the Theorem 5.3.

From the conditions 2 (c), (e) and 3 (a), (b) of the Theorem 5.3 it follows
that λM (θ1) ≤ 0 and λm(θ2) ≥ 0, where λM (·) and λm(·) are the maximal
and the minimal eigenvalues of the matrices θ1 and θ2 respectively. Therefore
for all α ∈ S ⊆ Rd we obtain

D+V (t, x, d) ≤ 0 at ‖x‖ > r(α),

D+V (t, x, d) = 0 at ‖x‖ = r(α),

D+V (t, x, d) ≥ 0 at ‖x‖ < r(α).

These inequalities along with the condition (4) of the Theorem 5.3 enable
us to prove its statement.

5.4 Stability of a Class of Time Invariant
Uncertain Systems

Consider the class of large-scale systems of the form

dxi
dt

= Aixi +

K∑

j=1

αijΦij(x) +Gi(x), i = 1, 2, . . . , N, (5.28)

where xi ∈ Rni , Ai are constant (ni × ni)-matrices, Φij ∈ C(Rn, Rn), Gi ∈
C(Rn, Rn) and αij ∈ S are uncertainties parameters.

Assumption 5.4 The summands in the right-hand part of the system (5.28)
are such that
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(1) the equilibrium state x = 0, x = (x1, . . . , xN )T, of the system (5.28) is
unique at any αij ∈ S, i = 1, 2, . . . , N, j = 1, 2, . . . ,K;

(2) the independent subsystems (5.28) are asymptotically stable, i. e., for the
given positive-definite matrices Pi there exist solutions of the Lyapunov
equations

AT
i Qi +QiAi = −Pi, i = 1, 2, . . . , N,

in the form of the positive-definite matrices Qi, i = 1, 2, . . . , N ;

(3) in the open domain E ⊂ Rn the following expressions are determined:

Rij(x) =

{
Φij(x)x

T
i

/
‖xi‖2, if xi 6= 0,

0, if xi = 0,

Li(x) =

{
Gi(x)x

T
i

/
‖xi‖2, if xi 6= 0,

0, if xi = 0;

(4) at all x ∈ E the elements of (m ×m)-matrix W = [ωij(x)] are deter-
mined, where m = max{K,N} and ωij(x) have the form

(a) if K = N , then ωij(x) =

{
1 − 2ξij at i = j,

−2ξij at i 6= j,

(b) if K > N , then ωij(x) =





1 − 2ξij at i = j, i ≤ N,

−2ξij at i 6= j, i ≤ N,

0 at N < i ≤ K,

(c) if K < N , then ωij(x) =





1 − 2ξij at i = j, j ≤ K,

−2ξij at i 6= j, j ≤ K,

ηi at K < j ≤ N,

where

ξij = δM

[
(P

− 1
2

i )
T

Qi
(
εijRij(x) +K−1Li(x)

)
P

− 1
2

i

]
,

ηi = K−1δM

[
(P

− 1
2

i )
T

QiLi(x)P
− 1

2
i

]
,

δM (·) is the maximal eigenvalue of the matrix (·) and P
− 1

2

i denotes
the positive-definite symmetrical matrix Qi such that Q2

i = Pi, i =
1, 2, . . . , N .

We now prove the following statement.

Theorem 5.4 Assume that the vector-functions

fi(x, αij) = Aixi +

K∑

j=1

αijΦij(x) +Gi(x), i = 1, 2, . . . , N,
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are continuous on Rn × S, all the conditions of the Assumption 5.4 are sat-
isfied, and in addition, in the domain E ⊂ Rn there exists a diagonal matrix
D = diag(d1, . . . , dm) with constant components di > 0, i = 1, 2, . . . ,m, such
that the matrix WTD +DW is positive-definite in the domain E.

Then the equilibrium state x = 0 of the system (5.28) is uniformly asymp-
totically stable.

Proof Apply the scalar approach in the method of vector Lyapunov functions.

Let K = N and V (x) =
N∑
i=1

diVi(xi), where Vi(xi) = xT
i Qixi, di > 0 are

some constants. Under the condition (3) of the Assumption 5.4 obtain the
relations

Φij(x) = Rij(x)xi,

Gi(x) = Li(x)xi, i, j = 1, 2, . . . , N,
(5.29)

in the domain E ⊂ Rn.
Taking into account the relations (5.29), obtain

dV

dt

∣∣∣∣
(5.28)

=
N∑

i=1

di

[(
Aixi +

N∑

j=1

εijΦij(x) +Gi(x)

)T

Qixi

+ xT
i Qi

(
Aixi +

N∑

j=1

εijΦij(x) +Gi(x)

)]

=
N∑

i=1

di

[
− xT

i Pixi +

( N∑

j=1

εijΦ
T
ij(x) +GT

i (x)

)
Qixi

+ xT
i Qi

( N∑

j=1

εijΦij(x) +Gi(x)

)] N∑

i=1

di

[
− ‖P

1
2

i xi‖2

+ 2xT
i (P

− 1
2

i )
T

(P
1
2

i )
T

Qi

( N∑

j=1

εijRij(x) + Li(x)

)
P

− 1
2

i P
1
2

i xi

]

≤ −
N∑

i=1

di

{
‖P

1
2

i xi‖2 − 2‖P
1
2

i xi‖2δM

×
[
(P

− 1
2

i )
T

Qi

( N∑

j=1

εijRij(x) + Li(x)

)
P

− 1
2

i

]}

≤ −
N∑

i=1

[
di‖P

1
2

i xi‖2

(
1 − 2

N∑

j=1

εij

)]

= −
[
‖P

1
2
1 x1‖, . . . , ‖P

1
2

NxN‖
]
(WTD +DW )

×
[
‖P

1
2
1 x1‖, . . . , ‖P

1
2

NxN‖
]T

= Y T(WTD +DW )Y,
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where Y =
[
‖P

1
2
1 x1‖, . . . , ‖P

1
2

NxN‖
]T

.

Note that the vector Y = 0 if and only if xi = 0, i = 1, 2, . . . , N, since Pi
are positive-definite matrices according to the condition (2) of the Assump-
tion 5.4.

Since by the condition of the Theorem 5.4 the matrix WTD + DW is
positive-definite, the expression dV

dt (x)
∣∣
(5.28)

is negatively definite in the do-

main E. Therefore the equilibrium state x = 0 of the system (5.28) is uni-
formly asymptotically stable in the domain E ⊂ Rn.

Now consider the case K > N . For the system (5.28) we construct the
system

dxi
dt

= Aixi +

K∑

j=1

εijΦij(x) +Gi(x), i = 1, 2, . . . , N,

dxN+1

dt
= −xN+1,

. . . . . . . . . . .

dxK
dt

= −xK ,

(5.30)

where col (xN+1, . . . , xK) ∈ RK−N . Repeating the above reasoning written
for the case K = N , for the system (5.30) we obtain the statement of the
Theorem 5.4.

K < N represents the system (5.28) in the form

dxi
dt

= Aixi +
N∑

j=1

εijΦij(x) +Gi(x), i = 1, 2, . . . , N,

where Φij(x) = 0, at K < j ≤ N . Therefore Rij(x) = 0 at i = 1, 2, . . . , N
and j = K, . . . , N . Applying the reasoning written for the case K = N, to the
system, we obtain the statement of the Theorem 5.4. The theorem is proved.

Remark 5.2 ξij and ηi are functions of the uncertainties εij ∈ S and the
vector x ∈ E. The conditions of the Theorem 5.4 can be simplified, if instead
of ξij and ηi one applies

ξ∗ij(αij) = sup
x∈E

ξij(αij , x) and η∗i = sup
x∈E

ηi(x).

Remark 5.3 The Theorem 5.4 will remain valid if ξij and ξ∗ij are replaced by

ξij(x) = sup
αij∈S

ξij(αij , x) or ξij = sup
αij∈S

ξ∗ij(αij),

i = 1, 2, . . . ,K, j = 1, 2, . . . , N.
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Remark 5.4 The presence of uncertainties parameters in the expression of the
matrix WT +W provides the possibility to facilitate the process of choosing
the values di, i = 1, 2, . . . , N, at which the matrix WTD +DW is positive-
definite.





Chapter 6

Interval and Parametric Stability of

Uncertain Systems

The concept of vector Lyapunov functions is adapted to many dynamic prob-
lems of nonlinear systems. In this chapter vector Lyapunov functions are used,
both canonical ones and those whose components are quadratic forms. Along
with differential inequalities, vector Lyapunov functions present efficient tools
for the analysis of stability of uncertain systems.

6.1 Conditions for the Stability of a Quasilinear System
(Continued)

Consider the equations of perturbed motion

dx1

dt
= P1x1 +Q1(x1, x2, α),

dx2

dt
= P2x2 +Q2(x1, x2, α),

(6.1)

where x1 ∈ Rn1 , x2 ∈ Rn2 , Pk are constant real (nk × nk)-matrices,
Qk : Rn1 ×Rn2 ×Rd → Rnk and k = 1, 2, S ⊆ Rd is a compact set in Rd.

Using the linear nonsingular transformations zk = Akxk (detAk 6= 0),
k = 1, 2, one can reduce the linear part of the system (6.1) to the Jordan form

dzk
dt

= Λkzk + Zk(z1, z2, α), (6.2)

where Λk = A−1
k PkAk = [δsrλ

k
r + δs−1,rµ

k
r ], s, r = 1, 2, . . . , nk, k = 1, 2.

It is known (see Tikhonov [1965a]) that in the equations (6.2) the variables
zsk, s = 1, 2, . . . , nk, of the vectors zk, k = 1, 2, corresponding to the real
proper numbers λsk, will be real, and those corresponding to the complex
numbers will be complex. Assuming zsk = rsk exp(iθs), for real variables obtain
zsk = ±rsk, θs ∈ (0, π).

Determine the norm of the vector zk by the formula

‖zk‖ =

nk∑

s=1

|zsk|, k = 1, 2,

119
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and the norm of the vector z = (zT
1 , z

T
2 )T as the sum of the norms

‖z‖ = ‖z1‖ + ‖z2‖.

Determine the moving set A∗(κ) as follows:

A∗(κ) =
{
z ∈ Rn1+n2 : ‖z‖ = κ(α)

}
, (6.3)

where κ(α) > 0 at all α ∈ S ⊆ Rd , in addition, κ(α) → κ0 > 0 at ‖α‖ → 0
and κ(α) → ∞ at ‖α‖ → +∞.

The objective of the further analysis is to obtain the conditions under
which the set A∗(κ) will be invariant for solutions of the system (6.1) and
uniformly asymptotically stable.

To analyze the behavior of solutions of the system (6.2) with respect to
the set (6.3), use the vector function V = (v1, v2)

T with the components

v1 = ‖z1‖ =

n1∑

s=1

|zs1| =

n1∑

s=1

rs1,

v2 = ‖z2‖ =

n2∑

s=1

|zs1| =

n2∑

s=1

rs2.

(6.4)

Transform the equations (6.2) to the form

drsk
dt

= σskr
s
k +

1

2

nk∑

s=1

µs−1
k (rs−1

k e−iθs + r̄s−1
k eiθs)

+
1

2

(
Zsk(r

s
1, r

s
2, α)e−iθs + Z̄sk(r

s
1, r

s
2, α)eiθs

)
,

s = 1, . . . , nk, k = 1, 2,

(6.5)

where σsk = Re λks .
For the full derivatives of the components (6.4) of the vector function

V = (v1, v2)
T obtain the expressions

dvk
dt

=

nk∑

s=1

drsk
dt

=

nk∑

s=1

σskr
s
k +

1

2

nk∑

s=1

µs−1
k

(
rs−1
k e−iθs + r̄s−1

k eiθs
)

+
1

2

nk∑

s=1

(
Zsk(r

s
1, r

s
2, α)e−iθs + Z̄sk(r

s
1, r

s
2, α)eiθs

)
, k = 1, 2.

(6.6)

Note that

nk∑

s=1

σskr
s
k ≥ σkmvk, σkm = min

s
{σsk}, (6.7)

1

2

nk∑

s=1

µs−1
k (rs−1

k e−iθs + r̄s−1
k eiθs) ≥ µkmvk, µkm ≤ µs−1

k , (6.8)
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nk∑

s=1

σskr
s
k ≤ σkMvk, σkM = max

s
{σsk}, (6.9)

1

2

nk∑

s=1

µs−1
k (rs−1

k e−iθs + r̄s−1
k eiθs) ≤ µkMvk, µkM ≥ µs−1

k . (6.10)

The estimates (6.7) – (6.10) will further be applied for the estimation of
the full derivatives of the functions vk, k = 1, 2 along solutions of the full
system (6.1).

We now indicate the conditions under which the solutions of the system
(6.1) uniformly asymptotically tend to the moving invariant set (6.3).

Theorem 6.1 Let the equations of perturbed motion (6.1) be such that under
the given function κ(α) there exists a vector β = (β1, β2)

T, βk 6= 0, and

(1) for the function V (r1, r2, β) =
2∑
k=1

βkvk(rk) the following estimates are

true
a(‖r‖) ≤ V (r1, r2, β) at ‖r1‖ + ‖r2‖ > κ(α),

V (r1, r2, β) ≤ b(‖r‖) at ‖r1‖ + ‖r2‖ ≤ κ(α),

where the functions a, b belong to K-class and ‖r‖ = ‖r1‖ + ‖r2‖;
(2) for the given function κ(α) and functions v1, v2 there exist constants

aij ∈ R and aij ∈ R such that:

(a) at ‖r‖ < κ(α)

1

2

nk∑

s=1

(
Zsk(r

s
1, r

s
2, α)e−iθs + Z̄sk(r

s
1, r

s
2, α)eiθs

)
> [vk]

1/2
2∑

j=1

aij [vj ]
1/2

at all α ∈ S ⊆ Rd,

(b) at ‖r‖ = κ(α)

2∑

k=1

βk

[
nk∑

s=1

σskr
s
k +

1

2

nk∑

s=1

µs−1
k

(
rs−1
k e−iθs + r̄s−1

k eiθs
)

+
1

2

nk∑

s=1

(
Zsk(r

s
1, r

s
2, α)e−iθs + Z̄sk(r

s
1, r

s
2, α)eiθs

)
]

= 0

at all α ∈ S ⊆ Rd,

(c) at ‖r‖ > κ(α)

1

2

nk∑

s=1

(
Zsk(r

s
1, r

s
2, α)e−iθs + Z̄sk(r

s
1, r

s
2, α)eiθs

)
< [vk]

1/2
2∑

j=1

aij [vj ]
1/2

at all α ∈ S ⊆ Rd;
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(3) the following conditions are satisfied:

(a) the matrix P = [pkj ] with the elements

pkj =

{
βk[(σ

k
M + µkM ) + akj ] at k = j,

(βkakj + βjajk)/2 at k 6= j

is negative-definite,

(b) the matrix Q = [qkj ] with the elements

qkj =

{
βk[(σ

k
m + µkm) + akj ] at k = j,

(βkakj + βjajk)/2 at k 6= j

is positive-definite;

(4) under the given functions κ(α) the relation

a(κ(α)) = b(κ(α))

is true at all α ∈ S ⊆ Rd.

Then for the system (6.1) the set A∗(κ) is invariant and uniformly asymp-
totically stable.

Proof From the components (6.4) of the vector-function V = (v1, v2) con-
struct a scalar Lyapunov function

V (r1, r2, β) =

2∑

k=1

βkvk(rk), (6.11)

where βk 6= 0, k = 1, 2. Obviously, the function (6.11) is continuously differ-
entiable, positive-definite, and radially unbounded.

Taking into account (6.6), for the expression of the full derivative of the
function (6.11) find

dV

dt

∣∣∣∣
(6.2)

=
2∑

k=1

βk

[ nk∑

s=1

σskr
s
k +

1

2

nk∑

s=1

µs−1
k

(
rs−1
k e−iθs + r̄s−1

k eiθs
)

+
1

2

nk∑

s=1

(
Zsk(r

s
1, r

s
2, α)e−iθs + Z̄sk(r

s
1, r

s
2, α)eiθs

)]
at all α ∈ S ⊆ Rd.

(6.12)

Now it is necessary to determine the conditions under which the function
(6.11) increases along solutions of the system (6.2) in the domain ‖z‖ < κ(α)
and decreases in the domain ‖z‖ > κ(α) at all α ∈ S ⊆ Rd.
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Let ‖z‖ < κ(α) at all α ∈ S ⊆ Rd. According to the estimates (6.7), (6.8)
and the condition (2)(a) of the theorem, obtain

dV

dt

∣∣∣∣
(6.2)

>

2∑

k=1

{
βk(α

k
m + µkm)vk + βk[vk]

1/2
2∑

j=1

aij |vj |1/2
}

at all α ∈ S ⊆ Rd.

Denote wT = (v
1/2
1 , v

1/2
2 ) and Q∗ = [q∗kj ], where

q∗kj =

{
βk[(σ

k
m + µkm) + akj ] at k = j,

βkakj at k 6= j.

For the estimate (6.12) obtain the following inequality:

dV

dt

∣∣∣∣
(6.2)

> wTQ∗w = wT

[
1

2
(Q∗ +Q∗T )

]
w = wTQw

at all α ∈ S ⊆ Rd.

By the condition (3)(a) of the Theorem 6.1 the matrixQ is positive-definite
and symmetrical, therefore all its eigenvalues are real and λm(Q) > 0. Hence

dV

dt

∣∣∣∣
(6.2)

> λm(Q)wTw = λm(Q)ξ−1
M V, (6.13)

since wTw = (v1 + v2) ≥ σ−1
M V and ξM = max

k
(βk).

Thus, in the domain ‖r‖ < κ(α) the function (6.11) along solutions of the
system (6.2) increases at all α ∈ S ⊆ Rd.

The inequalities (6.9), (6.10) are true and with the condition (2) (b) of
the Theorem 6.1 satisfied, the reasoning similar to the above results in the
following expression for the estimation of the function dV/dt in the domain
‖z‖ > κ(α):

dV

dt

∣∣∣∣
(6.2)

< λM (P )wTw = λM (P )ξ−1
m V, (6.14)

where ξm = min
k

(βk), λM (P ) < 0.

Hence, in the domain ‖r‖ > κ(α) the function (6.11) along solutions of
the system (6.2) decreases at all α ∈ S ⊆ Rd.

Taking into account the conditions (6.13) and (6.14) together with the
other conditions of the Theorem 6.1, one can make the conclusion about the
uniform asymptotic stability of the moving invariant set (6.3).

Note that the inequalities (2)(a), (c) and the relation (2)(b) contain the
uncertainties parameter α ∈ S ⊆ Rd. The actual check of these conditions
when solving specific problems is made by the method corresponding to the
specification of constraints for uncertainties parameters. The development of
new efficient procedures of checking those conditions, parallel with the existing
ones, is of separate interest.
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6.2 Interval Stability of a Linear Mechanical System

In this section a new approach to the analysis of the integral stability
is proposed, which is based on the idea of maximal expansion of the initial
system in combination with the method of vector Lyapunov functions.

Consider the linear system of differential equations

dx

dt
= Ax, x(t0) = x0, (6.15)

where x ∈ Rn, t ∈ R+ = [0,∞) and A is a constant (n× n)-matrix.
The system

dy

dt
= Ãy, y(t0) = y0, (6.16)

where y ∈ Rm, t ∈ R+, Ã is a constant (m ×m)-matrix, m ≥ n, is called
an expansion of the system (6.15) if the connection between solutions of the
systems (6.15) and (6.16) is determined by the relation

x(t; t0, x0) = T Iy(t; t0, y0) at all t ≥ t0, (6.17)

as soon as y0 = Tx0. Here T is some (m×n)-matrix and T I is the generalized
inverse transformation, m ≥ n.

Note that in the case n ≤ m the sense of the relation (6.17) coincides with
that in the Definition 2.4 of the article by Ikeda and Šiljak [1981], where the
concept of the generalized decomposition of a dynamic system is introduced.
The system (6.16) is decomposed, with crossing of the main diagonal blocks
of the matrix A.

The system (6.16) is an expansion of the system (6.15) if, and only if, for

the matrix M = Ã − TAT I one of the relations MT = 0 and T IM = 0
holds true.

Now consider a system of equations of the form

dx

dt
= (A0 + pA1)x, x(t0) = x0, (6.18)

where x ∈ Rn, A0 and A1 are constant (n × n)-matrices, p ∈ [0, p] ⊆ R+ is
a constant scalar parameter.

Along with the system (6.18), consider the system

dy1
dt

= A0y1 + pA1y2, y1(t0) = y10,

dy2
dt

= (p− p)A1y1 + (A0 + pA1)y2, y2(t0) = y20,

(6.19)

where y1 ∈ Rn and y2 ∈ Rn, p > 0 are some fixed values of parameter.
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It is easy to check that the system (6.19) is an expansion of the system
(6.18), since the condition MT = 0 is satisfied, where T = (I, I)T.

Assume that in the system (6.19) the matrices A0 + pA1 are stable, i e.,
there exist symmetrical positive-definite matrices B1 and B2 which satisfy the
matrix Lyapunov equations

AT
0 B1 +B1A0 = −2Q1, (6.20)

(A0 + pA1)
TB2 +B2(A0 + pA1) = −2Q2 (6.21)

for some symmetrical positive-definite matrices Q1, Q2.

Definition 6.1 The system (6.18) is intervally stable, if the equilibrium state
x = 0 is asymptotically stable in the sense of Lyapunov at any p ∈ [0, p].

The conditions for the interval stability of the system (6.18) are contained
in the following statement.

Theorem 6.2 Let the system (6.18) be such that:

(1) the matrices A0 and A0 + pA1 at some p ∈ S are stable;

(2) the value p satisfies the inequality

p2 <
4λm(Q1)λm(Q2)

‖B1A1‖ ‖B2A1‖
, (6.22)

where λm(·) are minimal proper numbers of the matrices Q1 and Q2

from the equations (6.20) and (6.21) respectively.

Then the system (6.18) is intervally stable.

Proof For the expanded system (6.19) construct the vector Lyapunov function

V (y) = (v1(y1), v2(y2))
T,

where v1(y1) = yT
1 B1y1 and v2(y2) = yT

2 B2y2.
Consider the full derivatives of the components of the vector Lyapunov

function along solutions of the system (6.19):

dv1
dt

∣∣∣∣
(6.19)

= 2yT
1 B1(A0y1 + pA1y2) ≤ −2λm(Q1)‖y1‖2

+ 2|p|‖B1A1‖ ‖y1‖ ‖y2‖,
dv2
dt

∣∣∣∣
(6.19)

= 2yT
2 B2((A0 + pA1)y2 + (p− p)A1y1) ≤ −2λm(Q2)‖y2‖2

+ 2|p− p|‖B2A1‖ ‖y1‖ ‖y2‖.
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According to the results of the monograph by Šiljak [1978], for the asymptotic
stability of the system (6.19) it is sufficient that the matrix

S =

(
−λm(Q1) |p|‖B1A1‖

|p− p|‖B2A1‖ −λm(Q2)

)

should be an M -matrix, i. e., the following condition should be satisfied:

λm(Q1)λm(Q2) − |p||p− p|‖B1A1‖ ‖B2A1‖ > 0.

Note that for p ∈ [0, p] the inequality |p||p−p| ≤ 1

4
p2 is true, therefore, taking

into account the condition (2) of the Theorem 6.2, we obtain the inequality
(6.22). This completes the proof of the Theorem 6.2, since the stability of the
system (6.19) implies the stability of the system (6.18).

Consider a mechanical system with a finite number of degrees of freedom,
which is described by the equations (see Cao and Shu [1999])

(R+ pR̃)
d2x

dt2
+ (D + pD̃)

dx

dt
+ (K + pK̃)x = 0, (6.23)

where x ∈ Rn, R, D, K, R̃, D̃, K̃ are constant (n× n)-matrices.

Assume that detR 6= 0 and |p| < ‖R−1R̃‖−1, and transform the system
(6.23) to the form

dy

dt
=
(
A0 + pA1 + . . .+ pkAk + . . .

)
y,

where y = (x, ẋ)T, y ∈ R2n, and Ak are constant (2n × 2n)-matrices of the
form

A0 =

(
0 I

−R−1K −R−1D

)
,

Ak = (−1)kF

(
(R−1R̃)k−1 0

0 (R−1R̃)k−1

)
G, k ≥ 1.

Here

F =

(
0 0
0 R−1

)
, G =

(
0 0

K̃ −R−1R̃K D̃ −R−1R̃D

)
.

Now assume that the matrices A0 and A are stable, and

A =

(
0 I

−R−1
K −R−1

D

)
,

R = R+ pR̃, K = K + pK̃, D = D + pD̃.

In this case, for the given positive-definite matrices Q1 and Q2 there exist
solutions of the Lyapunov equations

AT
0 P1 + P1A0 = −2Q1,

A
T
P2 + P2A = −2Q2,
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in the form of positive-definite symmetrical matrices P1 and P2.

Theorem 6.3 Let the interval system (6.23) be such that:

(1) the matrices A0 and A are stable;

(2) the value p satisfies the inequality

p2 <
4λm(Q1)λm(Q2)(1 − p‖R−1R̃‖)3

‖P1F‖ ‖P2F‖ ‖G‖2
.

Then the system (6.23) is intervally stable.

Proof Consider a system which is an expansion of the system (6.23):

dz1
dt

= A0z1 +

∞∑

k=1

pkAkz2,

dz2
dt

= Az2 +

∞∑

k=1

(pk − pk)Akz1.

(6.24)

For the system (6.24) construct the vector Lyapunov function V (z) =

(v1(z1), v2(z2))
T
, where v1(z1) = zT

1 P1z1, v2(z2) = zT
2 P2z2, and estimate

the full derivatives of the components of the vector function along solutions
of this system:

dv1
dt

∣∣∣∣
(6.24)

= 2zT
1 P1(A0z1 +

∞∑

k=1

pkAkz2) ≤ −2λm(Q1)‖z1‖2

+ 2|p|‖P1F‖ ‖G‖
∞∑

k=1

pk−1‖R−1R̃‖k−1‖z1‖ ‖z2‖

= −2λm(Q2)‖z1‖2 +
2|p|‖P1F‖ ‖G‖
1 − p‖R−1R̃‖

‖z1‖ ‖z2‖,

dv2
dt

∣∣∣∣
(6.24)

= 2zT
1 P1(Az2 +

∞∑

k=1

(pk − pk)Akz1) ≤ −2λm(Q2)‖z2‖2

+ 2‖P2F‖ ‖G‖
∞∑

k=1

‖R−1R̃‖k−1|pk − pk|‖z1‖ ‖z2‖

≤ −2λm(Q2)‖z2‖2

+ 2‖P2F‖ ‖G‖|p− p|
∞∑

k=1

kpk−1‖R−1R̃‖k−1‖z1‖ ‖z2‖

= −2λm(Q2)‖z2‖2 + 2‖P2F‖ ‖G‖
|p− p|

(1 − p‖R−1R̃‖)2
‖z1‖ ‖z2‖.
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The system (6.24) is stable if the matrix

S1 =




λm(Q1)
‖P1F‖ ‖G‖|p|
1 − p‖M−1M̃‖

‖P2F‖ ‖G‖|p− p|
(1 − p‖M−1M̃‖)2

λm(Q2)




is an M -matrix. For that it is sufficient that the following inequality be true:

detS1 = λm(Q1)λm(Q2) −
p2‖P1F‖ ‖P2F‖ ‖G‖2

4(1 − p‖M−1M̃‖)3
> 0.

The further proof of the Theorem 6.3 is similar to that of the Theorem 6.2.

6.3 Parametric Stability of an Uncertain Time
Invariant System

Consider the large-scale system

dx

dt
= f(x, p), (6.25)

where x = (x1, . . . , xn)
T, p = (p1, . . . , pm)T, f = (f1, . . . , fn)

T, fi : Rn ×
R
m → R, and i = n. Let the function f(x, p) be sufficiently smooth and let

the conditions for the existence and uniqueness of the initial problem for the
system (6.25) exist. Represent the system (6.25) in the form

dxi
dt

= gi(xi, p) + hi(x, p), i = 1, . . . , s. (6.26)

The equations
dxi
dt

= gi(xi, p), i = 1, . . . , s,

where x = (xT
1 , . . . , x

T
s )T, the functions gi : Rni × Rm → Rni , describe the

dynamics of the independent subsystems of the system (6.26).
Let for some value of the parameter p∗ the system (6.25) have the equilib-

rium state x∗ = ((x∗1)
T, . . . , (x∗s)

T)T, x∗i ∈ Rni , i = 1, . . . , s, so that

gi(x
∗
i , p

∗) + hi(x
∗, p∗) = 0 at all i = 1, . . . , s. (6.27)

Note that the condition (6.27) does not imply that gi(x
∗
i , p

∗) = 0, i. e., x∗i
is not necessarily the equilibrium state of the i-th subsystem. Determine the
functions g̃i : Rni ×Rm → Rni , h̃i : Rn×Rm → Rni , i = 1, . . . , s in the form

g̃i(xi, p) = gi(xi, p) − gi(x
e
i (p), p),

h̃i(x, p) = hi(x, p) − hi(x
e(p), p),
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where xe(p) = ((xe1(p))
T, . . . , (xes(p))

T)T is the equilibrium state of the system
(6.26), corresponding to the value of the parameter p. Instead of the system
(6.26) consider the system

dxi
dt

= g̃i(xi, p) + h̃i(x, p), i = 1, . . . , s, (6.28)

for which g̃i(x
e
i (p), p) = 0 and h̃i(x

e(p), p) = 0 at all i = 1, . . . , s and which
obviously has the same solutions as the system (6.26) under the same initial
conditions. Thus, along with the system (6.26), we will analyze the system
(6.28) which consists of s related subsystems

dxi
dt

= g̃i(xi, p), i = 1, . . . , s. (6.29)

We make the following assumptions regarding the systems (6.25) and (6.28).

Assumption 6.1 The systems of equations (6.25), (6.28) are such that:

(1) the functions
fi(x, p), i = 1, . . . , n,

are defined and continuous on some open set Γ ⊂ Rn × Rm;

(2) the functions g̃i(xi, p), i = 1, . . . , s, are defined and continuous on some
open set Γi ⊂ Rni × Rm, i = 1, . . . , s, Rn1 × . . .× Rns = Rn, together
with elements of the matrices

∂g̃i(xi, p)

∂xi
,

(∣∣∣∣
∂2gn1+···+ni−1+k(xi, p)

∂xn1+···+ni−1+l∂xi

∣∣∣∣
)ni

k,l=1

,

(∣∣∣∣
∂2gn1+···+ni−1+k(xi, p)

∂xn1+···+ni−1+l∂Rj

∣∣∣∣
)ni

k,l=1

,

i = 1, . . . , s, j = 1, . . . , b, p = (RT
1 , . . . , R

T
b )T;

(3) the functions h̃i(x, p) are defined and continuous on some open set Γ ⊂
R
n × R

m together with the partial derivatives

∂h̃i(x, p)

∂xj
, i, j = 1, . . . , s;

(4) for some value of the parameter vector p∗ there exists an equilibrium
state x∗ = xe(p∗) = ((x∗1)

T, . . . , (x∗s)
T)T, x∗i ∈ Rni , i = 1, . . . , s, of

the system (6.28), so that f(x∗, p∗) = 0, g̃i(x
∗
i , p

∗) = 0, h̃i(x
∗, p∗) = 0,

(x∗, p∗) ∈ Γ;

(5) the following inequality is true:

det

(
∂f(x, p)

∂x

∣∣∣∣
(x∗,p∗)

)
6= 0;
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(6) the matrices
∂gi(xi, p

∗)

∂xi
+
∂hi(x, p

∗)

∂xi

are stable in the point x∗.

If in the space Rm a domain Ωp is defined such that for each p from Ωp
there exists an equililbrium state of the system (6.28), then the question of
the parametric asymptotic stability of the system (6.28) with respect to the
domain Ωp comes to the question of the existence of an appropriate Lyapunov
function.

To apply the comparison method for the solution of the problem, see below
some auxiliary results.

Definition 6.2 The function f ∈ C(Rn,Rn) is called weakly quasimonotone
nondecreasing with respect to the cone K ⊂ Rn, if for any positive functional

ϕ ∈ K∗ the conditions 0
K→ ≤x K→ ≤y and ϕ(y−x) = 0 imply the inequality

ϕ(f(y) − f(x)) ≥ 0.

We now prove the following statement.

Lemma 6.1 Let the function g ∈ C(R+ ×K,Rm) and g(t, u) be a function,
weakly quasimonotone nondecreasing with respect to u relative to the cone
K ⊂ Rn for each t ∈ R+. Let r(t) be the maximal solution of the system

du

dt
= g(t, u), u(t0) = u0,

with respect to the cone K ⊂ Rn, which exists on the interval [t0,+∞), and
for t ≥ t0

dV (t)

dt

K→ ≤g(t, V (t)),

where V (t) ∈ C(R+,R
m).

Then if V (t) is a function positive with respect to the cone K ⊂ Rn,

V (t)
K→ ≥0, t ≥ t0, then the inequality V (t0)

K→ ≤u0 implies the estimate

V (t)
K→ ≤r(t) at all t ≥ t0.

Proof Let t0 < T < +∞. Since r(t) = lim
ε→0

u(t, ε) is uniform on [t0, T ] at all

sufficiently small ε > 0, where u(t, ε) is a solution of the auxiliary system of
equations

du

dt
= g (t, u) + εψ, u(t0) = u0 + εψ,

and ψ is some fixed element from int K, it is sufficient to prove that

V (t)
K→ <u(t, ε) at all t ∈ [t0, T ].
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Assume that this inequality is not true. Then there exists t1 ∈ (t0, T ] such
that

u (t1, ε) − V (t1) ∈ ∂K, u(t, ε)
K→ >V (t)

K→ ≥0, t ∈ [t0, t1).

It means that there exists a functional ϕ ∈ K∗
0 , K0 = K − {0}, such that

ϕ(u(t1, ε) − V (t1)) = 0.

From the weak quasimonotony of the function g it follows that

ϕ(g(t1, u(t1, ε)) − g(t1, V (t1))) ≥ 0.

Assuming w(t) = ϕ(u(t, ε) − V (t)), t ∈ [t0, t1] , obtain w(t) > 0, t ∈ [t0, t1)
and w(t1) = 0,

dw(t1)

dt
= lim

h→0

w(t1 + h) − w(t1)

h

irrespective of the way in which h tends to zero. If h→ 0−, obtain
dw(t1)

dt
≤

0. On the other hand,

dw(t1)

dt
= ϕ

(
du(t1, ε)

dt
− dV (t1)

dt

)
= ϕ

(
g(t1, u(t1, ε)) + εψ − dV (t1)

dt

)

> ϕ(g(t1, u(t1, ε)) − g(t1, V (t1))) ≥ 0.

The obtained contradiction completes the proof of the Lemma 6.1.

Thus, if as a result of the estimation of the derivative of the Lyapunov
function V (t, x) one obtains the inequality

dV (t)

dt
≤ g(t, V (t)),

then, as a comparison system, one can use the system

du

dt
= g(t, u),

where g(t, u) is a function weakly quasimonotone nondecreasing in u with
respect to some cone, and V (t) is a positive function with respect to the same
cone.

Let us formulate the criterion of Sevastianov-Kotelanskiy (see Matrosov
[2001]), we will need it for the solution of the main theorem.

Proposition 6.1 For the equilibrium state x = 0 of the system ẋ = Ax,
where the function f(x) = Ax satisfies Wazevsky’s condition with respect to
the cone Rn+, to be asymptotically stable, it is necessary and sufficient that
sign∆i(A) = (−1)i, i = 1, . . . , n, where ∆i(A) are the principal minors of
the matrix A.
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The boundary of the possible domain of the parametric asymptotic stabil-
ity of the system (6.25)

Πr,q = {(x, p) | Ωri
: ‖xi − x∗i ‖ < ri, Ωqi

: ‖Rj −R∗
j‖ < qj ,

i = 1, . . . , s, j = 1, . . . , b}

can be estimated by using the approach indicated in Appendix. Note that
later for matrices the Hilbert-Schmidt norm will be used.

Introduce the notation

Φi = ri max
Πri,q

‖Ai(xi, p)‖ +
s∑

c=1

max
Πr,q

‖Aic(x, p)‖

+
b∑

j=1

qj

(
max
Πri,q

‖Bij(xi, p)‖ + max
Πr,q

‖Bij(x, p)‖
)
,

Ai(xi, p) =

(∣∣∣∣
∂2gn1+...+ni−1+k(xi, p)

∂xn1+...+ni−1+l∂xi

∣∣∣∣
)ni

k,l=1

,

Bij(xi, p) =

(∣∣∣∣
∂2gn1+...+ni−1+k(xi, p)

∂xn1+...+ni−1+l∂Rj

∣∣∣∣
)ni

k,l=1

,

Aic(x, p) =

(∣∣∣∣
∂2hn1+...+ni−1+k(x, p)

∂xn1+...+ni−1+l∂xc

∣∣∣∣
)ni

k,l=1

,

Bij(x, p) =

(∣∣∣∣
∂2hn1+...+ni−1+k(x, p)

∂xn1+...+ni−1+l∂Rj

∣∣∣∣
)ni

k,l=1

,

Πri,q = {(xi, p)| : ‖xi − x∗i ‖ < ri, ‖Rj −R∗
j‖ < qj , j = 1, . . . , b},

λm(·) is the minimum eigenvalue of the respective matrix, Qi, i = 1, . . . , s, is
an arbitrary symmetrical positive-definite matrix with the dimensions ni ×
ni, Pi, and i = 1, . . . , s is a symmetrical positive-definite matrix which is a
solution of the matrix equation

(
∂gi(xi, p

∗)

∂xi

∣∣∣∣
xi=x∗

i

+
∂hi(x, p

∗)

∂xi

∣∣∣∣
x=x∗

)T

Pi

+ Pi

(
∂gi(xi, p

∗)

∂xi

∣∣∣∣
xi=x∗

i

+
∂hi(x, p

∗)

∂xi

∣∣∣∣
x=x∗

)
= −Qi, i = 1, . . . , s.

(6.30)

Having used the Assumption 6.1, determine the sufficient conditions for
the parametric asymptotic stability of the system (6.28) with respect to the
specified domain, we can prove the following theorem.

Theorem 6.4 Let for the vector functions gi(xi, p), hi(x, p), i = 1, . . . , s,
the system (6.28) and the domain Πr,q the matrix A = (aij)

s
i,j=1 with the
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elements

aii =
−λm (Qi) + 2‖Pi‖Φi

2λm(Pi)
,

aij =

2‖Pi‖2
s∑

k=1
k 6=i

(
max
Πr,q

∥∥∥∂hi(x,p)
∂xk

∥∥∥
)2

λm(Pj) (λm (Qi) − 2‖Pi‖Φi)
≥ 0, i 6= j,

satisfy the condition

sign ∆i(A) = (−1)i, i = 1, . . . , s,

where ∆i(A) are the principal minors of the matrix A. Then the system (6.28)
is parametrically asymptotically stable with respect to the system Ωq.

Proof Choose an arbitrary value of the parameter vector p from the domain
Ωq. According to the definition of the domain Πr,q there exists an equilibrium
state xe(p) from the domain Ωr. By substitution of the variable z = x−xe(p)
reduce the system (6.28) to the form

dzi
dt

= g̃i(zi + xei (p), p) + h̃i(z + xe(p), p), i = 1, . . . , s, (6.31)

and the subsystems (6.29) to the form

dzi
dt

= g̃i(zi + xei (p), p). (6.32)

As components of the vector Lyapunov function, choose the functions

vi(zi) = zT
i Pizi, i = 1, . . . , s,

where the matrices Pi, i = 1, . . . , s are determined from the equations (6.30).
Estimate the derivatives of the components of the vector Lyapunov function
along solutions of the system (6.31):

dvi(zi)

dt

∣∣∣∣
(6.31)

= (g̃i(zi + xei (p), p))
TPizi + zT

i Pi(g̃i(zi + xei (p), p))

+ (h̃i(z + xe(p), p))TPizi + zT
i Pi(h̃i(z + xe(p), p))

=
dvi(zi)

dt

∣∣∣∣
(6.32)

+ zT

(
∂h̃i(x, p)

∂x

∣∣∣∣
x=xe(p)

)T

Pizi

+ zT
i Pi

(
∂h̃i(x, p)

∂x

∣∣∣∣
x=xe(p)

)
z + (oi(z))

TPizi + ziPi(oi(z)).

(6.33)
Here oi(z) is a vector with the dimension ni and its module is an infinitesimal
quantity compared with the module z in some neighborhood z = 0. It is
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known that the function Vi(zi) tolerates the following estimate of the time
derivative in view of the system (6.32):

dvi(zi)

dt

∣∣∣∣
(6.32)

≤ zT
i

((
∂gi(xi, p

∗)

∂xi

∣∣∣∣
xi=x∗

i

)T

Pi + Pi

(
∂gi(xi, p

∗)

∂xi

∣∣∣∣
xi=x∗

i

))
zi

+ 2‖Pi‖
(
ri max

Πri,q

‖Ai(xi, p)‖ +
b∑

j=1

qj max
Πri,q

‖Bi,j(xi, p)‖
)
‖zi‖2

+ 2‖o(zi)‖‖Pi‖‖zi‖, i = 1, . . . , s,

where o(zi) is a vector with the dimension ni whose module is an infinitesimal
quantity compared with the module zi in some neighborhood zi = 0.

Continuing the estimate of (6.33), obtain

dvi(zi)

dt

∣∣∣∣
(6.31)

≤ zT
i

(
∂gi(xi, p

∗)

∂xi

∣∣∣∣
xi=x∗

i

+
∂hi(x, p

∗)

∂xi

∣∣∣∣
x=x∗

)T

Pizi

+ zT
i Pi

(
∂gi(xi, p

∗)

∂xi

∣∣∣∣
xi=x∗

i

+
∂hi(x, p

∗)

∂xi

∣∣∣∣
x=x∗

)
zi

+ zT
i

(
∂hi(x, p)

∂xi

∣∣∣∣
x=xe(p)

− ∂hi(x, p
∗)

∂xi

∣∣∣∣
x=x∗

)T

Pizi

+ zT
i Pi

(
∂hi(x, p)

∂xi

∣∣∣∣
x=xe(p)

− ∂hi(x, p
∗)

∂xi

∣∣∣∣
x=x∗

)
zi

+ 2‖Pi‖
(
ri max

Πri,q

‖Ai(xi, p)‖ +

b∑

j=1

qj max
Πri,q

‖Bij(xi, p)‖
)
‖zi‖2

+ 2

(
s∑

j=1
j 6=i

max
Πr,q

∥∥∥∥
∂hi(x, p)

∂xj

∥∥∥∥ ‖Pi‖‖zj‖
)
‖zi‖ + 2(‖o(zi)‖ + ‖oi(z)‖)‖Pi‖‖zi‖

≤ (−λm(Qi) + 2‖Pi‖Φi) ‖zi‖2 + 2

( s∑

j=1
j 6=i

max
Πr,q

∥∥∥∥
∂hi(x, p)

∂xj

∥∥∥∥ ‖Pi‖‖zj‖
)
‖zi‖

+ 2(‖o(zi)‖ + ‖oi(z)‖)‖Pi‖ ‖zi‖, i = 1, . . . , s.
(6.34)

Estimate the last summand in the formula (6.34). Choose arbitrarily some
positive number ε. According to the definition of oi(z) there exists a neigh-
borhood Ωi(ε) of the point z = 0 such that in it ‖oi(z)‖ ≤ ci‖z‖1+2ε, where
ci, i = 1, . . . , s are some positive constants. Analogously, according to the
definition of o(zi) there exists a neighborhood Ωzi

(ε) of the point zi = 0
such that in it ‖o(zi)‖ ≤ c̄i‖zi‖1+2ε, c̄i > 0.

The functions vi(zi) = zT
i Pizi, i = 1, . . . , s, satisfy the estimate

λm(Pi)‖zi‖2 ≤ vi(zi) ≤ λM (Pi)‖zi‖2. (6.35)
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Then for all z from Ωi(ε) ∩ Ωzi
(ε) the following estimate is true:

2(‖o(zi)‖ + ‖oi(z)‖)‖Pi‖ ‖zi‖ ≤ 2(ci‖z‖1+2ε + c̄i‖zi‖1+2ε)‖Pi‖ ‖z‖

≤ 2(ci + c̄i)‖Pi‖ ‖z‖2+2ε = 2(ci + c̄i)‖Pi‖
(

s∑

j=1

vj(zj)

λm(Pj)

)1+ε

≤ 2(ci + c̄i)‖Pi‖ ‖V (z)‖1+ε‖λ‖1+ε = Mi‖Pi‖ ‖V (z)‖1+ε,

i = 1, . . . , s,
(6.36)

where λ =

(
1

λm(P1)
, . . . ,

1

λm(Ps)

)T

and Mi = 2(ci + c̄i)‖λ‖1+ε. Denote

−λm(Qi) + 2‖Pi‖Φi = −∆, ∆ > 0, and estimate the sum of the first two
summands in the formula (6.34). Taking into account that

−az2 + bz ≤ −a
2
z2 +

b2

2a

at a > 0, z ∈ R, and considering the estimates (6.35), we obtain

−∆‖zi‖2 +

(
2‖Pi‖

s∑

j=1
j 6=i

max
Πr,q

∥∥∥∥
∂hi(x, p)

∂xj

∥∥∥∥ ‖zj‖
)
‖zi‖

≤ −∆‖zi‖2

2
+

(
2‖Pi‖

s∑
j=1
j 6=i

max
Πr,q

∥∥∥ ∂hi(x,p)
∂xj

∥∥∥ ‖zj‖
)2

2∆

≤ −∆‖zi‖2

2
+

2‖Pi‖2
s∑

j=1
j 6=i

(
maxΠr,q

∥∥∥∂hi(x,p)
∂xj

∥∥∥
)2 s∑

j=1
j 6=i

‖zj‖2

∆

≤ −∆

2λm(Pi)
vi(zi) +

s∑
j=1
j 6=i

(
2‖Pi‖2

s∑
k=1
k 6=i

(
maxΠr,q

∥∥∥∂hi(x,p)
∂xk

∥∥∥
)2

1
λm(Pj)

)
vj(zj)

∆
.

(6.37)
Thus, from the formula (6.34), taking into account (6.36) and (6.37), for all z
from Ωi(ε) ∩ Ωzi

(ε) the following estimates are true:

dvi(zi)

dt

∣∣∣∣
(6.31)

≤ aiivi(zi) +

s∑

j=1
j 6=i

aijvj(zj) +Mi‖V (z)‖1+ε‖Pi‖, i = 1, . . . , s.

Hence in some neighborhood of the point z = 0

dV (z)

dt

∣∣∣∣
(6.31)

≤ AV (z) + ‖V (z)‖1+ε(M1‖P1‖, . . . ,Ms‖Ps‖)T,
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where the matrix A = (aij)
s
i,j=1, and the elements aij are specified in the

condition of the theorem.
The function

f(u) = Au + ‖u‖1+ε(M1‖P1‖, . . . ,Ms‖Ps‖)T

weakly quasimonotone nondecreasing in u with respect to the cone Rs+, and
V (z) is positive with respect to the same cone. Then, according to the lemma
6.1, as a comparison system for the large-scale system (6.31) one can use the
system

du

dt
= Au + ‖u‖1+ε(M1‖P1‖, . . . ,Ms‖Ps‖)T. (6.38)

Taking into account that the matrix A satisfies the Sevastianov-Kotelyansky
condition, and applying the theorem of stability by linear approximation, the
equilibrium state u = 0 of the system (6.38) is asymptotically stable in the
cone Rs+. According to the comparison method, the equilibrium state z = 0
of the system (6.31), i. e., the equilibrium state x = xe(p) of the system (6.28)
is asymptotically stable. Since p was chosen arbitrarily from Ωq, the system
(6.28) is parametrically asymptotically stable with respect to the domain Ωq.

The theorem is proved.

Example 6.1 Consider the system of Lotka-Volterra differential equations
(see Freedman [1987]) in the form

Ẋ1 = x̄1(A1X1 + a1 +A11X1 +A12X2),

Ẋ2 = x̄2(A2X2 + a2 +A21X1 +A22X2),
(6.39)

where X1 = (x1, x2)
T, X2 = (x3), a1 = (p4+2, −p6−p2−1)T, a2 = (p2+1),

A1 =

(
−1 −1

1 0

)
, A2 = (−1), A11 =

(
0 −(p4 − p2)

p4 − p2 0

)
,

A12 =

(
0
p2

)
, A21 = (0 − p2), A22 = (0), x̄1 =

(
x1 0
0 x2

)
, x̄2 = (x3).

Obviously, in addition to the fixed equilibrium state of the system (6.39) in
the origin of coordinates for all values of the parameter p there exists another
equilibrium state

Xe
1(p) = (p2 + 1, 1), Xe

2(p) = (1),

whose stability will be analyzed below.
Represent the system (6.39) in the form

dX1

dt
= g̃1(X1, p) + h̃1(x, p),

dX2

dt
= g̃2(X2, p) + h̃2(x, p).

(6.40)
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Here

g̃1(X1, p)= g1(X1, p)− g1(X
e
1(p), p), g̃2(X2, p)= g2(X2, p) − g2(X

e
2(p), p),

h̃1(x, p) = h1(x, p) − h1(x
e(p), p), h̃2(x, p) = h2(x, p) − h2(x

e(p), p),

g1(X1, p)= x̄1(A1X1 + a1+A11X1), g2(X2, p)= x̄2(A2X2 + a2 +A22X2),

h1(x, p) = x̄1A12X2, h2(x, p) = x̄2A21X1.

Construct the components of the vector Lyapunov functions in the form

vi(Xi, X
e
i (p)) = (Xi −Xe

i (p))
TPi(Xi −Xe

i (p)), i = 1, 2,

where Pi are matrices determined from the matrix equations

(
∂gi(Xi, p)

∂Xi

∣∣∣∣
(Xe

i (p),p)

+
∂hi(x, p)

∂Xi

∣∣∣∣
(xe(p),p)

)T

Pi

+ Pi

(
∂gi(Xi, p)

∂Xi

∣∣∣∣
(Xe

i (p),p)

+
∂hi(x, p)

∂xi

∣∣∣∣
(Xe(p),p)

)
= −I, i = 1, 2.

Here I is a unit matrix with the respective dimensions. Since the matrices(
∂gi(Xi,p)
∂Xi

∣∣∣
(Xe

i (p),p)
+ ∂hi(x,p)

∂Xi

∣∣∣
(xe(p),p)

)
, i = 1, 2, are supposed to be stable,

the matrices Pi, i = 1, 2, always exist, they are symmetrical and positive-
definite.

Since

g1(X1, p) =

(
(p4 + 2)x1 − x2

1 − (p4 − p2 + 1)x1x2

−(p6 + p2 + 1)x2 + (p4 − p2 + 1)x1x2

)
,

h1(x, p) =

(
0

p2x2x3

)
,

then the matrix

∂g1(X1, p)

∂X1

∣∣∣∣
(Xe

1 (p),p)

+
∂h1(x, p)

∂X1

∣∣∣∣
(xe(p),p)

=

(
−1 − p2 −1 − p6

1 − p2 + p4 0

)
=

(
a11 a12

a21 a22

)

is stable at all p.
Owing to the fact that g2(X2, p) = (p2 + 1)x3 − x2

3, h2(x, p) = −p2x2x3,
the one-element matrix

∂g2(X2, p)

∂X2

∣∣∣∣
(Xe

2 (p),p)

+
∂h2(x, p)

∂X2

∣∣∣∣
(xe(p),p)

= −1

is stable at all p.
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Find the matrices P1 and P2:

P1 =




a22(a11 + a22) + a21(a21 − a12)

2(a11 + a22)(a12a21 − a11a22)

−a22a12 − a11a21

2(a11 + a22)(a12a21 − a11a22)
−a22a12 − a11a21

2(a11 + a22)(a12a21 − a11a22)

a11(a11 + a22) + a12(a12 − a21)

2(a11 + a22)(a12a21 − a11a22)


 ,

P2 =
1

2
.

For the system (6.40) construct the vector Lyapunov function

V (x, xe(p)) = (v1(X1, X
e
1(p), v2(X2, X

e
2(p)).

Estimate the derivatives of its time components in view of the solutions of the
system (6.40):

dv1(X1, X
e
1(p))

dt

∣∣∣∣
(6.40)

≤ −v1(X1, X
e
1(p))

2λm(P1)

+ 2

∥∥∥∥
∂h1(x, p)

∂X2

∣∣∣∣
(xe(p),p)

∥∥∥∥
2

‖P1‖2V2(X2, X
e
2(p))

λm(P2)

+ 2‖P1‖(c1 + c̄1)‖λ‖1+ε‖V ‖1+ε,

dv2(X2, X
e
2(p))

dt

∣∣∣∣
(6.40)

≤ −v2(X2, X
e
2(p))

2λm(P2)

+ 2

∥∥∥∥
∂h2(x, p)

∂X1

∣∣∣∣
(xe(p),p)

∥∥∥∥
2

‖P2‖2V1(X1, X
e
1(p))

λm(P1)

+ 2‖P2‖(c2 + c̄2)‖λ‖1+ε‖V ‖1+ε,

where c1, c̄1, c2, c̄2 are some positive constants, ε is an arbitrary positive

number, λ =
(

1
λm(P1) ,

1
λm(P2)

)
. Calculate

∥∥∥∥
∂h1(x, p)

∂X2

∣∣∣∣
(xe(p),p)

∥∥∥∥ = p2,

∥∥∥∥
∂h2(x, p)

∂X1

∣∣∣∣
(xe(p),p)

∥∥∥∥ = p2.

Thus, for the system (6.40) obtain the comparison system

du

dt
= Au+ ‖u‖1+ε(2‖P1‖(c1 + c̄1), 2‖P2‖(c2 + c̄2))‖λ‖1+ε, (6.41)

where u = (u1, u2),

A =




−1

2λm(P1)
4p4‖P1‖2

p4

2λm(P1)
−1


 .
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For the zero equilibrium state of the system (6.41) with respect to the cone
R2

+ to be asymptotically stable it is sufficient that the matrix A should have
positive extradiagonal elements and satisfy the Sevastianov-Kotelyansky con-
dition. So, provided that the inequality

1 − 4p8‖P1‖2 > 0 (6.42)

is true, the equilibrium state of the system (6.40), hence the system (6.39), is
asymptotically stable. From the inequality (6.42) one can easily obtain that
the system (6.39) is parametrically asymptotically stable with respect to the
domain

Ωq = {p ∈ R | |p| < 0.7197}.





Chapter 7

Stability of Solutions of Uncertain

Impulsive Systems

One of the directions of the development of the general Lyapunov theory of
stability of motion is the application of this theory to discontinuous systems.
Among systems of this type, which are applied in practice, are fuzzy, hybrid,
and impulsive systems.

The objective of this chapter is to obtain the conditions for the stability
of the motion of impulsive systems with uncertainly known parameters. For
this purpose we propose to use the block-diagonal Lyapunov function and the
comparison principle.

7.1 Problem Setting

Let 0 < τ1 < τ2 < . . . < τk < . . . and τk → ∞ for k → ∞. The vector-
function w belongs to PC(R+ × Rn, Rm), if w : (τk−1, τk] × Rn → Rm is
continuous on (τk−1, τk] ×Rn and for any x ∈ Rn there exists a limit

lim
(t,y)→(τ+

k
,x)
w(t, y) = w(τ+

k , x), k = 1, 2, . . . .

The function V belongs to the V0-class if

(1) V ∈ PC(R+ ×D(ρ), R+), V (t, 0) = 0;

(2) V (t, x) is locally Lipschitz with respect to x at each (t, x) ∈ (τk−1, τk]×
D(ρ), where D(ρ) = {x ∈ Rn : ‖x‖ < ρ}, ρ = const > 0;

(3) for each k = 1, 2, . . . there exist and are finite the limits

V (t0 − 0, x0) = lim
(t,x)→(t0 ,x0)

(t,x)∈Gk

V (t, x), V (t0 + 0, x0) = lim
(t,x)→(t0 ,x0)

(t,x)∈Gk+1

V (t, x),

Gk = {(t, x) ∈ R+ ×D(ρ) : τk−1 < t < τk}.

141
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The system of equations

dx

dt
= f(t, x, α), t 6= τk,

∆x(t) = Ik(x(t), α), t = τk,

x(t0) = x0

(7.1)

will be called an uncertain impulsive system of the general form.
Here x(t) ∈ Rn is the state vector of the system at the point t ∈ R+,

f ∈ PC(R+ × Rn × Rd, Rn), Ik : Rn × Rd → Rn, k = 1, 2, . . . denotes
the instantaneous value of the state vector of the system at the points of
impulsive action τk and α ∈ S ⊆ Rd (d ≥ 1, S is a compact set) represents
the “uncertainties” parameter of the system (7.1).

The impulsive system (7.1) without the uncertainties parameter will be
called the nominal impulsive system.

The set of all points of impulsive action upon the continuous component
of the system (7.1) forms the set E = {τ1, τ2, . . . : τ1 < τ2 < . . . } ⊂ R+,
which is unbounded and closed on R+.

Regarding the system (7.1) we assume that a motion subordinate to the

equations (7.1) is described by the function x(t, t0, x0, α)
∆→= x(t, α) with

the following properties in any open neighbourhood D of the state x = 0,
D ⊆ Rn:

(a) the motion x(t, α) of the system (7.1) is continuous from the left on
[t0,∞) for any t0 ≥ 0 and such that x(t0, α) = x0 for any (t0, x0, α) ∈
Ti ×D × S;

(b) the motion x(t, α) of the system (7.1) is differentiable with respect to t
and

dx(t, α)

dt
= f(t, x(t, α), α)

almost everywhere on (t0,∞), apart from the range E ⊂ R+, for any
α ∈ S;

(c) for any t = τk ∈ E the condition

x(t+, α) = lim
t∗→t, t∗>t

x(t∗, α) = x(t, α) + Ik(x(t, α), α)

is satisfied for any α ∈ S and k = 1, 2, . . . .

It is assumed that for any α ∈ S the order of the system (7.1) remains
unchanged throughout the time of its functioning and for all t ∈ T the
equilibrium state x = 0 is unique for all values α ∈ S, i. e. f(t, 0, α) =
Ik(0, α) = 0.

Then the analysis of the strict stability of the system (7.1) is realized under
different assumptions about the dynamic behavior of the continuous and the
discrete components of the nominal impulsive system.
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Represent the system (7.1) in the form

dx

dt
= f(t, x, 0) + ∆f(t, x, α), t 6= τk,

∆x(t) = Ik(x(t), 0) + ∆Ik(x(t), α), t = τk,

x(t0) = x0,

(7.2)

where the notations ∆f and ∆Ik are obvious. Then the nominal impulsive
system

dx

dt
= f(t, x, 0), t 6= τk,

∆x(t) = Ik(x(t), 0), t = τk,

x(t0) = x0,

(7.3)

is decomposed into m interrelated subsystems

dxi
dt

= fi(t, xi, 0) + ri(t, x̂, 0), t 6= τk,

∆xi(t) = Iik(xi(t), 0) + aik(x̂(t), 0), t = τk,

xi(t0) = xi0, i = 1, 2, . . . ,m.

(7.4)

Obviously,

x(t) = (xT
1 (t), . . . , xT

m(t))T ∈ Rn, n =
m∑

i=1

ni,

ri(t, x̂, 0) = fi(t, x1, . . . , xm, 0) − fi(t, xi, 0),

aik(x̂(t), 0) = Iik(x1(t), . . . , xm(t), 0) − Iik(xi(t), 0),

fi : R+ ×Rni → Rni , ri : R+ ×Rn−ni → Rni ,

Iik : Rni → Rni , aik : Rn−ni → Rni .

Make some assumption regarding the dynamic behavior of the independent
nominal subsystems

dxi
dt

= fi(t, xi, 0), t 6= τk,

∆xi(t) = Iik(xi(t), 0), t = τk,

xi(t0) = xi0, i = 1, 2, . . . ,m,

(7.5)

of the system (7.4).

Assumption 7.1 Among m independent continuous components (7.4) of the
impulsive system there exist r asymptotically stable and m− r ≥ 1 unstable
ones.

Assumption 7.2 Among m independent discrete components of the impul-
sive system (7.4) there exist r unstable and m− r ≥ 1 asymptotically stable
ones.
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Note that the analysis of the stability of the impulsive systems (7.1) with
the described dynamic properties of the continuous and the discrete compo-
nents has never been conducted before in the theory of impulsive systems (see
Lakshmikantham, Bainov and Simeonov [1989], Samoilenko, Perestyuk [1995],
Martynyuk [2000e], and others).

7.2 Principle of Comparison with a Block-Diagonal
Matrix Function

For the analysis of the system (7.1), construct the matrix function U(t, x)
in the form

U(t, x) = diag{U1(t, x), U2(τk, x)}, (7.6)

where U1 ∈ PC(R+ × Rn, Rm
′×m′

), m′ =
r∑
i=1

ni, U2 : E × Rn−m
′ →

R(n−m′)×(n−m′).
Auxiliary functions of the form (7.6) will be called matrix block-diagonal

functions. Particular cases are two-component vector functions; one of their
components characterizes the continuous component, the other one character-
izes the discrete component.

The matrix-values function U1(t, x) is constructed on the basis of r stable
subsystems of the continuous part of the system (7.4), and U2(τk, x) on the
basis of m − r asymptotically stable components of the discrete part of the
system (7.4).

Assumption 7.3 The elements vij(t, ·) of the matrix-valued function
U1(t, x) satisfy the following conditions:

(a) vij are continuous on (τk−1, τk] ×Rm
′

for all x ∈ Rm
′

and there exist

lim
(t,y)→(τ+

k
,x)
vij(t, y) = vij(τ

+
k , x), i, j = 1, 2, . . . , r;

(b) vij are locally Lipschitz with respect to x;

(c) for any (t, x) ∈ (τk−1, τk] ×Rn the derivatives

D−vij(t, x) = lim inf{[vij(t+ θ, x+ θf(t, x, α)) −
− vij(t, x)] θ

−1 : θ → 0−}, i, j = 1, 2, . . . ,m′,

are defined along the solutions of the respective subsystems (of the sys-
tem (7.1));
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(d) for (t, xp) ∈ E ×Rn−m
′

the first differences are defined:

∆vpq(τk, xp) = vpq(τk+1, x(τk+1)) −
− vpq(τk, x(τk)), p, q = 1, 2, . . . ,m′, k = 1, 2, . . . .

On the basis of the matrix-valued function U(t, x) construct the scalar
auxiliary function

V (t, x, η) = ηTU(t, x)η, η ∈ Rm+ .

Consider the comparison equations

du

dt
= g1(t, u, µ(α)), t 6= τk,

u(τ+
k ) = ψk(u(τk), µ(α)),

u(t0) = u0 ≥ 0,

(7.7)

and
dv

dt
= g2(t, v, µ(α)), t 6= τk,

v(τ+
k ) = φk(v(τk), µ(α)),

v(t0) = v0 ≥ 0.

(7.8)

Here g1, g2 ∈ PC(R3
+, R), g2(t, v, µ(α) ≤ g1(t, u, µ(α))) for all α ∈ S,

µ(α) ≥ 0, ψk, φk : R2
+ → R are not decreasing in their first arguments,

and in addition, φk(u, µ(α)) ≤ ψk(u, µ(α)) for each k, α ∈ S and µ(α) ≥ 0.
Let u+(t, t0, u0) and v−(t, t0, v0) be the upper and the lower solutions of

the equations (7.7) and (7.8) respectively, defined for all t ≥ t0. Then from the
theory of differential equations (see Lakshmikantham, Leela, and Martynyuk
[1988b]) it follows that

v−(t, t0, v0) ≤ u+(t, t0, u0)

for all t ≥ t0, µ(α) ≥ 0, as soon as

v0 ≤ u0.

Theorem 7.1 Assume that:

(1) all the conditions of the Assumptions 7.1–7.3 are satisfied;

(2) there exist functions g1, g2 ∈ PC(R3
+, R), ψk, φk : R2

+ → R such that
the following two-sided inequalities hold true:

(a) g2(t, V (t, x, η), µ(α)) ≤ D−V (t, x, η) ≤ g1(t, V (t, x, η), µ(α))
for t 6= τk and for all (t, x) ∈ R+ ×D(ρ),

(b) φk(V (t, x, η), µ(α)) ≤V (t, x+Ik(x, α), η) ≤ ψk(V (t, x, η), µ(α)) for
t = τk for some ρ0 = ρ0(ρ) > 0 such that the condition x ∈ D(ρ0)
implies the inclusion x+ Ik(x, α) ∈ D(ρ) for all k and µ(α) ≥ 0;
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(3) the vector η ∈ Rm+ and the initial values (x0, u0, v0) are chosen so that
v0 ≤ V (t, x0, η) ≤ u0 for t = t0;

(4) under the initial conditions specified in the condition (3) the motions
x(t, α) of the system (7.1) are defined for all t ≥ t0.

Then the two-way estimate

v−(t, t0, v0) ≤ V (t, x(t, α), η) ≤ u+(t, t0, u0) (7.9)

holds for all t ≥ t0 for any α ∈ S and µ(α) ≥ 0.

Proof The statement of the Theorem 7.1 follows from the Theorem 4.9.1 from
the monograph by Lakshmikantham, Leela, and Martynyuk [1988b] (also see
Lakshmikantham and Devi [1993]).

7.3 Conditions for Strict Stability

See the following definitions necessary for further reasoning.

Definition 7.1 The equilibrium state x = 0 of the impulsive system (7.1):

(a) is strictly equistable, if for the given t0 ∈ R+, ε1 > 0 and ∆ > 0
it is possible to indicate positive functions δ1 = δ1(t0, ε1,∆), δ2 =
δ2(t0, ε1,∆) and ε2 = ε2(t0, ε1,∆), c t0 at fixed (ε1, ∆) and ordered
by the inequalities ε2 < δ2 < δ1 < ε1, such that ε2 < ‖x(t, α)‖ < ε1 for
all t ≥ t0 and any α ∈ S, as soon as δ2 < ‖x0‖ < δ1 and |t− τk| > ∆;

(b) is strictly uniformly stable, if in the definition 7.1(a) the functions δ1, δ2
and ε2 do not depend on t0.

Definition 7.2 The zero solution of the comparison equations (7.7) and (7.8)

is strictly equistable , if for the given t0 ∈ R+, ε1 > 0, ∆̃ > 0 it is possible

to indicate positive functions δ̃1 = δ̃1(t0, ε̃1, ∆̃), δ̃2 = δ̃2(t0, ε̃1, ∆̃) and ε̃2 =

ε̃2(t0, ε̃1, ∆̃), continuous with respect to t0 and ordered by the inequalities
ε̃2 < δ̃2 < δ̃1 < ε̃1, such that

ε̃2 < v−(t, t0, v0) ≤ u+(t, t0, u0) < ε̃1

for all t ≥ t0 and µ(α) ≥ 0, as soon as δ̃2 < v0 ≤ u0 < δ̃1 and |t− τk| > ∆̃.

The sufficient conditions for the strict stability of the equilibrium state
x = 0 of the system (7.1) are contained in the following statement.

Theorem 7.2 Assume that:
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(1) all the conditions of the Theorem 7.1 are satisfied;

(2) for all t ≥ t0 the vector-functions f(t, x, α) = 0 and Ik(x, α) = 0, if,
and only if, x = 0 for each k and for any α ∈ S;

(3) there exist functions a, b ∈ K-class such that for the function
V (t, x, η) = ηT U(t, x)η the estimates

b(‖x‖) ≤ V (t, x, η) ≤ a(‖x‖)

hold for all (t, x) ∈ R+ ×D(ρ).

Then the equilibrium state x = 0 of the uncertain impulsive system (7.1)
has the same type of strict stability as the zero solution of the comparison
equations (7.7) and (7.8).

Proof Consider the property of strict equistability of the motion x = 0 of the
system (7.1). Owing to the condition (2) of the Theorem 7.2, the system (7.1)
has the unique equilibrium state x = 0 for any change of α ∈ S and for all
k = 1, 2, . . . . Assume that t0 ∈ R+ and 0 < ε1 < ρ∗ = min (ρ0, ρ) are given.

Let the zero solution of the comparison equations (7.7), (7.8) be strictly
equistable. In this case, for the given ε1 > 0 choose ε̃1 from the relation
ε̃1 = b(ε1). For ε1 > 0 choose δ̃1 = δ̃1(t0, ε1,∆), δ̃2 = δ̃2(t0, ε1,∆) and
ε̃2 = ε̃2(t0, ε1,∆), continuous with respect to t0 and satisfying the inequalities

ε̃2 < δ̃2 < δ̃1 < b(ε1),

ε̃2 < v−(t, t0, v0) < u+(t, t0, u0) < b(ε1), t ≥ t0, µ(α) ≥ 0,

as soon as δ̃2 < v0 ≤ u0 < δ̃1, |t − τk| > ∆. Under the condition (3) of the
Theorem 7.1 (see the condition (1) of the Theorem 7.2), choose the vector
η ∈ Rm+ and the values (x0, u0, v0) so that

v0 = V (t, x0, η) = u0 at t = t0.

From the fact that the function V (t, x, η) is continuous in the neighborhood
of the point (t0, x0) and V (t, 0, η) = 0 for all t ∈ R+, it follows that under
the given δ̃1, δ̃2, δ̃2 < δ̃1, there exist δ1, δ2, δ2 < δ1 < ε1, such that

δ̃2 < V (t0, x0, η) < δ̃1, (7.10)

as soon as δ2 < ‖x0‖ < δ1, where δ2 = δ2(t0, ε1,∆), δ1 = δ1(t0, ε1,∆).
Now choose the value ε2 = ε2(t0, ε1,∆) > 0 so that a(ε2) ≤ ε̃2 and

ε2 < δ2. As a result, obtain the sequence of inequalities ε2 < δ2 < δ1 < ε1
(see the Definition 7.1). Show that under the above mentioned choice of the
values ε2, δ2 and δ1 the equilibrium state x = 0 of the system (7.1) is strictly
equistable as soon as all the conditions of the Theorem 7.2 are satisfied. This
means that the motion x(t, α) of the system (7.1) for any α ∈ S satisfies the
estimate

ε2 < ‖x(t, α)‖ < ε1 for all t ≥ t0,
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as soon as δ2 < ‖x0‖ < δ1.

If this statement is incorrect, then there exists an alternative for the two
cases of the motion x(t, α) of the system (7.1).

Case 1. For some k there exists t2 ∈ (τk, τk+1] such that ε2 ≥ ‖x(t2, α)‖
for any α ∈ S. Obviously, for t0 ≤ t ≤ t2 the motion x(t, α) remains in the
domain D(ρ) and according to the conditions of the Theorem 7.1, the estimate
(7.9) holds. Hence, taking into account the condition (3) of the Theorem 7.2
and the estimate (7.9), we obtain

a(ε2) ≥ a(‖x(t2, α)‖) ≥ V (t, x(t, α), η) ≥ v−(t0, t0, v0) > ε̃2 ≥ a(ε2).

The obtained contradiction proves that t2 ∈ (τk, τk+1] and ‖x(t, α)‖ > ε2 for
any t ≥ t0 and α ∈ S.

Case 2. For some p there exists t1 ∈ (τp, τp+1] such that ε1 < ‖x(t1, α)‖
and ‖x(t, α)‖ < ε1 for any t0 ≤ t < t1. According to the condition 2(b) of
the Theorem 7.2 ‖x(τp, α)‖ < ε1 < ρ0 and hence

‖x(τ+
p , α)‖ = ‖x(τp, α) + Ik(x(τp, α), α)‖ < ρ. (7.11)

Then there must exist t̃ ∈ (τp, t1] such that

ε1 ≤ ‖x(t̃, α)‖ < ρ. (7.12)

This means that for t0 ≤ t ≤ t̃ the estimate ‖x(t, α)‖ < ρ holds true, and
therefore, according to the Theorem 7.1, the estimate (7.9) holds true as well.
According to the condition (3) of the Theorem 7.2 and the relations (7.10)
and (7.11),

b(ε1) ≤ b(‖x(t̃, α)‖) ≤ V (t̃, x(t̃, α), η) ≤ u+(t̃, t0, u0) < b(ε). (7.13)

The contradiction (7.13) proves that t̃ ∈ (τp, t1] therefore ‖x(t, α)‖ < ε1
for all t ≥ t0 and for any α ∈ S.

The Theorem 7.2 is proved.

Now we will obtain the sufficient conditions for the stability of an uncertain
impulsive system on the basis of a vector auxiliary function.

7.4 Application of the Vector Approach

Let for the system (7.1) a matrix function U(t, x) be constructed in the
form

U(t, x) = diag{U1(t, x), U2(τk, x)}, (7.14)
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where U1 ∈ PC(R+ × Rn, Rm
′×m′

) and m′ =
r∑
i=1

ni, U2 : E × Rn−m
′ →

R(n−m′)×(n−m′).

Using the matrix-valued function U(t, x), construct the vector auxiliary
function

L(t, x, η) = AU(t, x)η, η ∈ Rm+ , (7.15)

where A = diag(A1, A2), Ai are constant matrices with their dimensions
corresponding to those of the blocks of the matrix function (7.14).

For the system (7.1) and the function (7.15) consider the comparison sys-
tem

du

dt
= g(t, u, µ(α)), t 6= τk,

u(τ+
k ) = ψk(u(τk), µ(α)),

u(t0) = u0 ≥ 0.

(7.16)

Here g ∈ PC(R3
+, R

m), g(t, u, µ(α))) is quasimonotone with respect to u for
all α ∈ S, µ(α) ≥ 0, ψk, φk and R

2
+ → R are not decreasing in their first

arguments.
Let u+(t, t0, u0) be the upper solution of the system of equations (7.16)

determined for all t ≥ t0. The theory of differential equations implies the
following statement.

Theorem 7.3 Assume that:

(1) all the conditions of the Assumptions 7.1 – 7.3 are satisfied;

(2) there exist functions g ∈ PC(R3
+, R), ψk, φk : R2

+ → R such that the
following estimates hold true:

(a) D+L(t, x, η) ≤ g(t, L(t, x, η), µ(α)) for t 6= τk and for all (t, x) ∈
R+ ×D(ρ),

(b) L(t, x + Ik(x, α), η) ≤ ψk(L(t, x, η), µ(α)) for t = τk for some
ρ0 = ρ0(ρ) > 0 such that the condition x ∈ D(ρ0) implies the
inclusion x+ Ik(x, α) ∈ D(ρ) for all k and µ(α) ≥ 0;

(3) the matrix A, the vector η ∈ Rm+ , and the initial values (x0, u0, v0) are
chosen so that L(t, x0, η) ≤ u0 at t = t0;

(4) under the initial conditions specified in the condition (3), the motions
x(t, α) of the system (7.1) are defined for all t ≥ t0.

Then the change of the components of the vector function (7.15) along
solutions of the system (7.1) is estimated by the inequality

L(t, x(t, α), η) ≤ u+(t, t0, u0) (7.17)

at all t ≥ t0 for any α ∈ S and µ(α) ≥ 0.
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The proof is similar to that of the comparison Theorem 3.4.1 in the monograph
by Lakshmikantham, Leela, and Martynyuk [1988b].

Recall the definition of stability in the sense of Lyapunov, adapted to the
uncertain impulsive system (7.1).

Definition 7.3 The equilibrium state x = 0 of the impulsive system (7.1)
is:

(a) equistable if for the given t0 ∈ R+, ε > 0 and ∆ > 0 it is possible to
indicate a positive function δ = δ(t0, ε,∆) continuous with respect to
t0 for fixed (ε,∆), such that ‖x(t, α)‖ < ε for all t ≥ t0 and for any
α ∈ S, as soon as ‖x0‖ < δ and |t− τk| > ∆;

(b) uniformly stable if in the definition 7.1(a) the function δ does not depend
on t0.

Definition 7.4 The zero solution of the comparison system (7.16) is equi-
stable if for the given t0 ∈ R+, ε1 > 0, ∆ > 0 it is possible to indicate a
positive function δ1 = δ1(t0, ε1,∆), δ1 < ε1, continuous with respect to t0,
such that

u+(t, t0, u0) < ε1

for all t ≥ t0 and µ(α) ≥ 0, as soon as u0 < δ1 and |t− τk| > ∆.

The conditions for the stability of the equilibrium state x = 0 of the
system (7.1) are contained in the following statement.

Theorem 7.4 Let the equations of perturbed motion (1.1) be such that:

(1) all the conditions of the Theorem 7.3 are satisfied;

(2) for all t ≥ t0 the vector-functions f(t, x, α) = 0 and Ik(x, α) = 0, if,
and only if, x = 0 for any k and for any α ∈ S;

(3) there exist functions a, b ∈ K-class and a vector c ∈ Rm such that for
the function L(t, x, η) the estimates

b(‖x‖) ≤ cTL(t, x, η) ≤ a(‖x‖)

hold true for all (t, x) ∈ R+ ×D(ρ).

Then the equilibrium state x = 0 of the system (7.1) has the same type of
stability as the zero solution of the comparison system (7.16).

Proof Let the following quantities be specified: t0 ∈ R+ and 0 < ε < ρ∗ =
min(ρ0, ρ). Assume that the zero solution of the comparison system (7.16) is
equistable. Then for the given t0 ∈ R+ and b(·) > 0 there exists δ1(t0, ε) > 0
such that

‖u(t; t0, u0)‖ < b(ε) for all t ≥ t0,
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as soon as ‖u0‖ < δ1, where u(t; t0, u0) is any solution of the comparison sys-
tem (7.16). Under the specified function L(t, x, b) according to the condition
(3) of the Theorem 7.3, for t = τ+

0 we obtain the estimate eTL(t, x0, b) ≤ u0,
where u0 = a(‖x0‖) is admissible. Choose δ2 = δ2(ε) so that a(δ2) < b(ε),
and define δ = min(δ1, δ2) > 0.

For the given ε > 0 and δ defined above, show that ‖x(t, α)‖< ε for all
t ≥ t0 and α ∈ S, as soon as ‖x0‖ < δ , where x(t, α) is a solution of the
system (7.1), determined for all t ≥ t0. If that is not so, there must exist a
solution x(t, α) at least for one α ∈ S such that for ‖x0‖ < δ and t∗ > t0
(τk < t∗ < τk+1 for some k) the following conditions will be satisfied:

‖x(t∗, α)‖ ≥ ε and ‖x(t, α)‖ < ε at t0 ≤ t ≤ τk.

Since 0 < ε < ρ∗, from the condition (2)(b) of the Theorem 7.3 it follows that
‖x+

k ‖ = ‖xk + Ik(xk, α)‖ < ρ, where xk = x(τk, α) and ‖xk‖ < ε. Hence one
can find t0, τk < t0 < t∗, such that ε ≤ ‖x(t0, α)‖ < ρ∗ for all α ∈ S.

Denoting m(t) = cTL(t, x(t), b) for t0 ≤ t ≤ t0 and taking into account
the conditions (2) – (4) of the Theorem 7.3,

eTL(t, x(t), b) ≤ eTu(t; t0, u0), t0 ≤ t ≤ t0, (7.18)

where u(t; t0, u0) is the maximal solution of the comparison system (7.15).
From the inequality (7.18) we obtain

b(ε) ≤ b(‖x(t0, α)‖) ≤ eTL(t0, x(t0, α), b) ≤ eTu(t0, t0, a(‖x0‖)) < b(ε).

Hence ‖x(t, α)‖ < ε for all t ≥ t0 and any α ∈ S. The stability of the
condition x = 0 of the system (7.1) is proved.

7.5 Robust Stability of Impulsive Systems

Consider the linear impulsive system

dx

dt
= Ax(t), t 6= τi,

∆x(t) = Bx(t), t = τi,

x(t0) = x0.

(7.19)

Here A,B ∈ Rn×n are the interval matrices from the compacts A = {A1 ≤
A ≤ A2} and B = {B1 ≤ B ≤ B2}, n× n-matrices As and Bs, and s = 1, 2,
have the given elements, ∆x(t) = x(t+i ) − x(ti), i = 1, 2, . . . .

Definition 7.5 An uncertain robust system (7.19) is robust exponentially
stable in the whole if for any values of the parameters A ∈ A and B ∈ D, a
zero solution of system (7.19) is exponentially stable in the whole.
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We transform system (7.19) to the form

dx

dt
= (A0 + ∆A)x(t), t 6= τi,

∆x(t) = (B0 + ∆B)x(t), t = τi,
(7.20)

where A0 =
1

2
(A1 + A2), B0 =

1

2
(B1 + B2), ∆A = EAΦAFA, ∆B =

EBΦBFB, ΦA ∈ Φ∗ =
{
Φ ∈ Rn

2×n2

: Φ = diag{E11, . . . , Enn}
}

with the
elements |εkl| ≤ 1, k, l = 1, 2, . . . , n.

The matrices EA and FA are determined in terms of the elements of the

matrix C =
1

2
(A2 −A1) by the formulas

EAE
T
A = diag

{ n∑

j=1

c1j ,

n∑

j=1

c2j , . . . ,

n∑

j=1

cnj

}
∈ Rn×n,

FAF
T
A = diag

{ n∑

j=1

cj1,

n∑

j=1

cj2, . . . ,

n∑

j=1

cjn

}
∈ Rn×n.

The matrices EB and FB are determined in the same way in terms of the

matrix D =
1

2
(B2 −B1).

Further we need the following estimate.

Lemma 7.1 If the matrix Φ ∈ Φ∗, then for any constant λ > 0 and any
vectors ξ ∈ Rn

2

and η ∈ Rn
2

the inequality

2ξTΦη ≤ λ−1ξTξ + ληTη (7.21)

holds true.

Proof Let us show that inequality (7.21) is valid for one block of the matrix
ΦA, i.e.,

2ξTΦη ≤ λ−1ξTξ + ληTη, (ξ, η) ∈ Rn.

In fact, 2ξTΦη ≤ 2|ξTη| by virtue of the condition |εkl| ≤ 1 for the elements
of matrix Φ. Then, consider the inequality

(
1√
λ
ξT −

√
λ ηT

)(
1√
λ
ξ −

√
λ η

)
≥ 0,

which yields

2|ξTη| ≤ 1

λ
ξTξ + ληTη.

Since ΦAΦT
A = ΦT

AΦA ≤ I∗, where I∗ is the n2×n2-identity matrix, extending
the latter inequality to all blocks of the matrix ΦA we arrive at estimate (7.21).
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For system (7.20) assume that the function V (x) = xTPx is constructed,
where P is an n×n-constant symmetric positive definite matrix. The function
V (x) satisfies the inequality

λm(P )‖x‖2 ≤ V (x) ≤ λM (P )‖x‖2

for all x ∈ Rn, where λm(·) and λM (·) are the minimal and maximal eigen-
values of the matrix P .

Assume that the matrix P is the solution of the Lyapunov equations

AT
0 P + PA0 = −Q1,

BT
0 PB0 − P = Q2,

(7.22)

where Q1 and Q2 are some symmetric positive definite matrices.

Theorem 7.5 For system (7.20) let the function V (x) be constructed with
the matrix P which solves equations (7.22). If there exist constants µ1 > 0,
µ2 > 0 and κ > 0 such that

(a) −Q1 + µ1PEAE
T
AP + µ−1

1 FT
AFA ≤ 0,

(b) (I +B0)
TP (I +B0) + µ2(I +B0)

TPEBE
T
BP (I +B0) +

(µ−1
2 + λM (P )‖EB‖2)FT

BFB −Q2 ≤ 0,

(c)
λM (M)

λM (P )
+

ln(λM (Q2)/λm(P ))

∆tk
≤ −κ,

where M = −Q1+µ1PEAE
T
AP+µ−1

1 FT
AFA, I is an n×n-identity matrix and

the state x = 0 of system (7.19) is robust exponentially stable in the whole.

Proof For the function V (x) for t 6= τi, i = 1, 2, . . . , we have

dV

dt
= xT(AT

0 P + PA0)x + 2xTPEAΦAE
T
Ax

≤ −xTQ1x+ µ1x
TPEAE

T
APx+ µ−1

1 xTFT
AFAx

= xTMX ≤ λM (M)xTx.

(7.23)

Since V (x) is positive definite, inequality (7.23) provides

dV

dt
≤ λM (M)

λM (P )
V (x).

This estimate follows from inequality (7.21) and condition (a) of Theorem 7.5.
Then for t = τi, i = 1, 2, . . . , we have

V (x+
i ) = V (xi + ∆xi) = xT

i (I +B0 + ∆B)TP (I +B0 + ∆B)xi

= xT
i (I +B0)

TP (I +B0)xi + 2xT
i (I +B0)

TPEBΦBFBxi

+ xT
i F

T
BΦT

BE
T
BPEBΦBFBxi

≤ xT
i

{
(I +B0)

TP (I +B0) + µ−1
2 (I +B0)

TPEBE
T
BP (I +B0)

+ µ−1
2 FT

BFB
}
xi + xT

i F
T
BΦT

BE
T
BPEBΦBFBxi.

(7.24)
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Since the matrix P is positive definite, there exists a nonsingular matrix
K such that P = KTK. Taking this into account we estimate the second
additive in estimate (7.24) as

xT
i F

T
BΦT

BE
T
BPEBΦBFBxi = ‖KEBΦBFBxi‖2

≤ ‖K‖2‖EB‖2xT
i F

T
BFBxi = λM (P )‖EB‖2xT

i F
T
BFBxi,

(7.25)

where ‖ · ‖ is spectral norm. In view of estimate (7.25) and condition (b) of
Theorem 7.5 we transform inequality (7.24) to the form

V (x+
i ) ≤ xT

i

{
(I +B0)

TP (I +B0) + µ2(I +B0)
TPEBE

T
BP (I +B0)

+ (µ−1
2 + λM (P )‖EB‖2)xi ≤ xT

i Q2xi

≤ λM (Q2)x
T
i xi ≤

λM (Q2)

λm(P )
V (xi), i = 1, 2, . . . .

(7.26)

It is easy to see that under condition (c) of Theorem 7.5 estimates (7.23)
and (7.26) lead to the conclusion about robust exponential stability in the
whole of the state x = 0 of system (7.19).

Further we consider a nonlinear robust impulsive system

dx

dt
= f(x) + g1(t, x, α), t 6= τi,

∆x(t) = Ii(x) + g2(t, x, α), t = τi,

x(t0) = x0, i = 1, 2, . . . .

(7.27)

Here the vector-function f ∈ C(Rn, Rn), Ii : R
n → Rn, gk : R+ ×Rn×S →

Rn, k = 1, 2, are the functions characterizing uncertainties in system (7.27).
Consider the function gk of the class

Sg = {g : g(t, x, α) = Q(t, x)r(t, x) for all α ∈ S}.

In this relation Q : R+×Rn → Rn×m is the matrix with complete information
about its elements and r : R+ × Rn → Rm is the vector-function whose ele-
ments are not known exactly but satisfy the conditions ‖r(t, x)‖ ≤ ‖m(t, x)‖,
where m : R+ × Rn → Rn, m(t, 0) = 0 for all t ∈ R+, is a known vector-
function.

Let
g1(t, x, α) = Q1(t, x)r1(t, x) ∀α ∈ S,
g2(t, x, α) = Q2(t, x)r2(t, x) ∀α ∈ S,

‖r1(t, x)‖ ≤ ‖m1(t, x)‖, ‖r2(t, x)‖ ≤ ‖m2(t, x)‖.
The following statement holds.

Theorem 7.6 For some nominal system (7.27) assume that for g1 = g2 = 0
function V (x) : Rn → R+ is constructed in the form

V (x) = V0(x) + P1(x)y + yTP2(x)y, y ∈ Rn,
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where P1(x) ∈ R1×n, P2 ∈ Rn×n, P2(x) ≥ 0 for all x ∈ Rn and the following
conditions are satisfied:

(1) there exist constants a1, a2 > 0 and p > 1 such that

a1‖x‖p ≤ V (x) ≤ a2‖x‖p ∀x ∈ Rn;

(2) function V (x) is differentiable for t 6= τi, i ∈ N, and there exist constants
ci and functions µi(t) > 0 such that for t ∈ (ti, ti+1], i ∈ N, the estimate

∂V (x)

∂x
f(x) +

1

2
µi(t)

∂V

∂x
Q1Q

T
1

(
∂V

∂x

)T

+
1

2
µ−1
i (t)mT

1m1 + ciV (x) ≤ 0

is valid;

(3) there exist constants M > 1, 0 < βi ≤M and σi > 0, i ∈ N such that

V0(xi + Ii(x)) − βiV (xi) +
1

2
σiP1(xi)Q2(ti, xi)Q

T
2 (ti, xi)P

T
1 (xi)

+

{
1

2
σ−1
i + λM (QT

2 (ti, xi)P2(xi)Q2(ti, xi))

}
mT

2 (ti, xi)m2(ti, xi) ≤ 0;

(4) there exists a constant κ > 0 such that for all i ∈ N the estimate

−ci +
lnβi

τi+1 − τi
≤ −κ

holds true.

Then the equilibrium state x = 0 of system (7.27) is robust exponentially
stable in the whole.

Proof For the values t 6= τi due to condition (2) we have for D+V (x(t))

D+V (x(t)) =
∂v

∂x
(f(x) + g1(t, x, α)) ≤ ciV (x(t)), i = 1, 2, . . . . (7.28)

For the values t = τi, i = 1, 2, . . . , due to condition (3) of Theorem 7.6 we
have

V (x+
i ) = V (xi + Ii(xi) + g2(ti, xi, α)) = V0(xi + Ii(xi))

+ P1(xi)g2(τi, xi, α) + gT
2 (τi, xi, α)P2(xi)g2(τi, xi, α) ≤ βiVi(xi),

i = 1, 2, . . . .
(7.29)

Estimates (7.28) and (7.29) imply that for solutions of system (7.27) ) the
estimate

‖x(t, α)‖ ≤





(
a2

a1

)1/p

exp

(
k∑
i=0

γi

)
p−1, if ci ≥ 0,

(
Ma2

a1

)1/p

exp

(
k−1∑
i=0

γi

)
p−1, if ci < 0
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is valid for all t ∈ (τi, τi+1], where γi = ci(τi+1 − τi) + lnβi.
Hence it follows that under condition (4) of Theorem 7.6 the state x = 0

of system (7.27) is robust exponentially stable in the whole.

Corollary 7.1 Assume that in system (7.27) the vector-function g2(t, x, α) =
0 and there exists a function V0(x) : R

n → R+, for which conditions (1) and
(2) of Theorem 7.6 are fulfilled and condition (3) is of the form

V0(xi + Ii(xi)) − βiV (xi) ≤ 0.

Then, if condition (4) of Theorem 7.6 is satisfied, the state x = 0 of system
(7.27) is robust exponentially stable in the whole.

Example 7.1 Consider system (7.27) with the following components

f(x) =

(
−2x1 + 2x2(x

2
1 + x2

2)
−2x2 − x1(x

2
1 + x2

2)

)
,

Ii(x) =

(
−1 + exp

(
− 1 + 1

2(i+3)

)
0

0 −1 + exp
(
− 1 + exp

(
− 1 + 1

2(i+3)

))
)
xi,

(7.30)
τi+1 − τi = 1, g1(t, x, α) = Q1(x)r1(x), Q1(x) = I, ‖r1(x)‖ ≤ ‖m1(x)‖,
m1(x) =

(√
2 (x1 + x2),

√
2x2

)T
, g2(t, x, α) = Q2(x)r2(x), Q2(x) = I,

‖r2(x)‖ ≤ ‖m2(x)‖, m2(x) = (e−3x1, e
−3x2)

T.

The function V (x) is taken with the terms V0(x) =
1

2
(x2

1 +2x2
2), P1(x) =

(x1, 2x2), P2(x) =

(
1/2 0
0 1

)
. Let µi(t) = 1 and σi = exp

(
− 3 +

1

i+ 3

)
,

i ∈ N. Then condition (1) of Theorem 7.6 becomes

D+V (x(t))
∣∣
(7.30)

=
∂V

∂x
(f(x) + g1(t, x, α)) ≤ V (x(t)).

For t = τi, i = 1, 2, . . . , we have

V0(xi + Ii(xi)) +
1

2
σiP1(xi)Q2(xi)Q

T
2 (xi)P

T
1 (xi)

+

{
1

2
σ−1
i + λM (QT

2 (xi)P2(xi)Q2(xi))

}
mT

2 (xi)m2(xi)

≤ exp

(
− 2 +

1

i+ 3

)(
1 +

5

2e
+ exp

(
− 2 +

1

i+ 3

))
V (xi)

= βiV (xi).

Since c1 = −1, we have

−ci +
ln βi

τi+1 − τi
= −1 +

1

i+ 3
+ ln

(
1 +

5

2e
+ e−2− 1

i+2

)
≤ −0.0296.
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By Theorem 7.6 the state x = 0 of system (7.19) with components (7.30)
is robust exponentially stable in the whole.

7.6 Concluding Remarks

The proposed conditions for the stability of motion of impulsive systems
with uncertain parameter values are certain developments of the known suffi-
cient conditions for the stability of nominal impulsive systems, i. e., impulsive
systems without “uncertainties” (see Lakshmikantham, Bainov, and Simeonov
[1989], Samoilenko, Perestyuk [1995] and others). From the Theorem 7.4 one
can obtain some corollaries which are interesting in themselves. For example,

Corollary 7.2 Assume that in the matrix blocks U1(t, x) and U2(τk, x) of
the function (7.2) the elements vij(·) = 0 for all i 6= j and the vector function
V (t, x) = U(t, x)b, V : R+ × S(ρ) → Rm+ , satisfy all the conditions of the
Theorem 7.4 for α ≡ 0. Then the properties of stability of the zero solutions
of the comparison system (7.16) for µ(α) ≡ 0 imply the respective properties
of stability of the zero solution of the system (7.1) at α ≡ 0.

Note that if in the conditions of the Theorem 7.4 the Assumptions 7.1
and 7.2 are omitted and an ordinary vector function is considered, then the
Theorem 7.4 will turn into the known Theorem 3.4.2 from the monograph
by Lakshmikantham, Matrosov, and Sivasundaram [1991].

The system (7.1) includes two classes of uncertain impulsive systems which
are of interest for applications. Class 1 of uncertain impulsive systems (IIS-1)
includes all systems of the form

dx

dt
= f(t, x), t 6= τk,

∆x(τk) = Ik(x(τk), α),
(7.31)

where x ∈ Rn, f ∈ C(R+ ×Rn, Rn), Ik : Rn×Rd → Rn, d ≥ 1, k = 1, 2, . . . .
It is obvious that the system (7.19) describes the evolution of the impulsive
system, when the value of the state vectors at the moments of impulsive action
is known uncertainly.

Class 2 of uncertain impulsive systems (IIS-2) includes all systems of the
form

dx

dt
= f(t, x, α), t 6= τk,

∆x(τk) = Ik(x(τk)),
(7.32)

where x ∈ Rn, f ∈ C(R+ × Rn × Rd, Rn) and Ik : Rn → Rn, k = 1, 2, . . . .
The system (7.20) describes the situation when the discrete component of a
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system does not depend on “uncertainties”, while on the continuity interval
the uncertainties of the state vector of the system are taken into consideration.

The problem of the analysis of dynamic properties of the system (7.20)
presents an open field for research in the theory of impulsive dynamic systems.
For example, for the above mentioned classes of systems it would be interesting
to obtain the results described in Chapter 2 for systems of ordinary differential
equations with uncertain parameter values.



Chapter 8

Stability of Solutions of Uncertain

Dynamic Equations on a Time Scale

Dynamic equations on a time scale are adequate models, for the description
of continuous- and discrete-time processes occurring in many fields of natural
science and technology. It is interesting to analyze the stability of solutions
of this class of equations (systems of equations), because here such conditions
are defined under which a certain dynamic property of solutions not only
occurs in the continuous and discrete-time cases, but also in the time domain
“between” those states.

In this chapter the reader will find the results of the analysis of the stability
of uncertain dynamic equations on the basis of the generalized direct Lyapunov
method.

8.1 Elements of the Analysis on a Time Scale

The necessary information from the mathematical analysis on time scales
is given here in accordance with the article by Bohner and Martynyuk [2007].
Further information can be found in Bohner and Peterson [2001] with an
extensive list of references.

A time scale T is an arbitrary nonempty closed subset of a set of real
numbers R. Examples of a time scale are: the set R, integers Z, natural
numbers N, and nonnegative natural numbers N0. The most common time
scales are T = R for a continuous system s, T = Z for discrete systems, and
T = qN0 = {qn : n ∈ N0}, where q > 1, for quantum analysis.

For any t ∈ T the function of a jump forward (backward) is determined
by the relations

σ(t) = inf{s ∈ T : s > t}

(respectively ρ(t) = sup{s ∈ T; s < t}).
Using the operators σ : T → T and ρ : T → T the current values of {t}

on a time scale T are classified as follows: if σ(t) = t (ρ(t) = t), then the
point t ∈ T is called right-(left-)dense; if σ(t) > t (ρ(t) < t), then the point
t ∈ T is called right-(left-)scattered. It is assumed here that inf ∅ = sup T

159
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(i. e. σ(t) = t, if T contains the maximal element t) and sup ∅ = inf T (i. e.,
ρ(t) = t, if T contains the minimum element t). Along with the set T the
set Tκ is applied.

If T contains the maximal left-scattered m, then Tκ = T \ {m}, in the
other case Tκ = T. Therefore

T
κ =

{
T \ (ρ(sup T), sup T], if sup T <∞,

T, if sup T = ∞.

The distance from an arbitrary element t ∈ T to the element next to it is
called the granularity of the time scale T and is determined by the formula

µ(t) = σ(t) − t.

If T = R, then σ(t) = t = ρ(t) and µ(t) = 0; if T = Z, then σ(t) = t + 1,
ρ(t) = t− 1 and µ(t) = 1.

While considering equations on time scales, sometimes one applies the
principle of induction on the time scale T. According to the monograph by
Bohner and Peterson [2001], this principle is stated as follows.

Theorem 8.1 Assume that t0 ∈ T and {S(t) : t ∈ [t0,∞)} is some family of
statements satisfying the following conditions:

(1) the statement S(t) holds at t = t0;

(2) if t ∈ [t0,∞) is right-scattered, and S(t) holds, then S(σ(t)) holds, too;

(3) if t ∈ [t0,∞) is right-dense, and S(t) holds, then there exists a neigh-
borhood W of the value t, such that S(s) holds for all s ∈ W ∩ (t,∞);

(4) if t ∈ (t0, ∞) is left-dense, and S(s) holds for all s ∈ [t0, t), then S(t)
holds.

Then S(t) holds for all t ∈ [t0,∞).

Now consider the function f : T → R and determine its ∆-derivative in
the point t ∈ Tκ.

Let f : T → R and the function f be determined for all t ∈ Tκ. The
function f is called ∆-differentiable in the point t ∈ Tκ, if there exists such
γ ∈ R, that for any ε > 0 and W -neighborhood t ∈ Tκ the inequality

|[f(σ(t)) − f(s)] − γ[σ(t) − s]| < ε|σ(t) − s|

would hold for all s ∈W . In this case denote f∆(t) = γ.
If the function f(t) is ∆-differentiable at any t ∈ Tκ, then f : T → R is

∆-differentiable on Tκ.
Some useful relations for the derivative of the function f(t) are contained

in the following statement.
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Theorem 8.2 Assume that f : T → R and t ∈ Tκ. Then the following state-
ments hold true:

(1) if f differentiable in the point t, then it is continuous in the point t;

(2) if f is continuous in t and t is right-scattered, then f is differentiable in
the point t with the derivative

f∆(t) =
f(σ(t)) − f(t)

µ(t)
;

(3) if t is right-dense, then the function f is differentiable in the point t if,
and only if, there exists a limit

lim
s→t

f(t) − f(s)

t− s
,

which is a finite number, and in this case

f∆(t) = lim
s→t

f(t) − f(s)

t− s
;

(4) if f is differentiable in the point t ∈ Tκ, then f(σ(t)) = f(t)+µ(t)f∆(t).

Note that if T = R, then f∆(t) = f ′(t), which is the Euler derivative of
the function f(t), and if T = Z, then f∆(t) = ∆f(t) = f(t + 1) − f(t), i. e.,
we obtain the first difference for the function f(t).

Theorem 8.3 Assume that the functions f, g : T → R are differentiable in
the point t ∈ Tκ. Then the following statements hold true:

(1) the sum f + g : T → R is differentiable in the point t ∈ T
κ and

(f + g)∆(t) = f∆(t) + g∆(t);

(2) for any constant α the expression αf : T → R is differentiable in the
point t ∈ Tκ and (αf)∆(t) = αf∆(t);

(3) the product of the two functions fg : T → R is differentiable in the point
t ∈ Tκ and

(fg)∆(t) = f∆(t)g(t) + f(σ(t))g∆(t) = f(t)g∆(t) + f∆(t)g(σ(t));

(4) if f(t)f(σ(t)) 6= 0 for all t ∈ Tκ, then the function 1/f is differentiable
in the point t ∈ T

κ and

(
1

f

)∆

(t) = − f∆(t)

f(t)f(σ(t))
;
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(5) if g(t)g(σ(t)) 6= 0 for all t ∈ Tκ, then the expression f/g is differentiable
in the point t ∈ Tκ and

(
f

g

)∆

(t) =
f∆(t)g(t) − f(t)g∆(t)

g(t)g(σ(t))
.

Consider functions integrable on the time scale T. The function f : T → R

will be called ordered on T if, and only if, there exist right side and left side
limits in all right-dense (rd) and left-dense (ld) points T respectively.

The function f : T → R is rd-continuous if it is continuous in the right-
dense points of the scale T and there exists a left side limit in the left-dense
points of the scale T. The set of all rd-continuous functions f : T → R is
denoted by Crd = Crd(T) = Crd(T,R).

Theorem 8.4 Assume that f : T → R. Then the following statements hold:

(1) if f is continuous on T, then it is rd-continuous on T;

(2) if f is rd-continuous on T, then it is ordered on T;

(3) the function σ : T → T is rd-continuous;

(4) if f is ordered or rd-continuous on T, then f(σ(t)) has the same prop-
erties on T;

(5) if f : T → R is continuous and g : T → R is ordered and rd-continuous,
then the function f(g(t)) is ordered or rd-continuous respectively.

Some function F : T → R with the derivative F∆(t) = f(t) is ∆-antide-
rivative of the function f(t). Then for any a, b ∈ T the following integral is
determined: ∫ b

a

f(t)∆t = F (b) − F (a).

Any rd-continuous function f : T → R has an ∆-antiderivative.
If f∆(t) ≥ 0 on [a, b] and s, t ∈ T, a ≤ s ≤ t ≤ b, then

f(t) = f(s) +

t∫

s

f∆(τ)∆τ ≥ f(s),

i. e., the function f(t) is increasing on T.
Some properties of the integration on T are contained in the following

statement.

Theorem 8.5 Let a, b, c ∈ T, α ∈ R and the functions f, g ∈ Crd(T). Then

(i)
b∫
a

[f(t) + g(t)]∆t =
b∫
a

f(t)∆t+
b∫
a

g(t)∆t;
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(ii)
b∫
a

αf(t)∆t = α
b∫
a

f(t)∆t;

(iii)
b∫
a

f(t)∆t = −
a∫
b

f(t)∆t;

(iv)
b∫
a

f(t)∆t =
c∫
a

f(t)∆t+
b∫
c

f(t)∆t;

(v)
b∫
a

f(σ(t))g∆(t)∆t = f(b)g(b) − f(a)g(a) −
b∫
a

f∆(t)g(t)∆t;

(vi)
a∫
a

f(t)∆t = 0;

(vii)
σ(t)∫
t

f(τ)∆τ = µ(t)f(t), t ∈ T
k;

(viii) if |f(t)| ≤ g(t) on [a, b), then

∣∣∣∣
b∫
a

f(t)∆t

∣∣∣∣ ≤
b∫
a

g(t)∆t;

(ix) if f(t) ≥ 0 for all a ≤ t < b, then
b∫
a

f(t)∆t ≥ 0.

Now we advance to the rules of ∆-differentiation of a complex function.
Remember that if f, g : R → R, then

(f ◦ g)′(t) = f ′(g(t))g′(t).

Theorem 8.6 Let g : R → R be continuous, g : T → R ∆-differentiable on
Tk and f : R → R continuously differentiable. Then there exists c from the
interval [t, σ(t)], such that

(f ◦ g)∆(t) = f ′(g(c))g∆(t).

Below find the rule of ∆-differentiation of a complex function (f ◦ g)∆,
where g : T → R, and f : R → R.

Theorem 8.7 Let the function f : R → R be continuously differentiable and
the function g : T → R be ∆-differentiable. Then (f ◦ g) : T → R is ∆-
differentiable and the following representation holds true:

(f ◦ g)∆(t) =

{ 1∫

0

f ′(g(t) + hµ(t)g∆(t)) dh

}
g∆(t).
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If supT = ∞, then the improper integral is determined by the formula

∞∫

a

f(t)∆t = lim
b→∞

F (t)
∣∣b
a

for all a ∈ T.
The function f : T → R is called regressive if 1 + µ(t)f(t) 6= 0 for all

t ∈ Tκ, and positively regressive if 1 + µ(t)f(t) > 0 for all t ∈ T.
For the operation ⊕ defined by the expression

(p⊕ q)(t) = p(t) + q(t) + µ(t)p(t)q(t), t ∈ T,

the pair (R,⊕) is an Abelian group where R is a set of all rd-continuous and
regressive functions f : T → R.

If the operation ⊖ is defined by the relation

⊖p(t) = − p(t)

1 + µ(t)p(t)
,

then p⊖ q = p⊕ (⊖q) on R.
Note that if p, q ∈ R, then ⊖p, ⊖q, p⊕ q, p⊖ q, q ⊖ p ∈ R.
To determine an exponential function on a time scale T the following

notions are required.
For some h > 0 consider the band (see Hilger [1990])

Zh =

{
z ∈ C : − π

h
< Im(z) ≤ π

h

}

and the set

Ch =

{
z ∈ C : z 6= − 1

h

}
.

Let Zh = C0 = Ch, h = 0, be a set of complex numbers.
Then for h ≥ 0 determine the cylindric transformation ξh : Ch → Zh by

the formula

ξh =





1

h
Log(1 + zh), if h > 0,

z, if h = 0,

where Log is the principal logarithmic function. The inverse cylindric trans-
formation ξ−1

h : Zh → Ch is determined by the relation

ξ−1
h (z) =

ezh − 1

h
= (exp zh− 1)h−1.

For the function p ∈ R the exponential function ep(t, s) is determined by the
expression

ep(t, s) = exp

( t∫

s

ξµ(t)(p(τ))∆τ

)
, (s, t) ∈ T × T, (8.1)
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where ξh(z) is the cylindric transformation of the function p(t).
The following properties of the exponential function (8.1) are known (see

Bohner and Peterson [2001]).
Let p, q ∈ R and t, r, s ∈ T. Then:

(i) e0(t, s) ≡ 1 and ep(t, t) ≡ 1;

(ii) ep(σ(t), s) = (1 + µ(t)p(t))ep(t, s);

(iii)
1

ep(t, s)
= e⊖p(t, s);

(iv) ep(t, s) =
1

ep(s, t)
= e⊖p(s, t);

(v) ep(t, s)ep(s, r) = ep(t, r);

(vi) ep(t, s)eq(t, s) = ep⊕q(t, s);

(vii)
ep(t, s)

eq(t, s)
= ep⊖q(t, s);

(viii) if T = R, then ep(t, s) = e
R

t

s
p(τ)dτ , and if p(t) = const, then ep(t, s) =

ep(t−s);

(ix) if T = Z, then ep(t, s) =
t−1∏
τ=s

(1 + p(τ));

(x) if T = hZ, h > 0 and p = const, then ep(t, s) = (1 + hp)
(t−s)

h .

On the basis of the exponential function (8.1), the formula of the variation
of constants has the following form.

Let f be an rd-continuous function on T and p ∈ R. Then the unique
solution of the initial problem

x∆(t) = −p(t)x(σ(t)) + f(t), x(t0) = x0, (8.2)

where t0 ∈ T and x0 ∈ R, is expressed by the formula

x(t) = e⊖p(t, t0)x0 +

t∫

t0

e⊖p(t, τ)f(τ)∆τ.

For the functions f and p determined for the problem (8.2), the unique
solution of the problem

x∆(t) = p(t)x(t) + f(t), x(t0) = x0,

where t0 ∈ T and x0 ∈ R, are expressed by the formula

x(t) = ep(t, t0)x0 +

t∫

t0

ep(t, σ(τ))f(τ)∆τ.
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8.2 Theorems of the Direct Lyapunov Method

The generalized direct Lyapunov method for the analysis of the stability
of the motion of uncertain systems with a finite number of degrees of freedom,
which was developed in Chapter 2, applies to the class of uncertain systems
of dynamic equations on time scales.

On a time scale T consider the following subsets:

A = {t ∈ T : t left-dense and right-scattered};
C = {t ∈ T : t left-scattered and right-dense}.

Denote the Euler derivative of the state vector of the system x(t) ∈ Rn, t ∈
T, by ẋ(t), if it exists.

Consider the system of dynamic equations of perturbed motion

x∆(t) = f(t, x(t), α), x(t0) = x0, (8.3)

where

x∆(t) =





x(σ(t)) − x(t)

µ(t)
, if t ∈ A ∪ C,

ẋ(t) in the other points,

x ∈ Rn, f : T × Rn → Rn. Make the following assumptions regarding the
system (4.1).

H1. The vector-function F (t) = f(t, x(t), α) satisfies the condition F ∈
Crd(T), if x is a differentiable function with its values in N , N ⊂ Rn is an
open connected neighbourhood of the state x = 0.

H2. The vector-function f(t, x, α) is component-wise regressive, i. e.,

eT + µ(t)f(t, x, α) 6= 0 for all t ∈ [t0,∞), where eT = (1, . . . , 1)T ∈ R
n.

H3. f(t, x, α) = 0 for all t ∈ [t0,∞) if, and only if, x = 0.

H4. On the set S ⊂ T × N the vector-function f(t, x) is bounded and
satisfies the Lipschitz condition.

Let a function r(α) > 0 be specified, such that r(α) → r0 (r0 = const) at
‖α‖ → 0 and r(α) → +∞ at ‖α‖ → ∞. In the normalized space (Rn, ‖ · ‖)
consider the moving set

A(r) = {x ∈ R
n : ‖x‖ = r(α)} (8.4)

and assume that at any (α 6= 0) ∈ R
d the set A(r) is nonempty.

For the system of dynamic equations (8.3) it makes sense to consider the
stability of solutions with respect to the moving set (8.4) and/or to the equi-
librium state x = 0.

Remember some definitions.
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Definition 8.1 The equilibrium state x = 0 of the system (8.3):

(a) is stable, if for any solution x(t, α) = x(t; t0, x0, α) there exists a com-
parison function of the K-class, such that

‖x(t; t0, x0, α)‖ ≤ ψ(‖x0‖)

for all t ∈ T, t > t0 and at any α ∈ S;

(b) is asymptotically stable, if it is stable in the sense of the definition 8.1(a)
and there exists δ0 > 0 such that

lim
t→∞

‖x(t; t0, x0, α)‖ = 0

for ‖x0‖ < δ0 and for all α ∈ S.

Definition 8.2 Motions of the system (8.3) are stable with respect to the
moving set A(r), if for the given r(α), ε > 0 and t0 ∈ T there exists δ(t0, ε) > 0
such that under the initial conditions

r(α) − δ < ‖x0‖ < r(α) + δ

the solutions x(t, α) satisfy the two-way estimate

r(α) − ε < ‖x(t, α)‖ < r(α) + ε

for all t ∈ T and any α ∈ S.

The definitions of the uniform stability, attraction, and asymptotic stabil-
ity with respect to the moving set (8.4) are formulated, taking into account
the Definitions 8.2 and 2.2–2.4.

As an auxiliary function for the analysis of the stability of the state x = 0
of the system (8.3) we will use the matrix-valued function

U(t, x) = [vij(t, x)], i, j = 1, . . . ,m, (8.5)

where vii(t, x) : T × Rn → R+ at i = 1, . . . ,m and vij(t, x) : T × Rn → R at
i 6= j, i, j = 1, . . . ,m.

Assume that the elements vij(t, x) of the function (8.5) satisfy the condi-
tions:

(a) vij(t, x) is continuously differentiable with respect to x for all t ∈ T;

(b) vij(t, x) = 0 for all t ∈ T, if only x = 0;

(c) vij(t, x) = vji(t, x) for all t ∈ T and i, j = 1, . . . ,m.

On the basis of the function (8.5) we construct a scalar function

V (t, x, θ) = θTU(t, x)θ, θ ∈ R
m
+ , (8.6)

which is the principal one in the generalized Lyapunov method.
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Definition 8.3 The matrix-valued function (8.5) is called:

(a) positive- (negative-) semidefinite on T × N , N ⊂ Rn, if V (t, x, θ) ≥ 0
(V (t, x, θ) ≤ 0) for all (t, x, θ) ∈ T ×N × Rm+ respectively;

(b) positive-definite on T × N, N ⊂ Rn, if there exists a function a ∈ K-
class, such that V (t, x, θ) ≥ a(‖x‖) for all (t, x, θ) ∈ T ×N × Rm+ ;

(c) decreasing on T × N , if there exists a function b ∈ K-class, such that
V (t, x, θ) ≤ b(‖x‖) for all (t, x, θ) ∈ T ×N × Rm+ ;

(d) radially unbounded on T × N , if V (t, x, θ) → +∞ for ‖x‖ → +∞, and
(t, x, θ) ∈ T ×N × Rm+ .

Proposition 8.1 The matrix-valued function U : T × Rn → Rm×m is
positive-definite on T if, and only if, the function (8.5) can be represented
in the form

θTU(t, x)θ = θTU+(t, x)θ + a(‖x‖), t ∈ T,

where U+(t, x) is a positive-semidefinite matrix-valued function and a belongs
to the K-class.

Proposition 8.2 The matrix-valued function U : T × Rn → Rm×m is de-
creasing on T if, and only if, the function (8.6) can be represented in the
form

θTU(t, x)θ = θTU−(t, x)θ + b(‖x‖), t ∈ T,

where U−(t, x) is a negative-semidefinite matrix-valued function and b belongs
to the K-class.

Now we will use the expression of the full ∆-derivative of the function (8.5)
along solutions of the system (8.3). We will determine it as follows:

V ∆(t, x, θ) = θTU∆(t, x)θ, θ ∈ R
m
+ , t ∈ T,

where U∆(t, x) is calculated element by element according to the formula

U∆(t, x) = U∆(t, x(t)) = U∆
t (t, x(σ(t)))

+ f(t, x)

1∫

0

Ux(t, x(t) + hµ(t)f(t, x)) dh,

where U∆
t is a ∆-derivative of the matrix-valued function with respect to t,

U ′
x is an ordinary partial derivative with respect to x.

In a particular case, when

x∆ = A(α)x, α ∈ S,
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for the function V (t, x, θ) = xTx, x ∈ Rn, we obtain

V ∆(t, x, θ) = (xTx)∆(t) = xT(t)x∆(t) + xT∆(t)x(σ(t))

= xT(t)
(
AT(α) ⊕A(α)

)
x(t),

AT(α) ⊕A(α) = AT(α) +A(α) + µ(t)AT(α)A(α).

Now formulate the statements about the stability of the equilibrium state
x = 0 of the uncertain system (8.3).

Theorem 8.8 Assume that the vector-function f(t, x, α) in the system (8.3)
satisfies the assumptions H1–H4 on T ×N × S, and there exist:

(1) a matrix-valued function U : T×N → Rm×m and a vector θ ∈ Rm+ such
that the function V (t, x, θ) = θTU(t, x)θ is locally Lipschitz with respect
to x for all t ∈ T;

(2) comparision functions ψi1, ψi2, ψi3 ∈ K-class and (m × m)-matrices
Aj, j = 1, 2, such that for all (t, x) ∈ T ×N

(a) ψT
1 (‖x‖)A1ψ1(‖x‖) ≤ V (t, x, θ),

(b) V (t, x, θ) ≤ ψT
2 (‖x‖)A2ψ2(‖x‖),

(c) (m×m)-matrix A3 = A3(t, α) such that

V ∆(t, x, θ) ≤ ψT
3 (‖x‖)A3ψ3(‖x‖)

for all (t, x) ∈ T ×N and for all α ∈ S,

(d) (m×m)-matrix Ā3 such that

1

2
[AT

3 (t, α) +A3(t, α)] ≤ Ā3

for all α ∈ S.

Then, if the matrices A1 and A2 are positive-definite and the matrix Ā3 is
negative-semidefinite, then the state x = 0 of the system (8.3) is stable under
the conditions 2(a), 2(b), 2(d) and uniformly stable under the conditions 2(a)–
2(d).

Proof From the fact that A1 and A2 are positive-definite matrices it follows
that λm(A1) > 0 and λM (A2) > 0, where λm(A1) and λM (A2) are the min-
imum and the maximal eigenvalues of the matrices A1 and A2, respectively.
Taking this into account, we represent the estimates (a), (b) from the condi-
tion 2 of the Theorem 8.1 in the form

λm(A1)ψ̄1(‖x‖) ≤ V (t, x, θ) ≤ λM (A2)ψ̄2(‖x‖)

for all (t, x) ∈ T ×N , where ψ̄1, ψ̄2 ∈ K-class, such that

ψ̄1(‖x‖) ≤ ψT
1 (‖x‖)ψ1(‖x‖), ψ̄2(‖x‖) ≥ ψT

2 (‖x‖)ψ2(‖x‖)
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for all x ∈ N .
Let ε > 0 and S(t); there exists δ = δ(ε) > 0 such that the condition

‖x0‖ < δ implies ‖x(t; t0, x0)‖ < ε.
Let

S∗ = {t ∈ [t0,∞) : S(t) not true}.
Let us show that under the conditions of the Theorem 8.1 the set S∗ =
∅. Assume the opposite, i. e. S∗ 6= ∅. From the fact that S∗ is closed and
nonempty it follows that inf S∗ = t∗ ∈ S∗. Prove that the statement S(t∗) is
true. Let t∗ = t0, then S(t0) be true, since ‖x(t0; t0, x0)‖ < ε at ‖x0‖ < ε and
x(t0; t0, x0) = x0 for all α ∈ S.

Then, let t∗ 6= t0. Prove that S(t∗) in this case, too. Indeed, choose δ1 =
δ1(ε) so that λM (A2)ψ̄2(δ1) < λm(A1)ψ̄1(ε).

Now let δ = min(ε, δ1) such that

‖x(t∗; t0, x0)‖ ≥ ε and ‖x(t; t0, x0)‖ < ε

at t ∈ [t0, t
∗) and ‖x0‖ < δ. From the conditions 2(c), 2(d) of the Theorem

8.1 we obtain
V ∆(t, x, θ) ≤ λM (Ā3)ψ̄3(‖x‖) ≤ 0

for all (t, x, θ) ∈ T ×N × Rm+ . Hence at t = t∗ we obtain

λm(A1)ψ̄1(ε) = λm(A1)ψ̄1(‖x(t∗; t0, x0)‖) ≤ V (t∗, x(t∗), θ) ≤
≤ V (t0, x0, θ) < λM (A2)ψ̄2(δ)

(8.7)

at ‖x0‖ < δ. From (8.7) it follows that S(t∗) is true, so that t∗ 6∈ S∗. Therefore
S∗ = ∅.

The Theorem 8.8 is proved.

Corollary 8.1 Let the vector function f in the system (8.3) satisfy the as-
sumptions H1–H4 (Section 8.2) on T × N × S and let there exist at least
one pair of indices (p, q) ∈ [1,m] for which (vpq(t, x) 6= 0) ∈ U(t, x) and the
function V (t, x, θ) = eTU(t, x)e = V (t, x) for all (t, x) ∈ T × N satisfies the
conditions:

(a) ψ1(‖x‖) ≤ V (t, x);

(b) V (t, x) ≤ ψ2(‖x‖);

(c) V ∆(t, x)|(8.3) ≤ 0 for all α ∈ S,

where ψ1, ψ2 are comparison functions of the K-class.
Then the state x = 0 of the uncertain system (8.3) is stable under the

conditions (a) and (c) and uniformly stable under the conditions (a)–(c).

Theorem 8.9 Assume that the vector-function f(t, x, α) in the system (8.3)
satisfies the conditions H1–H4 on T ×N × S and there exist:
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(1) a matrix-valued function U : T × Rn → Rm×m and a vector θ ∈ Rm+

such that the function V (t, x, θ) = θTU(t, x)θ is locally Lipschitz with
respect to x for all t ∈ T;

(2) the comparison functions ψi1, ψi2, ψi3 ∈ K-class and (m ×m)-matrices
Bj, j = 1, 2, 3, such that:

(a) ψT
1 (‖x‖)B1ψ1(‖x‖) ≤ V (t, x, θ),

(b) V (t, x, θ) ≤ ψT
2 (‖x‖)B2ψ2(‖x‖) for all (t, x, θ) ∈ T ×N × Rm+ ;

(c) (m×m)-matrix B3 = B3(t, α) such that

V ∆(t, x, θ) ≤ ψT
3 (‖x‖)B3ψ3(‖x‖) + w(t, ψ3(‖x‖), α)

for all (t, x, α) ∈ T×N ×S, where the function w(t, ·) satisfies the
condition

lim
|w(t, ψ3(‖x‖), α)|

‖ψ3‖
= 0 at ‖ψ3‖ → 0 (8.8)

uniformly with respect to t ∈ T for all α ∈ S;

(d) (m×m)-matrix B̄3 such that

1

2
[BT

3 (t, α) +B3(t, α)] ≤ B̄3

for all α ∈ S.

Then if the matrices B1 and B2 are positive-definite and the matrix B̄3 is
negative-definite, then:

(a) under the conditions 2(a), 2(c) the state x = 0 of the system (8.3) is
asymptotically stable on T;

(b) under the conditions 2(a)–2(c) the state of the system (8.3) is uniformly
asymptotically stable on T.

Proof Since the matrices B1 and B2 are positive-definite, we transform the
inequalities 2(a), (b) of the Theorem 8.9 to the form

λm(B1)η1(‖x‖) ≤ V (t, x, y) ≤ λM (B2)η2(‖x‖).

This two-way inequality holds for all (t, x) ∈ T×N , where λm(B1) > 0 and
λM (B2) > 0 with the comparison functions η1, η2 ∈ K-class, which satisfy
the inequalities

η1(‖x‖) ≤ ηT
1 (‖x‖) η1(‖x‖), η2(‖x‖) ≤ ηT

2 (‖x‖) η2(‖x‖)

for all x ∈ N .
Let S1(t) be given; the state x = 0 of the system (8.3) is uniformly stable
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and there exists ε > η > 0 such that for any δ0 > 0 there exists τ > 0 such
that from the conditions t0 ∈ T, ‖x0‖ < η it follows that ‖x(t; t0, x0)‖ < δ0
for all t ≥ t0 + τ . Apply the reasoning similar to that used in the proof of the
Theorem 8.8. Namely, let

S∗
1 = { t ∈ [t0,∞) : S1(t) not true}.

Show that under the conditions of the Theorem 8.9 the set S∗
1 is empty.

Assume the opposite, i. e. S∗
1 6= ∅. From the fact that the set S∗

1 is closed and
nonempty it follows that inf S∗

1 = t∗ ∈ S∗
1 . Note that at t = t0 the statement

S∗
1 (t) is true, i. e., ‖x(t0; t0, x0)‖ < ε for ‖x0‖ < ε and ‖x(t0; t0, x0)‖ < η at

‖x0‖ < η, since x(t0; t0, x0) = x0. Let t∗ > t0. From the conditions 2(c), (d)
of the Theorem 8.9 it follows that

V ∆(t, x, θ) ≤ 0

for all (t, x) ∈ N and at any α ∈ S. Here, according to the Theorem 8.8, the
state x = 0 of the system (8.3) is uniformly stable. Thus, for the given ε > 0
there exists δ = δ(ε) > 0 such that for any solution x(t; t0, x0) of the uncertain
system (8.3) the condition ‖x(t∗)‖ < δ, t∗ > t0, implies ‖x(t; t∗, x∗)‖ < ε for
t > t∗, where x∗ = x(t∗). Taking into account the condition (8.8), transform
the condition 2 of the Theorem 8.9 to the form

V ∆(t, x, θ) ≤ (1 − β)λM (B∗
3 )η3(‖x‖), (8.9)

where (t, x) ∈ T × N∗, N∗ ⊆ N , 0 < β < 1, λM (B∗
3) < 0, λM (B∗

3) is the
maximal eigenvalue of the matrix B∗

3 and the function η3 belongs to the K-
class and satisfies the inequality η3(‖x‖) ≥ ηT

3 (‖x‖)η3(‖x‖) for all x ∈ N∗.
From the inequality (8.9) we obtain

V ∆(t, x(t), θ) ≤ (1 − β)λM (B∗
3)η3(‖x(t)‖)

for all (t, x(t)) ∈ T ×N∗. Integrating this inequality from t∗ to t, we obtain

V (t, x(t), θ) ≤ v(t∗, x∗, θ) − (1 − β)λM (B∗
3)

t∫

t∗

η3(‖x(s)‖)∆s

≤ λM (B2)η2(‖x∗‖) − (1 − β)λM (B∗
3)

t∫

t∗

η3(‖x(s)‖)∆s.

(8.10)

For the given 0 < η < ε choose δ0 = δ(ε) and

τ(η) = λM (B2)η2(δ0)
/

(1 − β)λM (B∗
3 )η3(δ(η)),

where δ(η) corresponds to δ in the definition of the uniform stability. Show that
‖x(t; t∗, x∗)‖ < δ(η) for all t ∈ [t∗, t∗ + τ ], as soon as t∗ > t0 and ‖x∗‖ < δ0.
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Let this statement be not true. Then there should exist t1 ∈ [t∗, t∗ + τ ] such
that

‖x(t1; t∗, x∗)‖ ≥ δ(η). (8.11)

From the estimate (8.10) and the inequality (8.11) for the values t ∈ [t∗, t∗+τ ]
we obtain

V (t, x(t), θ) ≤ λM (B2)η2(δ0) − (1 − β)λM (B∗
3 )η3(δ(η))(t − t∗).

Hence at t = t∗ + τ we obtain

0 < λm(B1)η1(δ(η) ≤ V (t∗ + τ, x(t∗ + τ), θ)

≤ λM (B2)η2(δ0) − (1 − β)λM (B∗
3 )η3(δ(η))τ(η) = 0.

The obtained contradiction shows that there is no value t1 ∈ [t∗, t∗ + τ ] at
which the inequality (8.11) would hold. Therefore there exists t2 : t∗ ≤ t2 ≤
t∗ + τ such that ‖x(t2; t∗, x∗)‖ < δ(η). From the uniform stability it follows
that ‖x(t)‖ < η for all t ≥ t2 and, in particular, at t ≥ t∗ + τ . Therefore
‖x(t)‖ < η at t ≥ t∗ + τ , as soon as t∗ > t0 and ‖x(t∗)‖ ≤ δ0. Hence S1(t

∗)
is true and t∗ does not belong to S∗

1 . This proves that the state x = 0 of the
uncertain system of dynamic equations (8.3) is asymptotically stable.

Corollary 8.2 Let the vector-function f in the system (8.3) satisfy the
conditions H1–H4 on T × N × S, let there exist at least one pair of in-
dices (p, q) ∈ [1,m], for which (vpq(t, x) 6= 0) ∈ U(t, x), and let the function
V (t, x, θ) = eTU(t, x)e = V (t, x) for all (t, x) ∈ T ×N satisfy the conditions:

(a) ψ1(‖x‖) ≤ V (t, x);

(b) V (t, x) ≤ ψ2(‖x‖);

(c) for all α ∈ S the following inequality holds

V ∆(t, x)|(4.1) ≤ −ψ3(‖x‖) +m(t, ψ3(‖x‖), α)

and

lim
|m(t, ψ3(‖x‖), α)|

ψ3(‖x‖)
at ψ3 → 0 and for all α ∈ S

uniformly with respect to t ∈ T, where ψ1, ψ2, ψ3 are comparison func-
tions of the class K.

Then under the conditions (a) and (c) the state x = 0 of the uncertain system
(8.3) is asymptotically stable, and under the conditions (a)–(c) the state x = 0
of the uncertain system (8.3) is uniformly asymptotically stable.

Theorem 8.10 Assume that the vector-function f(t, x, α) in the system (8.3)
satisfies the conditions H1 −H4 on T × N × S and there exist:
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(1) a matrix-valued function U : T × Rn → Rm×m and a vector θ ∈ Rm+

such that the function V (t, x, θ) = θTU(t, x)θ is locally Lipschitz with
respect to x for all t ∈ T;

(2) ψ1 ∈ K and a symmetrical (m×m)-matrix A1 such that for all (t, x) ∈
T ×N :

(a) ψT
1 (‖x‖)A1ψ1(‖x‖) ≤ V (t, x, θ) and λm(A1) the minimum eigen-

value of the matrix A1,

(b) there exists an (m×m)-matrix C = C(t, α) such that

V ∆(t, x, θ) ≥ ψT
1 (‖x‖)C(t, α)ψ1(‖x‖) + ω(t, ψ1(‖x‖))

for all (t, x) ∈ T ×N and

lim
ψ1→0

ω(t, ψ1)

ψ1
= 0 uniformly with respect to t ∈ T;

(c) a constant (m×m)-matrix C∗ such that

1

2
[CT(t, α) + C(t, α)] ≤ C∗

and at least at one value of α ∈ S the following condition is satisfied
λm(C∗) > 0;

(3) the function λm(C∗)λ−1
m (A1) = p(t) ∈ R and lim inf p(t) > 0 for

t→ ∞.

Then the state x = 0 of the uncertain system (8.3) is unstable.

Proof Under the conditions 2(a), (c) of the Theorem 8.10 the estimate 2(b)
can be represented in the form

V ∆(t, x, θ) ≥ p(t)v(t, x, θ) + ω(t, v(t, x, θ)), (8.12)

where p(t) = λm(C∗)λ−1
m (A1). The comparison equation for the inequality

(8.12) has the form
u∆(t) = p(t)u(t) + ω(t, u(t)) (8.13)

with the condition

lim
u→0

ω(t, u)

u
= 0 uniformly with respect to t ∈ T.

The instability of the state u = 0 of the scalar equation (8.13) implies the
instability of the state x = 0 of the uncertain system (8.3), since v(t) =
v(t, x(t), θ) ≥ u(t) for all t ∈ [t0,∞) ∩ T and at any α ∈ S.

From the condition (3) of the Theorem 8.10 it follows that there exist
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p∗ > 0 and t1 ∈ [t0,∞) ∩ T such that p(t) ≥ p∗ for all t ∈ [t1,∞) ∩ T, and for
any 0 < ε < p∗ there exists δ1 > 0 such that

|ω(t, u)| ≤ ε|u| (8.14)

for all t ∈ [t0,∞)∩T, as soon as |u| < δ1. Assume that the zero solution of the
comparison equation (8.13) is stable on [t0,∞) ∩ T. Here for the given δ1 > 0
one can find 0 < δ2 < δ1 such that u(t) < δ1 for all t ∈ [t1,∞) ∩ T, as soon
as u(t1) < δ2, where u(t) = u(t; t1, u1) is the lower solution of the comparison
equation (8.13). Show that u(t) > 0 on [t0,∞)∩T under the conditions of the
Theorem 8.10. If this is not so, then one can find t2 ∈ [t1,∞) ∩ T such that

u(t2) ≤ 0 and u(t) > 0 for all t ∈ [t1, t2) ∩ T. (8.15)

From the equation (8.13) and the estimate (8.14) obtain

u∆(t) ≥ p(t)u(t) − ε|u(t)| ≥ (p(t) − ε)u(t) ≥ (p∗ − ε)u(t) (8.16)

for all t ∈ [t1, t2) ∩ T. Hence follows that u(t2) > 0, and this contradicts the
assumption (8.15). Therefore u(t) > 0 on [t1,∞) ∩ T and the estimate (8.16)
is true for all t ∈ [t1,∞) ∩ T. In this case from (8.16) we obtain

u(t) = u(t; t1, u1) ≥ ep∗−ε(t, t1)u(t1) (8.17)

for all t ∈ [t1,∞) ∩ T, and this contradicts the fact that u(t) ≤ δ1 for all
t ∈ [t1,∞) ∩ T.

This proves the instability of the state u = 0 of the comparison equation
(8.13), and according to the comparison principle, the state x = 0 of the
uncertain system (8.3) is unstable.

Corollary 8.3 Let the vector-function f in the system (8.3) satisfy the con-
ditions H1–H4 on T × N × S, N ⊆ Rn, there exists at least one pair
(p, q) ∈ [1,m], for which (vpq(t, x) 6= 0) ∈ U(t, x), and the function
V (t, x, e) = eTU(t, x)e = V (t, x) for all (t, x) ∈ T × N satisfies the condi-
tions:

(a) ψ1(‖x‖) ≤ V (t, x), ψ1 ∈ K;

(b) for all α ∈ S the following inequality is true: V ∆(t, x, θ)|(8.3) ≥ ψ3(‖x‖),
ψ3 ∈ K;

(c) the point (x = 0) ∈ ∂L;

(d) V (t, x) = 0 on T × (∂T ∩B∆).

Then the equilibrium state x = 0 of the system (8.3) is unstable.
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8.3 Applications and the Discussion of the Results

Consider the uncertain system of dynamic equations

x∆ = Ax+ g(α, x),

α ∈ S, (8.18)

where, as above, α is a vector or a matrix of uncertain parameters from the
compact set S, and the vector-function g : S × Rn → Rn is known and rd-
continuous on the solutions of the system (8.17), i. e., g(α, x(t)) = G(t) ∈
Crd(T,Rn) for all α ∈ S. Of the nominal system

x∆ = Ax

has a certain type of stability (asymptotic or exponential) and we can con-
struct a Lyapunov function which will help to solve the problem of the stability
of the uncertain system (8.18).

Note that for the system of dynamic equations (8.18) the known Lyapunov
theorem of stability by first approximation is not valid.

In some cases it is acceptable to apply simple Lyapunov functions in the
analysis of the stability of uncertain dynamic equations of the form (8.18).

Example 8.1 Consider the uncertain system

x∆ = f(x, α), α ∈ S, (8.19)

where x(t) ∈ Rn is the vector of the state of the system at a point t ∈ T, the
vector-function f : Rn × S → Rn and f(0, α) = 0 for all α ∈ S.

The uncertain system (8.19) is quadratically stable if there exists a posi-
tive-definite matrix Q ∈ R

n×n such that

fT(x, α)x + xTf(x, α) + µ(t)fT(x, α)f(x, α) ≤ −xTQx (8.20)

for all α ∈ S.
If f(x, α) = A(α)x, then the condition (8.20) takes the form

AT(α) ⊕A(α) ≤ −Q,

where AT(α) ⊕ A(α) = AT(α) + A(α) + µ(t)AT(α)A(α). It is not difficult to
check that the system

x∆ = A(α)x, α ∈ S
will be quadratically stable if

AT(α) ⊕A(α) < 0

for all α ∈ S. In this case for all α ∈ S the simple function V (x) = xTx,
x ∈ Rn is a Lyapunov function.
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Example 8.2 Let the following uncertain system of pseudolinear dynamic
equations be specified:

x∆(t) = [A(t) +D(α, x)] x(t), ‖D(α, x)‖ ≤ β, (8.21)

for all (α, x) ∈ S×N , where β > 0 is some constant. Assume that the nominal
system

x∆(t) = A(t)x(t), x(t0) = x0,

is uniformly exponentially stable, i. e., its fundamental matrix satisfies the
condition

‖Φ(t, t0)‖ ≤ γe−λ(t, t0), (8.22)

where λ, γ > 0 (−λ ∈ R+) and λ is uniformly regressive on T.

Find the estimate of the quantity which bounds the norm of uncertainties
and/or nonlinearity of the system (8.21), at which the property of the uniform
exponential stability remains.

For any initial conditions x(t0) = x0 for t0 ∈ T the solution of the system
(8.21) can be represented in the form

x(t) = Φ(t, t0)x0 +

t∫

t0

Φ(t, σ(s))D(α, x(s))x(s)∆s. (8.23)

Taking into account the estimate (8.22), from the relation (8.23) we obtain

‖x(t)‖ ≤ γe−λ(t, t0) ‖x0‖ +

t∫

t0

γe−λ(t, σ(s))‖D(α, x(s))‖ ‖x(s)‖∆s, (8.24)

for all t ≥ t0. Taking into account the properties of exponential functions,
transform the estimate (8.24) to the form

e−λ(t0, t)‖x(t)‖ ≤ γ‖x0‖ +

t∫

t0

γ‖D(α, x(s))‖e−λ(t0, s)e−λ(s, σ(s))‖x(s)‖∆s

≤ γ‖x0‖ +

t∫

t0

γβ(1 − µ(s)λ)−1e−λ(t0, s) ‖x(s)‖∆s

≤ γ‖x0‖ +

t∫

t0

γβδe−λ(t0, s) ‖x(s)‖∆s, t ≥ t0,

(8.25)
where δ is the constant of the uniform regressivity of λ: 0 < δ−1 < (1−µ(t)λ).

Denote z(t) = e−λ(t0, t)‖x(t)‖ and rewrite the estimate (8.25) in the form
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of the inequality

z(t) ≤ γ‖x0‖ +

t∫

t0

γβδz(s)∆s, t ≥ t0.

Applying Gronwall’s lemma to this inequality, obtain

z(t) ≤ γ‖x0‖ eγβδ(t, t0), t ≥ t0,

and reverting to the estimate ‖x(t)‖, find

‖x(t)‖ ≤ γ‖x0‖ eγβδ(t, t0)e−λ(t, t0), t ≥ t0.

From this estimate it follows that the state x = 0 of the system (8.21) will be
uniformly exponentially stable if −λ⊕γβδ ∈ R+, and for all t ∈ T this expres-
sion will be negative. Note that the product γβδ > 0 is positively regressive,
so that γβδ ∈ R+. Since R+ is a subgroup of R, then −λ⊕ γβδ ∈ R+. Now
find the estimate of β from the condition

−λ < −λ⊕ γβδ < 0 for all t ∈ T.

Simple transformations of this inequality result in the estimate

0 < β <
λ

γδ(1 − µ(t)λ)
for all t ∈ T.

Note that from the condition of the uniform regressivity of λ it follows that
the granularity µ(t) of the time scale T should be bounded, i. e., 0 < µ(t) ≤
δ − 1

δλ
, δ > 1.

Example 8.3 Consider the uncertain quasilinear system of dynamic equa-
tions

x∆(t) = [A(t) +DαE]x(t) + g(α, x(t)), (8.26)

where α ∈ Rp×q, Dα, E are constant matrices of the respective dimensions,
g : S × Rn → Rn.

Assume that the system (8.26) satisfies the following conditions:

(1) the nominal system corresponding to the system (8.26) is uniformly
exponentially stable on T, i. e. for its fundamental matrix the inequality
(8.22) holds true;

(2) there exists a constant 0 < β < +∞ such that

‖DαE‖ ≤ β for all α ∈ S, (8.27)

where S = {(α1, α2, . . . , αr), αi ∈ Rpi×qi , ‖αi‖ ≤ 1};
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(3) the vector-function g(α, x(t)) ∈ Crd(T,Rn) for all α ∈ S satisfies the
estimate

‖g(α, x(t))‖ ≤ ‖E‖ ‖x(t)‖ (8.28)

for all t ∈ T;

(4) the solution x(t) of the system (8.26) is determined for all t ≥ t0 and
rd-continuous on T for all α ∈ S.

Find the estimates of β and ‖E‖, under which the solutions of the uncer-
tain system (8.26) will satisfy the estimate

‖x(t)‖ ≤ γ‖x0‖ e−λ∗(t, t0), (8.29)

where the constants γ, λ∗ > 0 and −λ∗ ∈ R+.
Apply the technique of estimates, similar to that used in the Example 8.2,

and represent the solution of the system (8.26) in the form

x(t) = Φ(t, t0)x0 +

t∫

t0

Φ(t, σ(s)) [DαEx(s) + g(α, x(s))] ∆s (8.30)

for all t ≥ t0. From the conditions of the assumption (1) it follows that there
exist constants γ, λ > 0, −λ ∈ R+, such that

‖Φ(t, t0)‖ ≤ γe−λ(t, t0) (8.31)

for all t ≥ t0. Here −λ is uniformly regressive on T, i. e., there exists δ > 0
such that 0 < δ−1 < (1 − µ(t)λ) for all t ≥ t0.

Taking into account the estimates (8.27), (8.28), and (8.31), from (8.30)
we find

‖x(t)‖ ≤ ‖Φ(t, t0)‖ ‖x0‖ +

t∫

t0

‖Φ(t, σ(s))‖ [‖DαE‖‖x(s)‖ + ‖g(α, x(s))‖] ∆s

≤ γe−λ(t, t0) ‖x0‖ +

t∫

t0

γe−λ(t, σ(s)) [β‖x(s)‖ + ‖E‖ ‖x(s)‖] ∆s

≤ e−λ(t, t0)

[
γ ‖x0‖ +

t∫

t0

γδ(β + ‖E‖)e−λ(t0, s) ‖x(s)‖∆s

]

(8.32)
for all t ≥ t0. Denote z(t) = e−λ(t, t0)‖x(t)‖ and rewrite the inequality (8.32)
in the form

z(t) ≤ γ ‖x0‖ +

t∫

t0

γδ (β + ‖E‖)∆s.
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Applying Gronwall’s inequality to this estimate, we obtain

z(t) ≤ γ‖x0‖eγδ(β+‖E‖)(t, t0) (8.33)

for all t ≥ t0. From the estimate (8.33) it follows that

‖x(t)‖ ≤ γ‖x0‖eγδ(β+‖E‖)(t, t0)e−λ(t, t0)

= γ ‖x0‖ e−λ⊕γδ(β+‖E‖ )(t, t0)
(8.34)

for all t ≥ t0. To obtain an estimate of the form (8.29) for solutions of the
system (8.26), in the inequality (8.34) there should be −λ⊕ γδ(β+‖E‖) ∈ R+

and −λ⊕ γδ(β+‖E‖) < 0. Since γδ(β+‖E‖) > 0, then γδ(β+‖E‖) ∈ R+, and
from the fact that R+ is a subgroup of R it follows that −λ ⊕ γδ(β+ ‖E‖) ∈
R+. Then, from the inequality

−λ < −λ⊕ γδ(β + ‖E‖) < 0

we find

0 < β <
λ

(1 − µ(t)λ)γδ
− ‖E‖. (8.35)

From the fact that β should be bounded for all t ∈ T and for all α ∈ S,
we obtain

‖E‖ < λ

(1 − µ(t)λ)γδ
. (8.36)

Thus, the inequalities (8.35) and (8.36) solve the problem in question, and
the inequalities (8.35) and (8.36) −λ∗ = −λ ⊕ γδ (β + ‖E‖) in the estimate
(8.29).

Note that equations on time scales, even if uncertainties are not taken
into account, have a wider spectrum of dynamic properties as compared both
with ordinary differential equations and difference equations. Here are some
examples.

Example 8.4 Consider the dynamic equations

x∆ = y(x+ y), x(t0) = x0,

y∆ = −x(x + y), y(t0) = y0.
(8.37)

For the function V (x, y) = x2 + y2 at T = R obtain

V̇ (x(t), y(t)) = 0 for all t ∈ R

and
V ∆(x(t), y(t))|(8.37) = µ(t)(x+ y)2(x2 + y2). (8.38)

From (8.38) it follows that the solution x = y = 0 of the system corre-
sponding to (8.37) at T = R is stable, whereas the solution x = y = 0 of the
system (8.37) is unstable at any function with the granularity 0 < µ(t) < +∞.
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Example 8.5 Let a system of dynamic equations be specified:

x∆ = −x− y(x2 + y2), x(t0) = x0,

y∆ = −y + x(x2 + y2), y(t0) = y0.
(8.39)

For the function V (x, y) = x2 + y2 at T = R obtain

V̇ (x(t), y(t)) = −2(x2 + y2) for all t ∈ R (8.40)

and on T

V ∆(x(t), y(t))|(8.39) = −2(x2 + y2) + µ(t)[x2 + y2 + (x2 + y2)3]. (8.41)

From the analysis (8.40) and (8.41) it follows that the solution x = y = 0
of the system corresponding to (8.39) at T = R is asymptotically stable.

If the scale T has the granularity µ(t) = 1, i. e. T = Z, then at the initial
values (x0, y0) from the domain x2

0 + y2
0 < 1 the zero solution of the system

(8.39) will be asymptotically stable on Z. If µ(t) = 2 , which corresponds to
the time scale T = 2N0 = {k0, k0 + 2, k0 + 4, . . . }, then

V ∆(x(t), y(t))|(8.39) = 2(x2 + y2)3

and the equilibrium state x = y = 0 of (8.39) is unstable.





Chapter 9

Singularly Perturbed Systems with

Uncertain Structure

It is well known that the singular perturbation methods on the basis of the
two-time-scale approach are very powerful analyses of large scale systems with
structural perturbations (see Grujić, Martynyuk and Ribbens-Pavella [1984]).

In this chapter we propose some development of the direct Liapunov
method for the given class of systems of equations in terms of auxiliary matrix
valued functions. This allows us to weaken the requirements of the dynamical
properties of the individual subsystems and to extend the variation limits for
the small parameters µi for higher derivatives of the systems of perturbed
motion equations.

The chapter is arranged as follows.

Section 9.1 sets out the method of composition of large-scale systems on
the basic of individual subsystems for the given model of uncertainties.

Sections 9.2 and 9.3 contain the results of development of a new method
of stability and/or instability analysis of large-scale systems under structural
uncertainties.

In Section 9.4. similar problems are discussed for linear singularly per-
turbed systems for uniform and nonuniform time scaling.

In final Section 9.5 two problems of practical importance are considered.
One of the problems relates to absolute stability of large scale Lur’e–Postnukov
systems under structural perturbations and the other deals with gyroscopic
stabilization of orbital apparatus.

9.1 Structural Uncertainties in Singularly
Perturbed Systems

The real systems in which the fast and slow variables can potentially exist
are modelled by means of the systems of equations with small parameters
at higher variables (singularly perturbed systems). The class of systems of
equations under consideration (furtheron designated as F ) is described basing
on the hypotheses below (cf. Grujić, Martynyuk and Ribbens-Pavella [1984]).
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H1. System F consists of q subsystems of ordinary differential equations
with structural uncertainties and r subsystems with structural uncertainties
and small parameters at higher derivatives. The order of fast and slow com-
ponents of the system remains unchanged during all the periods of system F
functioning.

H2. Dynamics of the i-th interconnected subsystem Fi in system F is
described by the equations

dxi
dt

= fi(t, x, y, Pi, Si),

µi
dyi
dt

= gi(t, x, y,M, Pq+i, Sq+i),

where xi ∈ Rni , yi ∈ Rmi , fi and gi are continuous vector-functions of the
corresponding dimensions, µi are small positive parameters, µi ∈ (0, 1] and
M = diag{µ1, . . . , µn}.

H3. Dynamics of the i-th isolated subsystem F̂i in system F is described
by the equations

dxi
dt

= fi(t, x
i, yi, Pi, Si),

µi
dyi
dt

= gi(t, x
i, yi,M, Pq+i, Sq+i),

where xi = (0, 0, . . . , 0, xT
i , 0, 0, . . . , 0)T ∈ Rn, n = n1+n2+· · ·+nq, xi ∈ Rni,

yi = (0, 0, . . . , 0, yT
i , 0, 0, . . . , 0)T ∈ Rm, m = m1 +m2 + · · ·+mr, yi ∈ Rmi .

In the case when q = r, the equations

dxi
dt

= fi(t, x
i, yi, Pi, Si),

0 = gi(t, x
i, yi, 0, Pq+i, Sq+i)

(9.1)

describe the dynamics of the i-th isolated subsystem F̂i0 of system F , and the
equations

dyi
dti

= gi(α, b
i, yi, 0, Pq+i, Sq+i)

characterize the boundary layer of the fast subsystem F̂ti of system F . Here
α ∈ R, bi = (0, . . . , 0, bTi , 0, . . . , 0)T ∈ Rn, bi ∈ Rni, ti = t−t0

µi
and i =

1, 2, . . . , r.

H4. Dynamics of the whole system F is described by the equations

dxi
dt

= fi(t, x, y, Pi, Si), i = 1, 2, . . . , q,

µi
dyi
dt

= gi(t, x, y,M, Pq+i, Sq+i), i = 1, 2, . . . , r,

(9.2)
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where xi ∈ Rni,
q∑
i=1

ni = n, yi ∈ Rmi,
r∑
i=1

mi = m, q + r = s, Pi,

i = 1, 2, . . . , q, are the parametric perturbations, and Si, i = 1, 2, . . . , s,
are the structural matrices of the form Si = [si1Ii, si2Ii, . . . , siN Ii], Ii =
diag{1, 1, . . . , 1} ∈ Rni×ni and sij : R → {0, 1} are structural parameters.
Here µi ∈ (0, 1] and the set of all admissible values of M is designated as

M = {M : 0 < M ≤ I}, I = diag{1, 1, . . . , 1} ∈ Rr×r.

Moreover
Mm = {M : 0 < µi < µim, ∀ i ∈ [1, r]},

where µim is an admissible upper value of µi.
If in the system of equations (9.2) all µi (formally) form a zero set, then

the equations

dxi
dt

= fi(t, x, y, Pi, Si), i = 1, 2, . . . , q,

0 = gi(t, x, y, 0, Pq+i, Sq+i), i = 1, 2, . . . , r,
(9.3)

describe the dynamics of the interconnected degenerated subsystem F0 of
system F , and the equations

dyi
dti

= τigi(α, b, y, 0, Pq+i, Sq+i), i = 1, 2, . . . , r,

characterize the behavior of the interconnected fast subsystem Ft (the bound-
ary layer of system F ).

If the small parameters µi are not mutually connected, then the system F
has r essentially independent time scales ti:

ti =
t− t0
µi

, i = 1, 2, . . . , r.

In this case the time scaling is nonuniform.
The time scales ti can be interconnected through the values τi:

ti
t1

= τi, i = 1, 2, . . . , r, (9.4)

which are variable within certain limits

τi ∈ [τ i, τu], i = 1, 2, . . . , r, (9.5)

where 0 < τ i ≤ τ i <∞, ∀ i ∈ [1, r].
In the case (9.4) and (9.5) the time scaling is uniform and

τi =
µ1

µi
, i = 1, 2, . . . , r.

Obviously, in this case τ1 = τ1 = τ1 = 1.
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Everywhere below it is assumed that the correlations

0 = gi(t, x, y, 0, Pq+i, Sq+i), ∀ (t, x, y) ∈ R×Nx ×Ny,

are satisfied for each pair (P, S) ∈ P × S iff y = 0 and

0 = gi(t, x
i, yi, 0, Pq+i, Sq+i), ∀ (t, xi, yi) ∈ R ×Nx ×Ny,

are satisfied for each pair (P, S) ∈ P × S iff yi = 0.

Therefore systems (9.3) and (9.1) are equivalent to

dxi
dt

= fi(t, x
i, 0, Pi, Si),

dxi
dt

= fi(t, x, 0, Pi, Si) and i = 1, 2, . . . , q,

respectively.

9.2 Tests for Stability Analysis

In the qualitative analysis for the given class of large scale systems, the
question whether different time scales ti are interconnected is of importance.

General purpose of our investigation is to determine conditions under
which stability of zero solution of the initial system is implied by stability
of some independent degenerated subsystems and stability of the indepen-
dent subsystems describing boundary layer with allowance for the qualitative
properties of interconnections between the subsystems.

9.2.1 Non-uniform time scaling

Assume that the correlation q = r is satisfied. Then system (9.2) is repre-
sented as

dxi
dt

= fi(t, x
i, 0, Pi, Si) + f∗

i + f∗∗
i , i = 1, 2, . . . , q,

µi
dyi
dt

= gi(α, b
i, yi, Pq+i, Sq+i) + g∗i + g∗∗i , i = 1, 2, . . . , q,

where

f∗
i = fi(t, x

i, yi, Pi, Si) − fi(t, x
i, 0, Pi, Si),

g∗i = gi(t, x
i, yi,M i, Pq+i, Sq+i) − gi(α, b

i, yi, 0, Pq+i, Sq+i),

f∗∗
i = fi(t, x, y, Pi, Si) − fi(t, x

i, yi, Pi, Si),

g∗∗i = gi(t, x, y,M, Pq+i, Sq+i) − gi(t, x
i, yi,M i, Pq+i, Sq+i).
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Here the functions f∗
i and g∗i describe the connections between equations of

the i-th independent singularly perturbed subsystem (Fi) of the system F , and
the functions f∗∗

i and g∗∗i describe all the remaining connections in system F .
In view of results from Martynyuk and Miladzhanov [2009] we introduce

some assumptions.

Assumption 9.1 There exist

(1) open connected neighborhoods Nix ⊆ Rni, Niy ⊆ Rmi of the states
xi = 0 and yi = 0 respectively;

(2) functions ϕik, ψik of Hahn class K (KR), k = 1, 2, i ∈ [1, q], constants
αij , αij , αi, q+j , αi, q+j , αq+i, q+j , αq+i, q+j , i, j = 1, 2, . . . , q, and the
matrix-function

U(t, x, y,M) =

(
U11(t, x) U12(t, x, y,M)

UT
12(t, x, y,M) U22(t, y,M)

)
(9.6)

where

U11(t, x) = [vij(t, ·)], vii = vii(t, xi),

vij = vji = vij(t, xi, xj), i 6= j = 1, 2, . . . , q;

U22(t, y,M) = [v∗q+i,q+j(t, ·)], v∗q+i,q+i = µivq+i,q+i(t, yi),

v∗q+i,q+j = v∗q+j,q+i = µiµjvq+i,q+j(t, yi, yj), i, j = 1, 2, . . . , q;

U12(t, x, y,M) = [µjvi,q+j(t, xi, yj)], i, j = 1, 2, . . . , q, 2q = s,

such that

(a) αijϕi1(xi)ϕj1(xj) ≤ vij(t, ·) ≤ αijϕi2(xi)ϕj2(xj), ∀ (t, xi, xj) ∈
R×Nix ×Njx, i, j = 1, 2, . . . , q, j ≥ i;

(b) αq+i,q+jψi1(yi)ψj1(yj) ≤ vq+i,q+j(t, ·) ≤ αq+i,q+jψi2(yi)ψj2(yj),
∀ (t, yi, yj) ∈ R×Niy ×Njy , i, j = 1, 2, . . . , q, j ≥ i;

(c) αi,q+jϕi1(xi)ψj1(yj) ≤ vi,q+j(t, ·) ≤ αi,q+jϕi2(xi)ψj2(yj),
∀ (t, xi, yj) ∈ R×Nix ×Njy , i, j = 1, 2, . . . , q.

By means of the matrix-function (9.6) and the constant vector η ∈ Rs+
we introduce the function

v(t, x, y,M) = ηTU(t, x, y,M)η (9.7)

and consider the expressions of the upper right Dini derivative

D+v(t, x, y,M) = ηTD+U(t, x, y,M)η,

D+U(t, x, y,M)
def
= [D+vrk(t, . . . )], r, k = 1, 2, . . . , s.

(9.8)

For the function (9.7) the following assertion holds true.
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Proposition 9.1 Under conditions of Assumption 9.1 for function (9.7) the
bilateral estimate

uT
1A(M)u1 ≤ v(t, x, y,M) ≤ uT

2B(M)u2,

∀ (t, x, y,M) ∈ R×Nx ×Ny ×M,

is satisfied, where

Nx ⊆ N1x ×N2x × . . .×Nqx, Ny ⊆ N1y ×N2y × . . .×Nqy ,

uT
k = (ϕ1k(x1), . . . , ϕqk(xq), ψ1k(y1), . . . ψqk(yq)), k = 1, 2,

A(M) = HTA1(M)H, B(M) = HTA2(M)H,

H = diag{η1, η2, . . . , ηs}, s = 2q,

A1(M) =

(
A11 A12(M)

AT
12(M) A22(M)

)
, A2(M) =

(
A11 A12(M)

A
T

12(M) A22(M)

)
,

A11 = [αij ], αij = αji, A11 = [αij ], αij = αji,

A12(M) = [µjαi,q+j ], A12(M) = [µjαi,q+j ],

A22(M) = [µ∗
ijαq+i,q+j ] αq+i,q+j = αq+j,q+i,

A22(M) = [µ∗
ij ]αq+i,q+j , αq+i,q+j = αq+j,q+i,

µ∗
ij =

{
µi for i = j,

µiµj for i 6= j,
i, j = 1, 2, . . . , q.

Proof Let all conditions of Assumption 9.1 be satisfied. Then for function
(9.7) we have

v(t, x, y,M) =

q∑

i=1

η2
i vii(t, xi) + 2

q∑

i=1

q∑

j=2

ηiηjvij(t, xi, xj)

+

q∑

i=1

η2
q+iµivq+i,q+i(t, yi) + 2

q∑

i=1

q∑

j=2
j>i

ηq+iηq+jµiµjvq+i,q+j

+ 2

q∑

i=1

q∑

j=1

ηiηq+jµjvi,q+j(t, xi, yj) ≥
q∑

i=1

η2
i αiiϕ

2
i1

+ 2

q∑

i=1

q∑

j=2
j>i

ηiηjαijϕi1(xi)ϕj1(xj) +

q∑

i=1

η2
q+iµiαq+i,q+jψ

2
i1(yi)

+ 2

q∑

i=1

q∑

j=2
j>i

ηq+iηq+jµiµjαq+i,q+jψi1(yi)ψj1(yj)

+ 2

q∑

i=1

q∑

j=1

ηiηq+jµjαi,q+jϕi1(xi)ψj1(yj)
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= (ϕ11(x1), . . . , ϕq1(xq), ψ11(y1), . . . , ψq1(yq))
Tdiag{η1, . . . , η2q}

×
(

A11 A12(M)
AT

12(M) A22(M)

)
diag{η1, η2, . . . , η2q}

× (ϕ11(x1), . . . , ϕq1(xq), ψ11(y1), . . . , ψq1(yq)) = uT
1A(M)u1.

The upper estimate is proved in the same manner.

Assumption 9.2 There exist

(1) functions ϕi, ψi of class K (KR), i = 1, 2, . . . , q;

(2) functions vij , vi,q+j , vq+i,q+j , i, j = 1, 2, . . . , q satisfying the conditions
mentioned in Assumption 9.1, and

(a) functions vij(t, xi, xj) are continuous on (R×Nix0 ×Njx0) or on
(R ×Rni ×Rnj );

(b) functions vi,q+j(t, xi, yj) are continuous on (R ×Nix0 ×Njy0) or
on (R ×Rni ×Rmj );

(c) functions vq+i,q+j(t, yi, yj) are continuous on (R × Niy0 × Njy0 )
or on (R×Rmi ×Rmj );

(3) real numbers ραi(P, S), ρβij(P, S), α = 1, 2, . . . , 13, β = 1, 2, . . . , 8,
i, j = 1, 2 . . . , q, and the following conditions are satisfied

(a) η2
iD

+
t vii + η2

i (D
+
xi
vii)

Tfi(t, x
i, 0, Pi, Si) ≤ ρ1i(P, S)ϕ2

i (xi),
∀ (t, xi, P, S) ∈ R×Nix0 × P × S, i = 1, 2, . . . , q;

(b) η2
q+iµiD

+
t vq+i,q+i + η2

q+i(D
+
yi
vq+i,q+i)

Tgi(α, b
i, yi, 0, Pq+i, Sq+i) ≤

ρ2i(P, S)ψ2
i (yi), ∀ (t, yi,M, P, S) ∈ R × Niy0 × M × P × S, i =

1, 2, . . . , q;

(c) η2
i (D

+
xi
vii)

Tf∗
i + η2

q+i(D
+
yi
vq+i,q+i)

Tg∗i + 2ηiηq+i{µiD+
t vi,q+i +

µi(D
+
xi
vi,q+i)

Tfi(t, x
i, yi, Pi, Si) + (D+

yi
vi,q+i)

T ×
gi(t, x

i, yi,M i, Pq+i, Sq+i)} ≤ (ρ3i(P, S) + µiρ4i(P, S))ϕ2
i (xi) +

(ρ5i(P, S) + µiρ6i(P, S))ψ2
i (yi) + 2(ρ7i(P, S) + µiρ8i(P, S)) ×

ϕi(xi)ψi(yi), ∀ (t, xi, yi,M, P, S) ∈ R×Nix0 ×Niy0 ×M×P ×S,

i = 1, 2, . . . , q;

(d)

q∑

i=1

η2
i (D

+
xi
vii)

Tf∗∗
i +

q∑

i=1

η2
q+i(D

+
yi
vq+i,q+i)

Tg∗∗i +

q∑

i=1

2ηiηq+i ×

{
µi(D

+
xi
vi,q+i)

Tf∗∗
i + (D+

yi
vi,q+i)

Tg∗∗i

}
+

q∑

i=1

q∑

j=2
j>i

ηiηj

{
D+
t vij +

(D+
xi
vij)

Tfi(t, x, y, Pi, Si) + (D+
xj
vij)

Tfj(t, x, y, Pj , Sj)
}

+

2

q∑

i=1

q∑

j=2
j>i

ηq+iηq+j

{
µiµjD

+
t vq+i,q+j + µj(D

+
yi
vq+i,q+j)

T ×
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gi(t, x, y,M, Pq+i, Sq+i) + µi(D
+
yj
vq+i,q+j)

T ×

gj(t, x, y,M, Pq+j , Sq+j)
}

+ 2

q∑

i=1

q∑

j=1
j 6=i

ηiηq+j

{
µjD

+
t vi,q+j +

µj(D
+
xi
vi,q+j)

Tfi(t, x, y, Pi, Si) + (D+
yj
vi,q+j)

T ×

gj(t, x, y,M, Pq+j , Sq+j)
}
≤

q∑

i=1

{
(ρ9i(P, S)+µiρ10i(P, S))ϕ2

i (xi)+

(
ρ11i(P, S) + µiρ12i(P, S) + µi

( q∑

j=2
j>i

µj

)
ρ13i

)
ψ2
i (yi)

}
+

2

q∑

i=1

q∑

j=2
j>i

{
(ρ1,i,j(P, S)+µiρ2,i,j(P, S))ϕi(xi)ϕj(xj)+(ρ3,i,j(P, S)+

µiρ4,i,j(P, S)+µiµjρ5,i,j(P, S))ψi(yi)ψj(yj)
}

+2

q∑

i=1

∑

j=1
j 6=i

(ρ6,i,j(P, S)

+ µiρ7,i,j(P, S) + µiµjρ8,i,j(P, S))ϕi(xi)ψj(yj),
∀ (t, x, y,M, P, S) ∈ R×Nx0 ×Ny0 ×N ×P × S, where

Nix0 = {xi : xi ∈ Nix, xi 6= 0}, Niy0 = {yi : yi ∈ Niy, yi 6= 0},
i = 1, 2, . . . , q, 2q = s.

Proposition 9.2 Under conditions of Assumption 9.2 the estimate

D+v(t, x, y,M) ≤ uTG(M,P, S)u,

∀ (t, x, y,M, P, S) ∈ R×Nx0 ×Ny0 ×M×P × S,

is true, where

uT = (ϕ1(1), . . . , ϕq(xq), ψ1(y1), . . . , ψq(yq)),

G(M,P, S) = [σij(M,P, S)], σij = σji, i, j = 1, 2, . . . , s,

σii(M,P, S) = ρ1i(P, S) + ρ3i(P, S) + ρ9i(P, S) + µi(ρ4i(P, S)

+ ρ10i(P, S)), i = 1, 2, . . . , q;

σq+i,q+i(M,P, S) = ρ2i(P, S) + ρ5i(P, S) + ρ11i(P, S)

+ µi

(
ρ6i(P, S) + ρ12i(P, S) +

( q∑

j=2
j>i

µj

)
ρ13i(P, S)

)
,

i = 1, 2, . . . , q;

σi,q+i(M,P, S) = ρ7i(P, S) + µiρ8i(P, S), i = 1, 2, . . . , q;

σij(M,P, S) = ρ1ij(P, S) + µiρ2ij , i = 1, 2, . . . , q, j = 2, 3, . . . , q, j > i;

σq+i,q+j(M,P, S) = ρ3ij(P, S) + µiρ4ij(P, S) + µiµjρ5ij(P, S),

i = 1, 2, . . . , q, j = 2, 3, . . . , q, j > i;
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σi,q+j(M,P, S) = ρ6ij(P, S) + µiρ7ij(P, S) + µiµjρ8ij(P, S),

i, j = 1, 2, . . . , q, i 6= j.

Proof Let all conditions of Assumption 9.2 be satisfied. Then for the expres-
sion (9.8) we have

D+v(t, x, y,M) =

q∑

i=1

{
η2
iD

+
t vii + (D+

xi
vii)

Tfi(t, x
i, 0, Pi, Si)

+ η2
q+iµiD

+
t vq+i,q+i + η2

q+i(D
+
yi
vq+i,q+i)

Tgi(α, b
i, yi, 0, Pq+i, Sq+i)

+ η2
i (D

+
xi
vii)

Tf∗
i + η2

q+i(D
+
yi
vq+i,q+i)

Tg∗i + 2ηiηq+i
(
µiD

+
t vi,q+i

+ µi(D
+
xi
vi,q+i)

Tfi(t, x
i, yi, Pi, Si)

+ (D+
yi
vi,q+i)

Tgi(t, x
i, yi,M i, Pq+i, Sq+i)

)

+ η2
i (D

+
xi
vii)

Tf∗∗
i + η2

q+i(D
+
yi
vq+i,q+i)

Tg∗∗i

+ 2ηiηq+i
(
µi(D

+
xi
vi,q+i)

Tf∗∗
i + (D+

yi
vi,q+i)

Tg∗∗i
)}

+ 2

q∑

i=1

q∑

j=2
j>i

{
ηiηj

(
D+
t vij + (D+

xi
vij)

Tfi(t, x, y, Pi, Si)

+ (D+
xj
vij)

Tfj(t, x, y, Pj , Sj)
)

+ ηq+iηq+j

(
µiµjD

+
t vq+i,q+j

+ µj(D
+
yj
vq+i,q+j)

Tgi(t, x, y,M, Pq+i, Sq+i)

+ µi(D
+
yj
vq+i,q+j)

Tgj(t, x, y,M, Pq+j , Sq+j)
)}

+ 2

q∑

i=1

q∑

j=1
j 6=i

ηiηq+j

{
µjD

+
t vi,q+j + µj(D

+
xi
vi,q+j)

Tfi(t, x, y, Pi, Si)

+ (D+
yj
vi,q+j)

Tgj(t, x, y,M, Pq+j , Sq+j)
}

≤
q∑

i=1

{
ρ1i(P, S) + ρ3i(P, S) + ρ9i(P, S) + µi(ρ4i(P, S)

+ ρ10i(P, S)
}
ϕ2
i (xi) +

q∑

i=1

{
ρ2i(P, S) + ρ5i(P, S) + ρ11,i(P, S)

+ µi

(
ρ6i(P, S) + ρ12(P, S) +

( q∑

j=2
j>i

µj

)
ρ13,i(P, S)

)}
ψ2
i (yi)

+

q∑

i=1

{ρ7i(P, S) + µiρ8i(P, S)}ϕi(xi)ψi(yi)

+ 2

q∑

i=1

q∑

j=2
j>i

{ρ1ij(P, S) + µiρ2ij(P, S)}ϕi(xi)ϕj(xj)
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+ 2

q∑

i=1

q∑

j=2
j>i

{ρ3ij(P, S) + µiρ4ij(P, S) + µiµjρ5ij(P, S)}ψi(yi)ψj(yj)

+ 2

q∑

i=1

q∑

j=1
j 6=i

{ρ6ij(P, S) + µiρ7ij(P, S) + µiµjρ8ij(P, S)}ϕi(xi)ψj(yj)

= uTG(M,P, S)u.

This estimate allows us to state the following.

Theorem 9.1 Let the perturbed motion equations (9.2) be such that all con-
ditions of Assumptions 9.1 and 9.2 are satisfied and

(a) matrix A(M) is positive definite for any µi ∈ (0, µ̃i1) and for
µi → 0, i = 1, 2, . . . , q;

(b) there exists a matrix G(M) which is negative definite for any µi ∈
(0, µ̃i2) and for µi → 0, i = 1, 2, . . . , q, such that for the matrix
G(M,P, S) determined in Proposition 9.2 the estimate

G(M,P, S) ≤ G(M), ∀ (M,P, S) ∈ M×P × S

is satisfied.
Then the equilibrium state (xT, yT)T = 0 of system F is uniformly asymp-

totically stable for any µi ∈ (0, µ̃i) and for µi → 0 on P × S, where
µ̃i = min {1, µ̃i1, µ̃i2}.

If, moreover, Ni1 × Niy = Rni+mi, the functions ϕik, ψik, ϕi, ψi are of
class KR, then the equilibrium state (xT, yT)T = 0 of system F is uniformly
asymptotically stable in the whole for any µi ∈ (0, µ̃i) and for µi → 0 on
P × S.

Proof Under conditions of Assumption 9.1, Proposition 9.1 and condition
(a) of Theorem 9.1 the function v(t, x, y,M) is positive definite for any
µi ∈ (0, µ̃i1) and for µi → 0 it is decreasing on Nix × Niy. Conditions of
Assumption 9.2, Proposition 9.2 and condition (b) of Theorem 9.1 imply that
the expression D+v(t, x, y,M) is negative definite for any µi ∈ (0, µ̃i2) and
for µi → 0 for each (P, S) ∈ P × S.

These conditions are sufficient for uniform asymptotic stability of the equi-
librium state of system (9.2) for any µi ∈ (0, µ̃i) and for µi → 0 on M̃×P×S
since all conditions of Theorem 7 from Chapter 1 of the monograph by Grujić,
et al. [1984] are satisfied.

In the case when Nix×Niy = Rni+mi , the function v(t, x, y,M) is positive
definite, decreasing and radially unbounded. This fact together with the other
conditions of the theorem prove the second statement.

Remark 9.1 From the condition of matrix A(M) positive definiteness and
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matrix G(M) negative definiteness the values µ̃i1 and µ̃i2 are determined
respectively, since µ̃i = min {1, µ̃i1, µ̃i2} is the lower estimate of the upper

bound of the admissible µi so that M̃ = {M : 0 < µi < µ̃i, i = 1, 2, . . . , q}.

Example 9.1 Consider nonlinear and nonstationary 8-th order system con-
sisting of two interconnected 4-th order subsystems described by the equations

dxi
dt

= (1 + sin2 t)(−x3
i + 0.1 y3

i ) + 0.2si1(t)y
3
j cos2 t,

µi
dyi
dt

= (1 + sin2 t)(−y3
i + 0.1µix

3
i ) + 0.2s2+i,1(t)x

3
j cos2 t,

i, j = 1, 2, i 6= j,

(9.9)

where xi = (xi1, xi2)
T ∈ R2, yi = (yi1, yi2)

T ∈ R2, M = diag{µ1, µ2},
M = {M : 0 < µi ≤ 1, i = 1, 2}, sij(t) ∈ [0, 1], i = 1, 2, 3, 4, j = 1, 2 and

Si =

(
1 0 si1(t) 0
0 1 0 si1(t)

)
, i = 1, 2, 3, 4.

For system (9.9) the elements of the matrix-function (9.6) are taken as
follows

vii(xi) = x2
i , v2+i,2+i(yi) = µiy

2
i , vij = v2+i,2+j = vi,2+j = 0

vi,2+i(xi, yi) = 0.1µixiyi, i, j = 1, 2, i 6= j.

Let ηT = (1, 1, 1, 1). Then the matrix

A(M) =

(
A11 A12(M)

A12(M) A22(M)

)
,

where
A11 = diag(1, 1), A22(M) = diag(µ1, µ2),

A12(M) = diag(−0.1µ1, −0.1µ2),

is positive definite for any µi ∈ (0, 1] and for µi → 0, i = 1, 2.

The elements of the matrix G(M) are of the form

σii(M) = −2 + 0.26µi, i = 1, 2;

σ2+i,2+i(M) = −1.8 + 0.06µi, i = 1, 2;

σi,2+i(M) = 0, i = 1, 2; σij(M) = σ2+i,2+j(M) = 0.01µi,

σi,2+j(M) = 0.2(1 + µi), i, j = 1, 2, i 6= j.

Moreover, the matrix G(M) is negative definite for any µi ∈ (0, 1] and for
µi → 0, i = 1, 2. Therefore, by Theorem 9.1 the equilibrium state (xT, yT)T =
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0 ∈ R8 of system (9.9) is uniformly asymptotically stable in the whole on
M×S, , where x = (xT

1 , x
T
2 )T ∈ R4, y = (yT

1 , y
T
2 )T ∈ R4,

S =

{
S : S = diag(S1, S2, S3, S4),

(
1 0 0 0
0 1 0 0

)
≤ Si ≤

(
1 0 1 0
0 1 0 1

)
, i = 1, 2, 3, 4

}
.

9.2.2 Uniform time scaling

In the case of uniform time scaling the system (9.2) is represented as

dxi
dt

= fi(t, x, 0, Pi, Si) + f∗
i , i = 1, 2, . . . , q,

µ1
dyi
dt

= τigi(α, b, y, 0, Pq+i, Sq+i) + τig
∗
i , i = 1, 2, . . . , r,

(9.10)

where
f∗
i = fi(t, x, y, Pi, Si) − fi(t, x, 0, Pi, Si),

g∗i = gi(t, x, y,M, Pq+i, Sq+i) − gi(α, b, y, 0, Pq+i, Sq+i),

and

τi ∈ [τ i, τ i], 0 < τ i < τ i < +∞, τ1 = τ1 = τ1 = 1.

To study system (9.10) we make some assumptions.

Assumption 9.3 There exist

(1) open connected neighborhoods Nix ⊆ Rni and Njy ⊆ Rmj of the states
xi = 0 and yj = 0 respectively;

(2) functions ϕik : Nix → R+, ψjk : Njy → R+, i = 1, 2, . . . , q, j =
1, 2, . . . , r, q + r = s, k = 1, 2, ϕik, ψjk are of class K (KR);

(3) constants αip, αip, αq+j,q+l, αq+j,q+l, αi,q+j , αi,q+j , i, p =
1, 2, . . . , q, j, l = 1, 2, . . . , r, q + r = s, and matrix-function

U(t, x, y, µ1) =

(
U11(t, x) µ1U12(t, x, y)

µ1U
T
12(t, x, y) µ1U22(t, y)

)
, (9.11)

where

U11(t,x) = [vip(t, xi, xp)], vip = vpi, i, p = 1, 2, . . . , q;

U22(t, y) = [vq+i,q+l(t, yj , yl)], vq+j,q+l = vq+l,q+j , j, l = 1, 2, . . . , r;

U12(t, x, y) = [vi,q+j(t, xi, yj)], i = 1, 2, . . . , q, j = 1, 2, . . . , r,

whose elements satisfy the estimates
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(a) αipϕi1(xi)ϕp1(xp) ≤ vip(t, xi, xp) ≤ αipϕi2(xi)ϕp2(xp),

∀ (t, xi, xp) ∈ R×Nix ×Npx, i, p = 1, 2, . . . , q, i ≤ p;

(b) αq+j,q+lψj1(yj)ψl1(yl) ≤ vq+i,q+l(t, yj , yl) ≤ αq+j,q+lψj2(yj) ×
ψl2(yl), ∀ (t, yj , yl) ∈ R×Njy ×Nly , (j ≤ l) ∈ [1, r];

(c) αi,q+jϕi1(xi)ψj1(yj) ≤ vi,q+j(t, xi, yj) ≤ αi,q+jϕi2(xi)ψj2(yj)

∀ (t, xi, yj) ∈ R×Nix ×Njy , i = 1, 2, . . . , q, j = 1, 2, . . . , r,
q + r = s.

Matrix-function (9.11) and constant vector η ∈ Rs+ allow us to construct
an auxiliary function

v(t, x, y, µ1) = ηTU(t, x, y, µ1)η. (9.12)

Alongside function (9.12) we consider the expression of the upper right Dini
derivative

D+v(t, x, y, µ1) = ηTD+U(t, x, y, µ1)η, (9.13)

where

D+U(t, x, y, µ1)
def
=

(
D+U11(t, x) µ1D

+U12(t, x, y)
µ1D

+UT
12(t, x, y) µ1D

+U22(t, y)

)
,

D+U11 = [D+vip(t, ·)], D+U12 = [D+vij(t, ·)],
D+U22 = [D+vjl(t, ·)], i, p = 1, 2, . . . , q; j, l = 1, 2, . . . , r; q + r = s.

Proposition 9.3 Under conditions of Assumption 9.3 the function (9.12)
satisfies the bilateral estimate

uT
1A(µ1)u1 ≤ v(t, x, y, µ1) ≤ uT

2B(µ1)u2,

∀ (t, x, y, µ1) ∈ R×Nx ×Ny ×M,

where

uT
1 = (ϕ11(x1), . . . , ϕq1(xq), ψ11(y1), . . . , ψr1(yr)),

uT
2 = (ϕ12(x1), . . . , ϕq2(xq), ψ12(y1), . . . , ψr2(yr)),

A(µ1) = HTA1(µ1)H, B(µ1) = HTA2(µ1)H, H = diag{η1, . . . , ηs},

A1(µ1) =

(
A11 µ1A12

µ1A
T
12 µ1A22

)
, A2(µ1) =

(
A11 µ1A12

µ1A
T

12 µ1A22

)
,

A11 = [αip], αip = αpi, A11 = [αip], αip = αpi,

A22 = [αq+j,q+l], αq+j,q+l = αq+l,q+j ,

A22 = [αq+j,q+l], αq+j,q+l = αq+l,q+j ,

A12 = [αi,q+j ], A12 = [αi,q+j ],

i, p = 1, 2, . . . , q, j, l = 1, 2, . . . , r, q + r = s.
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The proof of Proposition 9.3 is similar to that of Proposition 9.1.

Proposition 9.4 If in Proposition 9.3 the matrices A11 and A22 are positive
definite, then the function (9.12) is positive definite for any µ1 ∈ (0, µ∗

1) and
for µ1 → 0, where

µ∗
1 = min

{
1,

λm(A∗
11)λm(A∗

22)

λM (A∗
12A

∗T
12 )

}
,

A∗
11 = HT

1 A11H1, A∗
22 = HT

2 A22H2, A∗
12 = H1A12H2,

H1 = diag{η1, η2, . . . , ηq}, H2 = diag{ηq+1, ηq+2, . . . , ηs}.

Proposition 9.4 is proved by the immediate testing.

Assumption 9.4 There exist

(1) open connected neighborhoods Nix ⊆ Rni and Njy ⊆ Rmj of the states
x+ i = 0 and yj = 0 respectively;

(2) functions ϕi, ψj of class K (KR), i = 1, 2, . . . , q, j = 1, 2, . . . , r;

(3) functions vip = vpi, vq+j,q+l = vq+l,q+j , vi,q+j , i, p = 1, 2, . . . , r, j, l =
1, 2, . . . , r, which satisfy the conditions of Assumption 9.3, and

(a) vip(t, xi, xp) ∈ C on (R×Nix0 ×Npx0) or on (R ×Rni ×Rnp);

(b) vq+i,q+l(t, yj , yl) ∈ C on (R×Njy0×Nly0) or on (R×Rmj ×Rml);

(c) vi,q+j(t, xi, yj) ∈ C on (R×Nix0 ×Njy0) or on (R×Rni ×Rmj);

(4) real numbers ραi(P, S), ραip(P, S), ρα,q+j(P, S), ρα,q+j,q+l(P, S),
ρβ,,i,q+j(P, S), α = 1, 2, 3, β = 1, 2, i, p = 1, 2, . . . , q, j, l = 1, 2, . . . , r,
q + r = s, and

(a) η2
iD

+
t vii + η2

i (D
+
xi
vii)

Tfi(t, x, 0, Pi, Si) ≤ ρ1i(P, S)ϕ2
i (xi) +

q∑

p=1
p 6=i

ρ1ip(P, S)ϕi(xi)ϕp(xp), ∀ (t, xi, P, S) ∈ R×Nix0 × P × S,

i = 1, 2, . . . , q;

(b) η2
q+jµ1D

+
t vq+j,q+j + η2

q+jτj(D
+
yj
vq+j,q+j)

Tgj(α, y, 0, Pq+j , Sq+j) ≤

ρ1,q+j(P, S)ψ2
j (yj) +

r∑

l=1
l6=j

ρ1,q+j,q+l(P, S)ψj(yj)ψl(yl),

∀ (t, yj , µj , P, S) ∈ R×Njy0 ×M×P × S, j = 1, 2, . . . , r;

(c)

q∑

i=1

η2
i (D

+
xi
vii)

Tf∗
i +

r∑

j=1

η2
q+jτj(D

+
yj
vq+j,q+j)

Tg∗j +

2

q∑

i=1

q∑

p=2
p>i

ηiηp

{
D+
t vip + (D+

xi
vip)

Tfi(t, x, y, Pi, Si) +
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(D+
xp
vip)

Tfp(t, x, y, Pp, Sp)
}

+ 2

r∑

j=1

r∑

l=2
l>j

ηq+jηq+l

{
µ1D

+
t vq+j,q+l +

τj(D
+
yj
vq+j,q+l)

Tgj(t, x, y,M, Pq+j , Sq+j) + τl(D
+
yl
vq+j,q+l)

T ×

gl(t, x, y,M, Pq+l, Sq+l)
}

+ 2

q∑

i=1

r∑

j=1

ηiηq+j

{
µiD

+
t vv,q+j +

µ1(D
+
xi
vi,q+j)

Tfi(t, x, y, Pi, Si) + τj(D
+
yj
vi,q+j)

T ×

gj(t, x, y,M, Pq+j , Sq+j)
}
≤

q∑

i=1

(ρ2i(P, S) + µ1ρ3i(P, S))ϕ2
i (xi) +

r∑

j=1

(ρ2,q+i(P, S) + µ1ρ3,q+j(P, S))ψ2
j (yj) + 2

q∑

i=1

q∑

p=2
p>i

(ρ2ip(P, S) +

µ1ρ3ip(P, S))ϕi(xi)ϕp(xp) + 2

r∑

j=1

r∑

l=2
l>j

(ρ2,q+j,q+l(P, S) +

µ1ρ3,q+j,q+l(P, S))ψj(yj)ψl(yl) +

q∑

i=1

r∑

j=1

(ρ1,i,q+j(P, S) +

µ1ρ2,i,q+j(P, S))ϕi(xi)ψj(yj),
∀ (t, xi, yj ,M, P, S) ∈ R×Nix0 ×Njy0 ×M×P × S.

Proposition 9.5 Under all conditions of Assumption 9.4 for the expression
(9.13) the estimate

D+v(t, x, y, µ1) ≤ uTCu+ µ1u
TGu,

∀ (t, x, y, µ1, P, S) ∈ R×Nx0 ×Ny0 ×M×P × S, ∀ τj ∈ [τ j , τ j ],

holds where

uT = (ϕ1(x1), . . . , ϕq(xq), ψ1(y1), . . . , ψr(yr)),

C[cij ], cij = cji, G = [σij ], σijσji, i, j ∈ [1, s],

cip = ρ1ip(P , S) + ρ2ip(P , S), σip = ρ3ip(P , S), i, p ∈ [1, q], p > i,

cq+j,q+j = ρ1,q+j(P , S) + ρ2,q+j(P , S),

σq+j,q+j = ρ3,q+j(P , S), j = 1, 2, . . . , r,

cq+j,q+l = ρ1,q+j,q+l(P , S) + ρ2,q+j,q+l(P , S),

σq+j,q+l = ρ3,q+j,q+l(P , S), j, l = 1, 2, . . . , r, j > l,

ci,q+j = ρ1,i,q+j(P , S), σi,q+j = ρ2,i,q+j(P , S),

i = 1, 2, . . . , q, j = 0, r, q + r = s.

Here P, S ∈ S are constant matrices such that

ραi(P, S) ≤ ραi(P , S), ραip(P, S) ≤ ραip(P , S),
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ρα,q+j(P, S) ≤ ρα,q+j(P , S), ρα,q+j,q+l(P, S) ≤ ρα,qj ,q+l(P , S),

ρβ,i,q+i(P, S) ≤ ρβ,i,q+i(P , S), α = 1, 2, 3, β = 1, 2,

i, p = 1, 2, . . . , q, j, l = 1, 2, . . . , r, q + r = s.

Proof of Proposition 9.5 is similar to that of Proposition 9.2.

Proposition 9.6 If in Proposition 9.5 the matrix C is negative-definite and
λM (G) > 0 , then the expression D+v(t, x, y, µ1) defined by (9.13) is negative-
definite for any µ1 ∈ (0, µ∗∗

1 ) and for µ1 → 0 where

µ∗∗
1 = min

{
1, −λM (C)

λM (G)

}
.

The proof of Proposition 9.6 follows from the analysis of the inequality

D+v(t, x, y, µ1) ≤ uTCu+ µ1u
TGu ≤ (λM (C) + µ1λM (G))‖u‖2.

Remark 9.2 If in Proposition 9.6 λM (G) ≤ 0 , then expression (9.13) is
negative definite for any µ1 ∈ (0, 1] and for µ1 → 0.

Theorem 9.2 Let the perturbed motion equations (9.10) be such that all con-
ditions of Assumptions 9.3 and 9.4 are satisfied and

(1) matrices A11 and A22 are positive definite;

(2) matrix C is negative definite;

(3) µ1 ∈ (0, µ̃1), µi = µ1τ
−1
i , τi ∈ [τ i, τ i], i ∈ [1, r] where µ̃1 =

min{µ∗
1, µ

∗∗
1 }.

Then the equilibrium state (xT, yT)T = 0 of system (9.10) is uniformly

asymptotically stable on M̃ × P × S.
If all conditions of the theorem are satisfied for Nix ×Njy = Rni+mj and

functions ϕi, ψj are of class KR, then the equilibrium state (xT, yT)T = 0 of

system (9.10) is uniformly asymptotically stable in the whole on M̃×P ×S,
where M̃ = {M : 0 < µ1 < µ̃1, µi = µ1τ

−1
i , τi ∈ [τ i, τ i], i = 1, 2, . . . , r}.

Proof Under conditions of Assumption 9.3, Proposition 9.3 and conditions
(1) and (3) of Theorem 9.2 the function v(t, x, y, µ1) is positive definite

on M̃ and decreasing on Nx × Ny. Conditions of Assumption 9.4, Proposi-
tion 9.5 and conditions (2) and (3) of Theorem 9.2 imply that the expression

D+v(t, x, y, µ1) is negative definite on M̃ × P × S.
These conditions are sufficient for uniform asymptotic stability of the equi-

librium state (xT, yT)T = 0 of system (9.10) on M̃ × P × S.
In the case when Nix×Njy = Rni+mj the function v(t, x, y, µ1) is positive

definite, decreasing and radially unbounded. This fact together with the other
conditions of Theorem 9.2 proves its second assertion.
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Example 9.2 Consider a nonstationary 4-th order system consisting of two
interconnected 2-nd order subsystems

dxi
dt

=
1

1 + cos2 t

{
− 1 − sin 2t

2
xi + 0.02Si1yi + 0.03Si2yj

}
,

µi
dyi
dt

=
1

1 + cos2 t

{
− 4 − µj sin 2t

2
yi

+ 0.01µi(Sq+i,1xi + Sq+i,2xj)

}
,

i, j = 1, 2; i 6= j,

(9.14)

where t, xi, yi ∈ R, M = {M : 0 < µi < 1, i = 1, 2}, M = diag{µ1, µ2},
τ2 = 1

2 , τ2 = 1, so that τ2 ∈ [12 , 1], Sij = Sij(t) ∈ [0, 1], i, j = 1, 2.

The elements of the matrix-function (9.14) are taken as follows

vii(t, xi) = (1 + cos2 t)x2
i , i = 1, 2,

v2+i,2+i(t, yi) = (1 + cos2 t)y2
i , i = 1, 2,

vip(t, xi, xp)v2+j,2+l(t, yj , yl) = 0, i, j, p, l = 1, 2,

vi,2+j(t, xi, yj) = 0.1(1 + cos2 t)xiyj , i, j = 1, 2.

Let ηT = (1, 1, 1, 1). Then the matrices A11 = A22 = diag{1, 1} are
positive definite and the matrix

A(µ1) =

(
A11 µ1A12

µ1A
T
12 µ1A22

)
, where A12 =

(
−0.2 −0.2
−0.2 −0.2

)

is also positive definite for any µ1 ∈ (0, 1] and for µ1 → 0, , since µ∗
1 =

min{1, 2.5} = 1.

For such choice of the elements of matrix-function (9.11) we have

ρ1i = −1, i = 1, 2; ρ13 = −4; ρ14 = −1; ρ2j = 0, j = 1, 2, 3, 4;

ρ31(S) = 0.01(S31 + S42); ρ32(S) = 0.01(S32 + S42);

ρ33(S) = 0.002S11 + 0.003S22; ρ34(S) = 0.003S12 + 0.002S21;

ρ212(S) = 0; ρ312(S) = 0.01(S31 + S32 + S41 + S42);

ρ234(S) = 0; ρ334(S) = 0.002(S11 + S21) + 0.003(S12 + S22);

ρ113(S) = 0.2 + 0.04S11; ρ213(S) = 0.05 + 0.2S31;

ρ114(S) = 0.1 + 0.06S12; ρ214(S) = 0.05 + 0.1S42;

ρ123(S) = 0.2 + 0.06S22; ρ223(S) = 0.05 + 0.1S32;

ρ124(S) = 0.1 + 0.04S21; ρ224(S) = 0.05 + 0.1S41.
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The matrices C and G consist of the elements

c11 = c22 = c44 = −1, c33 = −4, c12 = 0, c34 = 0,

c13 = 0.24, c14 = 0.16, c23 = 0.26, c24 = 0.14;

σ11 = 0.02, σ22 = 0.02, σ33 = 0.005, σ44 = 0.005,

σ12 = 0.04, σ34 = 0.01, σ13 = 0.25, σ14 = 0.15,

σ23 = 0.15, σ24 = 0.15.

Besides, the matrix C is negative definite and µ∗∗
1 = min{1, 2, 1, . . . } = 1.

So, all conditions of Theorem 9.2 are satisfied, µ̃1 = min{µ∗
1, µ

∗∗
1 } = 1, and

therefore the equilibrium state of system (9.14) is uniformly asymptotically
stable in the whole on M×S.

9.3 Tests for Instability Analysis

9.3.1 Non-uniform time scaling

Instability of solutions is considered in two cases. First, we shall consider
the case of nonuniform time scaling. To this end we need the following as-
sumptions and estimates.

Assumption 9.5 The inequalities of Assumption 9.2 hold true when the in-
equality sign is reversed, i.e., “≤” becomes “≥”.

Proposition 9.7 Under conditions of Assumption 9.5 for the expression
(9.13) the estimate

D+v(t, x, y,M) ≥ uTG(M,P, S)u,

∀ (t, x, y,M, P, S) ∈ R ×Nx0 ×Ny0 ×M×P × S

holds true, where uT and G(M,P, S) are defined in the same way as in Propo-
sition 9.5.

The proof is similar to that of Proposition 9.5.

Theorem 9.3 Let the perturbed motion equations (9.2) be such that all con-
ditions of Assumptions 9.1 and 9.5 are satisfied and

(a) matrices A(M) and B(M) are positive definite for any µi ∈ (0, µ∗
i ) and

for µi → 0, i = 1, 2, . . . , q, where µ∗
i = min {µi1, µi2};

(b) there exists a matrix G(M) which is positive definite for any µi ∈
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(0, µi3) and for µi → 0, i = 1, 2, . . . , q, such that for the matrix
G(M,P, S) defined by Proposition 9.7 the estimate

G(M,P, S) ≥ G(M), ∀ (M,P, S) ∈ M×P × S
is satisfied.

Then the equilibrium state (xT, yT)T = 0 of system (9.2) is unstable for
any µi ∈ (0, µi) and for µi → 0 on P × S, where µi = min {1, µ∗

i , µi3}.
Proof We construct the scalar function v(t, x, y,M) in the same way as in
Section 9.2.1. Under the conditions of Assumption 9.1 and by condition (a) of
Theorem 9.3 the function v(t, x, y,M) is positive definite for any µi ∈ (0, µ∗

i )
and for µi → 0, i = 1, 2, . . . , q, and admits infinitely small upper limits on
Nx × Ny. The conditions of Assumption 9.5, Proposition 9.7 and condition
(b) of Theorem 9.3 imply that the expression D+v(t, x, y,M) is a function
that is positive definite for any µi ∈ (0, µi3) and for µi → 0, for every
(P, S) ∈ P × S. These conditions are known to be sufficient for instability of
the equilibrium state of system (9.2) for any µi ∈ (0, µi) and for µi → 0 on
M×P × S.

Remark 9.3 By the condition of positive definiteness of the matrices A(M),
B(M) and G(M) the values µi1, µi2 and µi3 are determined respectively,
since µi = min {1, µi1, µi2, µi3} is the lower estimate of the upper boundary
of the admissible µi, so that M = {M : 0 < µi < µi, i = 1, 2, . . . , q}.

9.3.2 Uniform time scaling

Assumption 9.6 The inequalities of Assumption 9.4 hold when the inequal-
ity sign is reversed, i.e., “≤” becomes “≥”.

Proposition 9.8 Under all conditions of Assumption 9.6 for the expression
(9.13) the estimate

D+v(t, x, y, µ1) ≥ uTCu+ µ1u
TGu,

∀ (t, x, y, µ1, P, S) ∈ R×Nx0 ×Ny0 ×M×P × S, ∀ τi ∈ [τ i, τ i]

takes place, where uT, C, and G are determined as in Proposition 9.5.

The proof is similar to that of Proposition 9.2.

Proposition 9.9 If in Proposition 9.8 the matrix C is positive definite and
λm(G) < 0, then the expression D+v(t, x, y, µ1) is positive definite for any
µ1 ∈ (0, µ∗∗

1 ) and for µ1 → 0, where µ∗∗
1 = min {1, −λm(C)λ−1

m (G)}.
The proof follows from the analysis of the inequality

D+v(t, x, y, µ1) ≥ uTCu+ µ1u
TGu ≥ (λm(C) + µ1λm(G))‖u‖2.

Remark 9.4 If in Proposition 9.9 λm(G) ≥ 0, then the expression
D+v(t, x, y, µ1) is positive definite for any µ1 ∈ (0, 1] and for µ1 → 0.
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Theorem 9.4 Let the perturbed motion equations (9.2) be such that all con-
ditions of Assumption 9.6 are satisfied and

(1) matrices A11, A22, Ā11, Ā22 and C are positive definite;

(2) µ1 ∈ (0, µ1), µi = µ1τ
−1
i , τi ∈ [τ i, τ i], i ∈ [1, r], where

µ1 = min {µ∗
1, µ

∗∗
1 , λM (Ā∗

11)λM (Ā∗
22)λ

−1
M (Ā∗

12Ā
∗T
12 )},

Ā∗
11 = HT

1 Ā11H, Ā∗
22 = HT

2 Ā22H2, Ā∗
12 = H1Ā12H2,

H1 = diag{η1, η2, . . . , ηq}, H2 = diag{ηq+1, ηq+2, . . . , ηs}.

Then the equilibrium state (xT, yT)T = 0 of system (9.2) is unstable on
M×P × S, where M = {M : 0 < µ1 < µ1, µi = µ1τ

−1
i , i = 1, 2, . . . , q}.

The proof is similar to that of Theorem 9.2

9.4 Linear Systems under Structural Perturbations

9.4.1 Non-uniform time scaling

Consider the linear singularly perturbed system

dxi
dt

= Aixi +

q∑

l=1

(S1
ilAilxl + S2

ilA
′
ilyl), i = 1, 2, . . . , q,

µi
dyi
dt

= Biyi +

q∑

l=1

(µiS
1
q+i,lBilxl + S2

q+i,lB
′
ilyl), i = 1, 2, . . . , q,

(9.15)

where Ai, Si, Ail, A
′
il, Bil and B′

il are constant matrices, all matrices and
vectors are of the corresponding order, and S1

il, S
2
il, S

1
q+i,l and S2

q+i,l are
diagonal matrices, µi ∈ (0, 1], ∀ i = 1, 2, . . . , q. Let

Si =




S1
i1 S1

i2 . . . S1
i,i−1 0 S1

i,i+1 . . . S1
iq

S2
i1 S2

i2 . . . S2
i,i−1 J S2

i,i+1 . . . S2
iq

S1
q+i,1 S1

q+i,2 . . . S1
q+i,i−1 J S1

q+i,i+1 . . . S1
q+i,q

S2
q+i,1 S2

q+i,2 . . . S2
q+i,i−1 J S2

q+i,i+1 . . . S2
q+i,q


 ,

i = 1, 2, . . . , q, S = diag{S1, S2, . . . , Sq}.

The structural set is defined as

S = {S : 0 ≤ Skjl ≤ J, S1
ii = S2

q+i,i = 0, S2
ii = S1

q+i,i = J,

i, l = 1, 2, . . . , q, j = 1, 2, . . . , 2q, k = 1, 2},
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where J is an identity matrix of the corresponding dimensions.

The independent singularly perturbed subsystems corresponding to system
(9.15) are obtained by substitution by xi and yi for x and y

dxi
dt

= Aixi +A′
iiyi, ∀ i = 1, 2, . . . , q,

µi
dyi
dt

= Biyi + µiBiixi, ∀ i = 1, 2, . . . , q.

Construct matrix U(t, x) for system (9.15) with elements

vij(xi, xj) = vji(xi, xj) = xT
i Pijxj , i, j = 1, 2, . . . , q;

vi,q+j(xi, yj) = xT
i Pi,q+jyj , i, j = 1, 2, . . . , q, 2q = s;

vq+i,q+j(yi, yj) = vq+j,q+i(yi, yj) = yT
i Pq+i,q+jyj , i, j = 1, 2, . . . , q,

(9.16)

where Pii, Pq+i,q+j (i 6= j), Pi,q+j are constant matrices.

For functions (9.16) the following estimates are satisfied

(a) λm(Pii)‖xi‖2 ≤ vii(xi) ≤ λM (Pii)‖xi‖2, ∀xi ∈ Nix0 , i ∈ [1, q];

(b) λm(Pq+i,q+i)‖yi‖2 ≤ vq+i.q+i(yi) ≤ λM (Pq+i,q+i)‖yi‖2,

∀ yi ∈ Niy0 , ∀ i = 1, 2, . . . , q;

(c) − λ
1/2
M (PijP

T
ij )‖xi‖ ‖xj‖ ≤ vij(xi, xj) ≤ λ

1/2
M (PijP

T
ij )‖xi‖ ‖xj‖,

∀ (xi, xj) ∈ Nix0 ×Njx0 , ∀ i, j = 1, 2, . . . , q, i 6= j;

(d) − λ
1/2
M (Pq+i,q+j)P

T
q+i,q+j‖yi‖ ‖yj‖ ≤ vq+i,q+j(yi, yj) ≤

λ
1/2
M (Pq+i,q+j)P

T
q+i,q+j‖yi‖ ‖yj‖, ∀ (yi, yj) ∈ Niy0 ×Njy0 ,

∀ i, j = 1, 2, . . . , q, i 6= j;

(e) − λ
1/2
M (Pi,q+jP

T
i,q+j)‖xi‖ ‖yj‖ ≤ vi,q+j(xi, yj) ≤

λ
1/2
M (Pi,q+jP

T
i,q+j)‖xi‖ ‖yj‖, ∀ (xi, yj) ∈ Nix0 ×Njy0 ,

i, j = 1, 2, . . . , q,
(9.17)

where λm(Pii) and λm(Pq+i,q+i) are minimal eigenvalues, λM (Pii) and
λM (Pq+i,q+i) are maximal eigenvalues of matrices Pii and Pq+i,q+i re-

spectively; λ
1/2
M (PijP

T
ij ), λ

1/2
M (Pq+i,q+jP

T
q+i,q+j) and λ

1/2
M (Pi,q+jP

T
i,q+j) are

norms of matrices Pij , Pq+i,q+j and Pi,q+j respectively.

When estimates (9.17) are satisfied for function (9.7) with elements (9.16)
the bilateral inequality

uTA(M)u ≤ v(x, y,M) ≤ uTB(M)u

takes place.
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Here matrices A(M) and B(M) are defined as in Proposition 9.1,

uT = (‖x1‖, ‖x2‖, . . . , ‖xq‖, ‖y1‖, ‖y2‖, . . . , ‖yq‖),
αii = λm(Pii), αq+i,q+i = λm(Pq+i,q+i), αij = −λ1/2

M (PijP
T
ij ),

αq+i,q+j = −λ1/2
M (Pq+i,q+jP

T
q+i,q+j), αi,q+j = −λ1/2

M (Pi,q+jP
T
i,q+j),

αii = λM (Pii), αq+i,q+i = λM (Pq+i,q+i), αij = −αij ,
αq+i,q+j = −αq+i,q+j , αi,q+j = −αi,q+j , ∀ i, j = 1, 2, . . . , q.

Let ηT = (1, 1, . . . , 1) ∈ Rs+, then the expression of total derivative of
function (9.7) with elements (9.16) is

DV (x, y,M) = zTC(S)z + zTG(M,S)z, ∀ (x, y) ∈ Rq ×Rq (9.18)

where
z = (xT

1 , x
T
2 , . . . , x

T
q , y

T
1 , y

T
2 , . . . , y

T
q )T;

C(S) = [cij(S)], i, j = 1, 2, . . . , s;

G(M,S) = [σij(M,S)], i, j = 1, 2, . . . , s; s = 2q.

The elements of the matrix C(S) are

cii(S) = PiAi +AT
i Pii +

i−1∑

l=1

(
PT
li (S

1
liAli)) + (S1

liAli)
TPli

)

+

q∑

l=1

(
Pil(S

1
liAli) + (S1

liAli)
TPT

il

)
, i = 1, 2, . . . , q;

cq+i,q+i(S) = Pq+i,q+iBi +BT
i Pq+i,q+i +

i−1∑

l=1

(
PT
q+l,q+i(S

2
q+l,iB

′
li)

+ (S2
q+l,iB

′
li)

TPq+l,q+i
)

+

q∑

l=i

(
Pq+i,q+l(S

2
q+l,iB

′
li)

+ (S2
q+l,iB

′
li)

TPT
q+i,q+l

)
, i = 1, 2, . . . , q;

cij(S) = cji(S) = PijAj +AT
i Pij +

i−1∑

l=1

(
PT
li (S

1
ljAlj)

+ (S1
ljAlj)

TPlj
)

+

j−1∑

l=i

(
Pil(S

1
ljAlj) + (S1

liAli)
TPlj

)

+

q∑

l=j

(
Pil(S

1
ljAlj) + (S1

liAli)
TPT

jl

)
, i, j = 1, 2, . . . , q, j > i;

cq+i,q+j(S) = cq+j,q+i(S) = 0, i, j = 1, 2, . . . , q, j > i;

ci,q+j(S) = Pi,q+jBj +
i−1∑

l=1

PT
li (S

2
ljA

′
lj) +

q∑

l=i

Pil(S
2
ljA

′
lj)
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+

q∑

l=1

Pi,q+l(S
2
q+l,jB

′
lj), i, j = 1, 2, . . . , q.

The elements of the matrix G(M,S) are

σii(M,S) = µiσ
∗
ii(S), i = 1, 2, . . . , q;

σ∗
ii(S) =

q∑

l=1

(
Pi,q+l(S

1
q+l,iBli) + (S1

q+l,iBli)
TPT

i,q+l

)
, i = 1, 2, . . . , q;

σq+i,q+i(M,S) = µiσ
∗
q+i,q+i(S), i = 1, 2, . . . , q;

σ∗
q+i,q+i(S) =

q∑

l=1

(
(S2
liA

′
li)

TPl,q+i + PT
l,q+i(S

2
liA

′
li)
)
, i = 1, 2, . . . , q;

σij(M,S) = σji(M,S) = µjσ
∗
ij(S), i, j = 1, 2, . . . , q, j > i;

σ∗
ij(S) =

q∑

l=1

(
Pi,q+l(S

1
q+l,jBlj) + (S1

q+l,jBlj)
TPi,q+l

)
, j > i = 1, 2, . . . , q;

σq+i,q+j(M,S) = σq+j,q+i(M,S) = µiσ
∗
q+i,q+j(S) + µjσ

∗∗
q+i,q+j(S),

i, j = 1, 2, . . . , q, j > i;

σ∗
q+i,q+j(S) = Pq+i,q+jBj +

i−1∑

l=1

PT
q+l,q+i(S

2
q+l,jb

′
lj)

+

q∑

l=i

Pq+i,q+l(S
2
q+l,jB

′
lj), i, j = 1, 2, . . . , q, j > i;

σ∗∗
q+i,q+j(S) = BT

i Pq+i,q+j +

j−1∑

l=1

(S2
q+l,iB

′
li)

TPq+l,q+j

+

q∑

l=j

(S2
q+l,iB

′
li)

TPT
q+j,q+l +

q∑

l=1

(
(S2
liA

′
li)

TPl,q+j

+ PT
l,q+j(S

2
liA

′
l;i)
)
, j > i = 1, 2, . . . , q;

σi,q+j(M,S) = µjσ
∗
i,q+j(S) + µiµjσ

∗∗
i,q+j(S), i, j = 1, 2, . . . , q;

σ∗
i,q+j(S) = AT

i Pi,q+j +

q∑

l=1

(S1
liAli)

TPl,q+j , i, j = 1, 2, . . . , q;

σ∗∗
i,q+j(S) =

i−1∑

l=1

PT
q+l,q+i(S

1
q+l,jBlj) +

q∑

l=i

Pq+i,q+l(S
1
q+l,jBlj),

i, j = 1, 2, . . . , q.

We designate the upper boundary of expression (9.17) by DVM (x, y,M)
and find the estimate

DVM (x, y,M) ≤ uTG(M)u (9.19)
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where
uT = (‖x1‖, ‖x2‖, . . . , ‖xq‖, ‖y1‖, ‖y2‖, . . . , ‖yq‖),
G(M) = [cij + σij(M)], i, j = 1, 2, . . . , s, s = 2q.

The elements of the matrix G(M) are

cii = λM (cii(S
∗)), cq+i,q+i = λM (cq+i,q+i(S

∗)), i = 1, 2, . . . , q;

cij = λ
1/2
M (cij(S

∗)cTij(S
∗)) = cji, i, j = 1, 2, . . . , q, j > i;

cq+i,q+j = cq+j,q+i = 0, i, j = 1, 2, . . . , q, j > i;

ci,q+j = λ
1/2
M (ci,q+j(S

∗)cTi,q+j(∗S∗)), i, j = 1, 2, . . . , q;

σii(M) = µiλM (σ∗
ii(S

∗)), i = 1, 2, . . . , q;

σq+i,q+i(M) = µiλM (σ∗
q+i,q+i(S

∗)), i = 1, 2, . . . , q;

σij(M) = σji(M) = µjλ
1/2
M (σ∗

ij(S
∗)σ∗T

ij (S∗)), j > i = 1, 2, . . . , q;

σq+i,q+j(M) = σq+j,q+i(M) = µiλ
1/2
M (σ∗

q+i,q+j(S
∗)σ∗T

q+i,q+j(S
∗))

+µjλ
1/2
M (σ∗∗

q+i,q+j(S
∗)σ∗∗T

q+i,q+j(S
∗)), i, j = 1, 2, . . . , q, j > i;

σi,q+j(M) = µjλ
1/2
M (σ∗

i,q+j(S
∗)σ∗T

i,q+j(S
∗))

+ µiµjλ
1/2
M (σ∗∗

i,q+j(S
∗)σ∗∗T

i,qj
(S∗)), i, j = 1, 2, . . . , q.

Here S∗ ∈ S is a constant matrix such that

cij(S) ≤ cij(S
∗), σ∗

ij(S) ≤ σ∗
ij(s

∗), i, j = 1, 2, . . . , s,

σ∗∗
i,q=j(S) ≤ σ∗∗

i,q+j(S
∗∗), σ∗∗

q+i,q+j(S) ≤ σ∗∗
q+i,q+j(S

∗), i, j = 1, 2, . . . , q.

Theorem 9.5 Let the equations of linear singularly perturbed large-scale sys-
tem (9.15) be such that for this system it is possible to construct matrix-
function (9.6) with elements (9.16) which satisfies estimates (9.17) and for
the expression (9.17) estimate (9.19) holds true and

(1) matrix A(M) is positive definite for any µi ∈ (0, µ̃i1) and for µi → 0,
i = 1, 2, . . . , q;

(2) matrix G(M) is negative definite for any µi ∈ (0, µ̃i2) and for µi → 0,
i = 1, 2, . . . , q.

Then the equilibrium state (xT, yT)T = 0 of system (9.15) is structurally
uniformly asymptotically stable in the whole for any µi ∈ (0, µ̃i) and for
µi → 0 on S, where µ̃i = min {1, µ̃i1, µ̃i2}.

Here µ̃i1 and µ̃i2 are determined by conditions of matrix A(M) positive
definiteness and matrix G(M) negative definiteness respectively.

This theorem is proved in the same manner as Theorem 9.3.
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Example 9.3 Let system (9.15) be the 12-th order system n = m = 6
decomposed into three q = r = 3 interconnected singularly perturbed sub-
systems determined by the matrices

A1 =

(
0.1 0
0 0.1

)
, A2 =

(
−4 0
0 −4

)
, A3 =

(
−3 0
0 −3

)
,

A12 =

(
3 0
0 3

)
, A21 =

(
−3 0
0 −3

)
,

A13 = A31 = A23 = A32 = 10−1J,

A′
ij = 10−1J, i, j = 1, 2, 3;

Bi =

(
−2 0
0 −2

)
; Bij = 10−1J, B′

ij = 0, i, j = 1, 2, 3;

Skjl = diag{sjlk, skjl}, k = 1, 2, l = 1, 2, 3, j = 1, 2, 3, 4, 5, 6;

0 ≤ skjl ≤ 1, s1ii = s3+i,i = 0, s2ii = s13+i,i = 1, s121 = 1, i = 1, 2, 3.

In the matrix-function (9.6) the elements are taken as follows

vii(xi) = xT
i Jxi, vij(xi, xj) = xT

i 10−1Jxj ,

v3+i,3+i(yi) = yT
i 2Jyi, v3+i,3+j(yi, yj) = 0, i, j = 1, 2, 3, i 6= j;

vi,3+j(xi, yj) = xT
i 10−1Jyj, i, j = 1, 2, 3; j = diag{1, 1, 1}.

It is easy to see that for these elements

vii(xi) ≥ ‖xi‖2, i = 1, 2, 3;

vij(xi, xj) ≥ −0.1 ‖xi‖ ‖xj‖, i, j = 1, 2, 3, i 6= j;

v3+i,3+i(yi) ≥ 2‖yi‖2, i = 1, 2, 3;

vi,3+j(xi, yj) ≥ −0.1 ‖xi‖ ‖yj‖, i, j = 1, 2, 3.

Let ηT = (1, 1, 1, 1, 1, 1), then the matrix A(M) becomes

A(M) =

(
A11 −A12(M)

−AT
12(M) A22(M)

)

where

A11




1 −0.1 −0.1
−0.1 1 −0.1
−0.1 −0.1 1


 , A12(M) = 0.1



µ1 µ1 µ3

µ1 µ1 µ3

µ1 µ1 µ3


 ,

A22(M) = diag{2µ1, 2µ2, 2µ3},

and is positive definite for any µi ∈ (0, 1] and for µi → 0, i = 1, 2, 3.

For such choice of the elements of matrix-function (9.6) the elements of
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the matrix G(M) are defined as

c11 = −0.38; c22 = −7.38; c33 = −5.96; c12 = c21 = 0.17;

c13 = c31 = 0.08; c23 = c32 = 0.19; c3+i,3+i = −8, i = 1, 2, 3;

c3+i,3+j = c3+j,3+i = 0, i, j = 1, 2, 3, i 6= j;

σii(M) = σ3+i,3+i(M) = 0.6 · 10−1µi, i = 1, 2, 3;

σ3+i,3+j(M) = σ3+j,3+i(M) = 0.1µi + 0.04µj, i, j = 1, 2, 3, i 6= j;

σij(M) = σji(M) = 0.6 · 10−1µj , i, j = 1, 2, 3, i 6= j;

ci,3+j = 0.8 · 10−1, i, j = 1, 2, 3;

σi,3+j(M) = 0.18µj + 0.1µiµj , i = 1, 2, j = 1, 2, 3;

σ2,3+j(M) = 0.9 · 10−1µj + 0.1µ2µj , j = 1, 2, 3.

Moreover, the matrix G(M) is negative definite for any µi ∈ (0, 1) and
for µi → 0, i = 1, 2, 3.

By Theorem 9.3 the equilibrium state (xT, yT)T = 0 ∈ R12 of the system
determined in this example, is uniformly asymptotically stable in the whole
on M×S, where M = {µi : 0 < µi ≤ 1, i = 1, 2, 3}.

Remark 9.5 In this example the independent degenerate subsystem

dx1

dt
=

(
0.1 0
0 0.1

)
x1

is unstable and the independent singularly perturbed subsystem

dx1

dt
=

(
0.1 0
0 0.1

)
x1 +

(
0.1 0
0 0.1

)
y1,

µ1
dy1
dt

=

(
−2 0
0 −2

)
y1 + µ1

(
0.1 0
0 0.1

)
x1

is not stable for any µ1 ∈ (0, 1].

9.4.2 Uniform time scaling

In the case of uniform time scaling system, (9.15) is of the form

dxi
dt

= Aixi +

q∑

α=1

S1
iαAiαxα +

r∑

β=1

S2
iβA

′
iβyβ , i = 1, 2, . . . , q,

µ1
dyj
dt

= τjBjyj + µ+ 1

q∑

α=1

S1
q+j,αBjαxα

+ τj

r∑

β=1

S2
q+j,βB

′
jβyβ , j = 1, 2, . . . , r,

(9.20)



Singularly Perturbed Systems with Uncertain Structure 209

where Ai, Bj ,Aiα, A′
iβ , Bjα and B′

jβ are constant matrices. All matrices and

vectors are of the corresponding order, and S1
iα, S2

iβ , S
1
q+j,α, S2

q+j,β ∈ S are the
diagonal matrices; S is determined in the same way as Section 5.2, µ1 ∈ (0, 1],
q + r = s, τj ∈ [τ j , τ j ].

Assume that τ j and τ j , j = 1, 2, . . . , r are given.

We construct matrix-function (9.6) for system (9.20) with the elements

vip(xi, xp) = vpi(xi, xp) = xT
i Pipxp, i, p = 1, 2, . . . , q;

vq+j,q+l(yj , yl) = vq+l,q+j(yj , yl) = yT
j Pq+j,q+lyl,

vi,q+j(xi, yj) = xT
i Pi,q+jyj , i = 1, 2, . . . , q,

j = 1, 2, . . . , r, q + r = s,

(9.21)

where Pii, Pq+j,q+j are symmetric positive definite matrices; Pip, i 6= p,
Pq+j,q+l, j 6= l, Pi,q+j are constant matrices.

For function (9.21) the following estimates are satisfied

(a) λm(Pii)‖xi‖2 ≤ vii(xi) ≤ λM (Pii)‖xi‖2, ∀xi ∈ Nix0 ,

i = 1, 2, . . . , q;

(b) λm(Pq+j,q+j)‖yj‖2 ≤ vq+j,q+j(yj) ≤ λM (Pq+j,q+j)‖yj‖2,

∀ yj ∈ Njy0 , j = 1, 2, . . . , r;

(c) − λ
1/2
M (PipP

T
ip)‖xi ‖xp‖ ≤ vip(xi, xp) ≤ λ

1/2
M (PipP

T
ip)‖xi ‖xp‖,

∀ (xi, xp) ∈ Nix0 ×Npx0 , i, p = 1, 2, . . . , q, i 6= p;

(d) − λ
1/2
M (Pq+j,q+lP

T
q+j,q+l)‖yj‖ ‖yl‖ ≤ vq+j,q+l(yj , yl) ≤

λ
1/2
M (Pq+j,q+lP

T
q+j,q+l)‖yj‖ ‖yl‖, ∀ (yj , yl) ∈ Njy0 ×Nly0 ,

j, l = 1, 2, . . . , r, j 6= l;

(e) − λ
1/2
M (Pi,q+jP

T
i,q+j)‖xi‖ ‖yj‖ ≤ vi,q+j(xi, yj) ≤

λ
1/2
M (Pi,q+jP

T
i,q+j)‖xi‖ ‖yj‖, ∀ (xi, yj) ∈ Nix0 ×Njy0 ,

i = 1, 2, . . . , q, j = 1, 2, . . . , r, q + r = s,

(9.22)

where λm(·) are the minimal eigenvalues, λM (·) are the maximal eigenvalues,

and λ
1/2
M (·, ·) is the matrix norm.

If estimates (9.22) are satisfied for function (9.6) with elements (9.21) the
bilateral estimate

uTA(µ1)u ≤ v(x, y, µ1) ≤ uTB(µ1)u,

∀ (xi, yj , µ1) ∈ Nix0 ×Njy0 ×M
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holds, where uT = (‖x1‖, ‖x2‖, . . . , ‖xq‖, ‖y1‖, ‖y2‖, . . . , ‖yr‖) and the ma-
trices A(µ1) and B(µ1) are defined as in Proposition 9.3 with the elements

αii = λm(Pii); αip = αpi = −λ1/2
M (PipP

T
ip), i 6= p = 1, 2, . . . , q;

αii = λM (Pii); αip = αpi = λ
1/2
M (PipP

T
ip), i 6= p = 1, 2, . . . , q;

αq+j,q+j = λm(Pq+j,q+j);

αq+j,q+l = αq+l,q+j = −λ1/2
M (Pq+j,q+lP

T
q+j,q+l), j, l = 1, 2, . . . , r, j 6= l;

αq+j,q+j = λM (Pq+j,q+j);

αq+j,q+l = αq+l,q+j = λ
1/2
M (Pq+j,q+lP

T
q+j,q+l), j, l = 1, 2, . . . , r, j 6= l;

αi,q+j = −λ1/2
M (Pi,q+jP

T
i,q+j), αi,q+j = −αi,q+j , i ∈ [1, q], j ∈ [1, r].

It is easy to verify that if the matrices A∗
11 and A∗

22 are positive definite,
then the function V (x, y, µ1) is positive definite for any µ1 ∈ (0, µ∗

1) and for
µ1 → 0, where µ∗

1 is defined as in Proposition 9.4.
Let ηT = (1, 1, . . . , 1) ∈ Rs. We designate the upper boundary of the total

derivative of function (9.12) with elements (9.21) by DVM (x, y, µ1), and find

−DVM (x, y, µ1) ≤ uTCu+ µ11u
TGu, (9.23)

where C = [cij ], cij = cji, i, j = 1, 2, . . . , s; G = [σij ], σij = σji, i, j =
1, 2, . . . , s, the matrices with elements

cii = ρ1i(S) + ρ2i(S), σii = ρ3i(S), i = 1, 2, . . . , q;

cip = ρ1ip(S) + ρ2ip(S), σip = ρ3ip(S), i, p = 1, 2, . . . , q, p > i;

cq+j,q+j = ρ1,q+j(S) + ρ2,q+j(S), σq+j,q+j = ρ3,q+j(S), j = 1, 2, . . . , r;

cq+j,q+l = ρ1,q+j,q+l(S) + ρ2,q+j,q+l(S), σq+j,q+l = ρ3,q+j,q+l(S),

j, l = 1, 2, . . . , r, l > j;

ci,q+j = ρ1,i,q+j(S), σi,q+j = ρ2,i,q+j(S),

i = 1, 2, . . . , q, j = 1, 2, . . . , r, q + r = s;

ρ1i(S) = λM (C1
ii(S)), ρ1ip(S) = λ

1/2
M (C1

ip(S)C1T
ip (S)),

ρ2i(S) = λM (C2
ii(S)), ρ2ip(S) = λ

1/2
M (C2

ip(S)C2T
ip (S)),

ρ3i(S) = λM (σii(S)), ρ3ip(S) = λ
1/2
M (σip(S)σT

ip(S)),

i, p = 1, 2, . . . , q, p > i;

ρ1,q+j(τ
∗
j , S) = λM (C1

q+j,q+j(τ
∗
j , S)),

ρ1,q+j,q+l(τ
∗
j , S) = λ

1/2
M (C1

q+j,q+l(τ
∗
j , S)C1T

q+j,q+l(τ
∗
j , S)),

ρ2,q+j(τ
∗
j , S) = λM (C2

q+j,q+j(τ
∗
j , S)),

ρ2,q+j,q+l(τ
∗
j , S) = λ

1/2
M (C2

q+j,q+l(τ
∗
j , S)C2T

q+j,q+l(τ
∗
j , S)),

ρ3,q+j(S) = λM (σq+j,q+j(S)),
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ρ3,q+j,q+l(S) = λ
1/2
M (σq+j,q+l(S)σT

q+j,q+l(S)), j, l = 1, 2, . . . , r, l > j;

ρ1ij(τ
∗
j , S) = λ

1/2
M (ci,q+j(τ

∗
j , S)cTi,q+j(τ

∗
j , S)),

ρ2ij(S) = λ
1/2
M (σi,q+j(S)σT

i,q+j(S)),

i = 1, 2, . . . , q, j = 1, 2, . . . , r, q + r = s;

c1ii(A) = PiiAii +Aii
TPii,

c2ii(S) =

i−1∑

α=1

(
PT
αi(S

1
αiAαi) + (S1

αiAαi)
T
Pαi

)

+

q∑

α=i

(
Piα(S1

αiAαi) + (S1
αiAαi)

TPT
iα

)
;

σii(S) =

r∑

β=1

(
Pi,q+β(S1

q+β,iBβi) + (S1
q+β,iBβi)

TPT
i,q+β

)
, i = 1, 2, . . . , q;

c1ip(S) =

q∑

α=1

(
PT
ii (S

1
αpAαp) + (S1

αpAαp)
TPii

)
,

c2ip(S) = PipAp + AT
p Pip +

i−1∑

α=1

(
PT
αi(S

1
αpAαp) + (S1

αpAαp)
TPαi

)

+

p−1∑

α=i+1

(
Piα(S1

αpAalp) + (S1
αpAalp)

TPiα
)

+

q∑

α=p+1

(
Piα(S1

αpAαp) + (S1
αpAαp)

TPT
iα

)
,

σip(S) =

r∑

β=1

(
Pi,q+β(S1

q+β,pBβp) + (S1
q+β,pBβp)

TPi,q+β
)
,

i, p = 1, 2, . . . , q, p > i;

c1q+j,q+j(τ
∗
j , S) = Pq+j,q+jτjBj + τjB

T
j Pq+j,q+j ,

c2q+j,q+j(τj , S) =

j−1∑

β=1

(
PT
q+β,q+jτj(S

2
q+β,jB

′
βj) + τj(S

2
q+β,jB

′
βj)

TPq+β,q+j
)

+
r∑

β=j

(
Pq+j,q+βτj(S

2
q+β,jB

′
βj) + τj(S

2
q+β,jB

′
βj)

TPT
q+j,q+β

)
,

σq+j,q+j(S) =

q∑

α=1

(
(S2
αjA

′
αj)

TPα,q+j + PT
α,q+j(S

2
αjA

′
αj)
)
, j = 1, 2, . . . , r;

c1q+j,q+l(τl, S) =

r∑

β=1

PT
q+j,q+jτl(S

2
q+β,lB

′
βl),
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c2q+j,q+l(τj , S) = Pq+j,q+lτlBl + τjB
T
j Pq+j,q+l

+

j−1∑

β=1

(
PT
q+β,q+jτl(S

2
q+β,lB

′
βl) + τj(S

22q+β,jB
′
βj)

TPq+β,q+l
)

+

l−1∑

β=j+1

(
Pq+j,q+βτl(S

2
q+β,lB

′
βl) + τj(S

2
q+β,jB

′
βj)

TPq+β,q+l
)

+
r∑

β=l+1

(
Pq+j,q+βτl(S

2
q+β,lB

′
βl) + τj(S

2
q+β,jB

′
βj)

TPq+l,q+β
)
,

σq+j,q+l(S) =

q∑

α=1

(
(S2
αjA

′
αj)

TPα,q+l + PT
α,q+l(S

2
αjA

′
αj)
)
,

j, l = 1, 2, . . . , r, l > j;

ci,q+j(τj , S) = Pi,q+j +

i−1∑

α=1

PT
αi(S

2
αjA

′
αj)

+

q∑

α=i

Piα(S2
αjA

′
αj) +

r∑

β=1

Pi,q+β(S2
q+β,jB

′
βj)τj ,

σi,q+j(S) = AT
i Pi,q+j +

q∑

α=1

(S1
αiAαi)Pα,q+j

+

j−1∑

β=1

PT
q+β,q+i(S

1
q+β,jBβj) +

q∑

β=j

Pq+i,q+β(S1
q+β,jBβj),

i = 1, 2, . . . , q, j = 1, 2, . . . , 2, q + r = s.

Here S ∈ S is a constant matrix such that

ckip(S) ≤ ckip(S), ∀S ∈ S, i, p = 1, 2, . . . , q, p ≥ i, k = 1, 2;

ckq+j,q+l(τj , S) ≤ ckq+j,q+l(τ
∗
j , S), ∀S ∈ S, l ≥ j = 1, 2, . . . , r, k = 1, 2;

σij(S) ≤ σij(S), ∀S ∈ S, i, j = 1, 2, . . . , s, s = q + r;

ci,q+j(τj , S) ≤ ci,q+j(τ
∗
j , S), ∀S ∈ S, i = 1, 2, . . . , q, j = 1, 2, . . . , r.

The value τ∗j is defined as

τ∗j =

{
τ j, if the corresponding factors are negative,

τ j, if the corresponding factors are positive.

Note that if the matrix C is negative definite, i.e. λM (C) < 0 and
λM (G) > 0, then the function DVM (x, y, µ1) is negative definite for any
µ1 ∈ (0, µ∗∗

1 ) and for µ1 → 0, where µ∗∗
1 = min {1,−λM (C)/λM (G)}.

If λM (C) < 0 and λM (G) < 0, then µ∗∗
1 = 1.
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Theorem 9.6 Let linear singularly perturbed large-scale system (9.20) be
such that for this system it is possible to construct the matrix-function
(9.6) with elements (9.21) satisfying estimates (9.22) and for function
DVM (x, y, µ1), estimate (9.23) is fulfilled. Also

(1) matrices A∗
11 and A∗

22 are positive definite;

(2) matrix C is negative-definite;

(3) µ1 ∈ (0, µ̃1), µi = µ1τ
−1
i , i = 1, 2, . . . , r, where

τi ∈ [τ i, τ i], µ̃1 = min {1, µ∗
1, µ

∗∗
1 }.

Then the equilibrium state (xT, yT)T = 0 of system (9.20) is uniformly

asymptotically stable in the whole on M̃ × S, where

M̃ = {M : 0 < µ1 < µ̃1, µi = µ1τ
−1
i , i = 1, 2, . . . , r}.

The proof of this theorem follows from Theorem 9.1.

Example 9.4 Let system (9.20) be the 8-th order system n = m = 4, de-
composed into two interconnected singularly perturbed subsystems q = r = 2
defined by the matrices

Ai =

(
−2 1
1 −2

)
, Aiα = A′

iβ = 10−2J ;

Bi =

(
−4 1
1 −4

)
, Bjα = B′

jβ = 0.5 · 10−2J ;

J = diag{1, 1}, τ2 = 0.5, τ2 = 1, µ2 = µ1τ
−1
2 .

In the matrix-function (9.6) the elements vij(·) are taken as:

vii(xi) = xT
i Jxi; v2+i,2+i(yi) = yT

i Jyi, i = 1, 2;

v12(x1, x2) = xT
1 · 10−1Jx2; v34(y1, y2) = yT

1 · 10−1y2,

vi,2+j(xi, yj) = xT
i · 10−1Jyj , i, j = 1, 2, J = diag{1, 1}.

Obviously, for these elements the following estimates are true

vii(xi) ≥ ‖xi‖2, i = 1, 2; v12(x1, x2) ≥ −0.1‖x1‖ ‖x2‖;
v2+i,2+i(yi) ≥ ‖yi‖2, i = 1, 2; v34(y1, y2) ≥ −0.1‖y1‖ ‖y2‖;

vi,2+j(xi, yj) ≥ −0.1‖xi‖ ‖yj‖, i, j = 1, 2.

Let ηT = (1, 1, 1, 1), , then the matrix

A(µ1) =

(
A11 µ1A12

µ1A
T
12 µ1A22

)
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where

A11 = A22 =

(
1 −0.1

−0.1 1

)
and A12 =

(
−0.1 −0.1
−0.1 −0.1

)

are positive definite for any µi ∈ (0, 1] and for µ1 → 0.
For such choice of the elements of matrix (9.6) the elements of the matrices

C and G are specified as

cii = −1.996, i = 1, 2; c12 = 0.6674; c2+i,2+i = −2.996, i = 1, 2;

c34 = 0.6474; c1j = 0, 2874; c2j = 0.2888, j = 1, 2;

and

σii = 0; σ12 = 0.002, i = 1, 2; σ2+i,2+i = σ34 = 0.004, i = 1, 2;

σi3 = 0.312438, σi4 = 0.311178, i = 1, 2.

For the elements of the matrices C and G specified in such way we have

λM (C) = −1.018975; λM (G) = 0.8819733

and

µ∗∗
1 = min

{
1, −λM (C)

λM (G)

}
= min{1; 1.1553354} = 1.

Thus, by Theorem 9.6 the equilibrium state (xT, yT)T = 0 ∈ R8 of the
system defined in Example 9.4 is uniformly asymptotically stable in the whole
on M×S.



Chapter 10

Qualitative Analysis of Solutions of

Set Differential Equations

When analyzing phenomena and processes of the real world either experimen-
tally or theoretically, one cannot represent them in a “pure” form. In other
words, no matter how accurately one takes into account the forces initiat-
ing the phenomenon in question, arbitrarily small perturbations are always
left unexplained. The desire to describe this situation adequately generates
a need to expand the techniques applicable to the mathematical analysis of
the phenomenon in question. Within the framework of the description of phe-
nomena by using ordinary differential equations (finite-dimensional ones or
equations in Banach spaces), some approaches were proposed which take into
account the uncertainness of the values of the system parameters, the fuzzi-
ness of systems of differential equations, the inclusion of the derivative of the
phase vector into the set of values of the right-hand part of equations of per-
turbed motion, etc. All those approaches are designed to take into account
the fact that the real motion (the stable path) is imbedded into the set of
other motions (paths) which occur under the action of unaccounted forces.
N.G.Chetaev [1962] noticed that those “enveloping” motions, with an arbi-
trarily small difference from the stable motion, can be of oscillating nature,
creating a kind of wave motion. Hence if the real motion is described by an
ordinary differential equation or a system of such equations, then enveloping
motions can be described both by ordinary differential equations and by equa-
tions with partial derivatives, e.g., Schredinger equations. Under the condition
of connectedness of those equations, the obtained set of systems of equations
is an example of a hybrid system.

One of the approaches that allow us to analyze the stability of a set of
paths of nonlinear dynamics, is based on the theory of the set of system of
differential equations.

In this chapter we will describe a new approach to the analysis of the
stability of the set equations on the basis of the generalized direct Lyapunov
method.

215
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10.1 Some Results of the General Theory of
Metric Spaces

Let Rn be an n-dimensional vector space with the norm ‖ · ‖. Let Kc(Rn)
denote a nonempty subset in Rn, containing all nonempty compact convex
subsets Rn; let K(Rn) contain all nonempty compact subsets in Rn and let
C(Rn) be the subset of all nonempty closed subsets in Rn.

For any nonempty subset A of the space Rn, coA will denote its convex
hull. If A is convex, then A ⊆ coA, and coA is closed if A is compact.

Let x be a point in the space Rn and A be a nonempty subset in Rn. The
distance from x to A is determined by the formula

d(x,A) = inf{‖x− a‖ : a ∈ A},

and ε-neighbourhood of the subset A is determined as follows:

Sε(A) = {x ∈ R
n : d(x,A) < ε}.

The closure of the ε-neighbourhood Sε(A) is the set

Sε(A) = {x ∈ R
n : d(x,A) ≤ ε}.

For the nonempty subsets A and B of the space Rn denote the Hausdorff
division of those sets by the formula

dH(B,A) = sup{d(b, A) : b ∈ B}

or, in an equivalent form,

dH(B,A) = inf{ε > 0: B ⊆ A+ εS
n

1 },

where S
n

1 = S1(θ), θ ∈ R
n is the zero element in R

n.
Note that in the general case dH(A,B) 6= dH(B,A).
The distance between the nonempty closed subsets A and B of the space

Rn is determined by the formula

D[A,B] = max{dH(A,B), dH(B,A)}

and called the Hausdorff metric.
It is known that:

(a) D[A,B] ≥ 0 and D[A,B] = 0, if, and only if, A = B;

(b) D[A,B] = D[B,A];

(c) D[A,B] ≤ D[A,C] +D[C,B]
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for any nonempty subsets A, B, C of the space Rn.
The pair (C(Rn), D) is a full separable metric space in which K(Rn) and

Kc(Rn) are closed subsets.
Let F be a mapping of the domain Q of the space R

k in the metric
space (Kc(Rn), D) , i. e., F : Q→ Kc(Rn), which is equivalent to the inclusion
F (t) ∈ Kc(Rn) for all t ∈ Q. Such mappings are called multivalued mappings
of Q in Rn.

If there exists a constant L > 0 such that

D[F (t∗), F (t)] ≤ L‖t∗ − t‖

for all (t∗, t) ∈ Q, then the multivalued mapping F is a Lipschitz one.
Note that the distance d(x, F (t)) of the mapping F (t) from the point

x ∈ R
n satisfies the estimate

|d(x, F (t)) − d(y, F (t∗))| ≤ ‖x− y‖ +D[F (t), F (t∗)]

for all x, y ∈ Rn and (t∗, t) ∈ Q and is continuous if the mapping F (t) is
continuous, or it is Lipschitz continuous if the mapping F (t) is continuous
and satisfies the Lipschitz condition.

The support function of the mapping s(·, F (t)) has similar properties,
which follows from the inequality

|s(x, F (t∗)) − s(y, F (t))| ≤ ‖F (t)‖ ‖x− y‖ +D[F (t∗), F (t)]

for all (t∗, t) ∈ Q and x, y ∈ S
n

1 = {x ∈ R
n : ‖x‖ ≤ 1}.

The selector of the multivalued mapping F (t) from Q to Rn is the one-
valued mapping f : Q→ Rn such that f(t) ∈ F (t) for all t ∈ Q.

If the mapping F : Q → Kc(Rn) is measurable, then it has a measurable
selector f : Q→ Rn.

Let a multivalued function X : I → Kc(Rn) be specified on the interval
I ⊂ R. The function X is differentiable in the point t0 ∈ I in the sense of
Hukuhara [1967], if there exists a value DHX(t0) ∈ Kc(Rn) such that the
limits

lim
{
[X(t0 + τ) −X(t0)]τ

−1 : τ → 0+
}
,

lim
{
[X(t0) −X(t0 − τ)]τ−1 : τ → 0+

}

exist and both of them are equal to DHX(t0).
Note that in the general case the existence of the difference A−B for any

A,B ∈ Kc(Rn) does not imply the existence of the difference B −A.
According to Hukuhara [1967], for the multivalued function F : [a, b] →

Kc(Rn) the integral is determined as follows:

DH

t∫

a

F (s) ds = F (t).
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Let diam (X(t)) be the diameter of the set X(t) for all t ∈ I. The following
statement is known.

If the multivalued function X : I → Kc(Rn) is differentiable on I in the
sense of Hukuhara, then the real-valued function t → diam(X(t)), t ∈ I, is
nondecreasing on I.

This result should be taken into account while setting problems of stability
for a set of differential equations.

Note that the set of values of the mapping X is constant if, and only if,
DHX = 0 on I.

The mapping F is integrally bounded on [0, 1], if there exists an integrable
function g : [0, 1] → R such that ‖F (t)‖ ≤ g(t) at almost all t ∈ [0, 1].

Let the mapping F : [, 0, 1] → Kc(Rn) be measurable and integrally
bounded. Then the mapping A : [0, 1] → Kc(Rn) determined by the expression

A(t) =

t∫

0

F (s) ds,

for all t ∈ [0, 1] is differentiable in the sense of Hukuhara at almost all t0 ∈
(0, 1) with the Hukuhara derivative DHA(t0) = F (t0).

10.2 Existence of Solutions of Set Differential Equations

Consider an initial value problem for the set-valued differential equation

DHX = F (t,X, α), X(t0) = X0 ∈ Kc(Rn), (10.1)

where DHX is the Hukuhara derivative of the set X , F ∈ C(R+ ×Kc(Rn)×
S, Kc(Rn)) and α ∈ S is the parameter characterizing the uncertainties of the
differential equation (10.1).

The mapping X ∈ C1(I,Kc(Rn)) is a solution of the set-valued equation
(10.1) on I if it is differentiable in the sense of Hukuhara and satisfies the
equation (10.1) on I for any α ∈ S.

Since X(t) is a continuously differentiable mapping in the sense of Huku-
hara, then

X(t) = X0 +

t∫

t0

DHX(s) ds, t ∈ I, (10.2)

and according to (10.1) obtain

X(t) = X0 +

t∫

t0

F (s,X(s), α) ds, t ∈ I, (10.3)
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where the integral in the equation (10.3) is understood in the sense of
Hukuhara. Obviously, the mapping X(t) is a solution of the initial-value prob-
lem (10.1) on I if, and only if, it satisfied the equation (10.3) on I for any
α ∈ S.

Let

Fm(t,X) = co
⋂

α∈S

F (t,X, α) (10.4)

and

FM (t,X) = co
⋃

α∈S

F (t,X, α).

We will consider the set Fβ(t,X) constructed by the formula

Fβ(t,X) = FM (t,X)β + (1 − β)Fm(t,X), β ∈ [0, 1]. (10.5)

Taking into account the notations (10.4), (10.5), put the initial-value problem
for the set-valued differential equation

DHY = Fβ(t, Y ), Y (t0) = Y0 ∈ Kc(Rn), (10.6)

where Fβ ∈ C(R+ ×Kc(Rn), Kc(Rn)) for all β ∈ [0, 1].

In the analysis of the initial-value problem (10.6) the comparison principle
in the following form is important.

Theorem 10.1 Assume that for the equation (10.6) the following conditions
are satisfied:

(1) Fβ ∈ C(I × Kc(Rn), Kc(Rn)) and there exists a monotone function
g(t, ω), g ∈ C(I × R+, R) nondecreasing with respect to ω, such that

D[Fβ(t, Y ), Fβ(t, Z)] ≤ g(t,D[Y, Z])

for all Y, Z ∈ Kc(Rn) and β ∈ [0, 1];

(2) there exists a maximal solution r(t; t0, ω0) of the scalar equation

dω

dt
= g(t, ω), ω(t0) = ω0 ≥ 0,

on I;

(3) the initial conditions (t0, Y0), (t0, Z0) for the two sets of solutions
Y (t), Z(t) of the equations (10.6) are such that D[Y0, Z0] ≤ ω0.

Then for all t ∈ I the following estimate is true:

D[Y (t), Z(t)] ≤ r(t; t0, ω0).



220 Uncertain Dynamical Systems: Stability and Motion Control

Proof Let m(t) = D[Y (t), Z(t)], so that

m(t0) = D[Y0, Z0] ≤ ω0

according to the condition (3) of the Theorem 10.1. Taking into account the
relation (10.2), for the equation (10.6) obtain

Y (t) = Y0 +

t∫

t0

Fβ(s, Y (s)) ds, t ∈ I, β ∈ [0, 1].

For the two solutions Y (t) and Z(t) with the initial conditions D[Y0, Z0] ≤ ω0

obtain the estimate

m(t) = D

[
Y0 +

t∫

t0

Fβ(s, Y (s)) ds, Z0 +

t∫

t0

Fβ(s, Z(s)) ds

]

≤ D

[
Y0 +

t∫

t0

Fβ(s, Y (s)) ds, Y0 +

t∫

t0

Fβ(s, Z(s)) ds

]

+D

[
Y0 +

t∫

t0

Fβ(s, Z(s)) ds, Z0 +

t∫

t0

Fβ(s, Z(s)) ds

]

= D

[ t∫

t0

Fβ(s, Y (s)) ds,

t∫

t0

Fβ(s, Z(s)) ds

]
+D[Y0, Z0 ].

(10.7)

Taking into account the condition (1) of the Theorem 10.1 and the properties
of the Hukuhara integral, from (10.7) obtain

m(t) ≤ m(t0) +

t∫

t0

D[Fβ(s, Y (s)), Fβ(s, Z(s))] ds

≤ m(t0) +

t∫

t0

g(s,D[Y (s), Z(s)]) ds

= m(t0) +

t∫

t0

g(s,m(s)) ds, t ∈ I,

(10.8)

for all β ∈ [0, 1]. Applying the Theorem 1.6.1. from the monograph by Lak-
shmikantham, Leela, and Martynyuk [1988b] to the inequality (10.8) and
taking into account the condition (2) of the Theorem 10.1, we find that
m(t) ≤ r(t; t0, ω0) at all t ∈ I.

The Theorem 10.1 is proved.
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Below we will give some results connected with the existence and unique-
ness of solutions of the initial-value problem (10.6).

Theorem 10.2 Assume that for the initial-value problem (10.6) the following
conditions are satisfied:

(1) there exists a constant M0 > 0 such that for Fβ ∈ C(I ×
B(Y0, b), Kc(Rn)) at all β ∈ [0, 1] the inequality D[Fβ(t, Y ),Θ] ≤ M0,
is true, where B(Y0, b) = {Y ∈ Kc(Rn) : D[Y, Y0] ≤ b};

(2) there exist a function g(t, ω) nondecreasing with respect to ω at all t ∈ I,
and a constant M1 > 0 such that g ∈ C(I × [0, 2b], R), g(t, ω) ≤ M1

at all (t, ω) ∈ I × [0, 2b] and ω(t) = 0 is the unique solution of the
initial-value problem

dω

dt
= g(t, ω), ω(t0) = 0 on I;

(3) at all (t, Y ) ∈ I ×B(Y0, b) the estimate

D[Fβ(t, Y ), Fβ(t, Z)] ≤ g(t,D[Y, Z])

holds at all β ∈ [0, 1].

Then the step-wise approximations

Yn+1(t) = Y0 +

t∫

t0

Fβ(s, Yn(s)) ds, n = 0, 1, 2, . . . ,

exist on the interval I0 = [t0, t0 + ∆], where ∆ = min(a, b/M), M =
max(M0,M1), as continuous functions uniformly converging to the solution
of the initial-value problem (10.6) on I0.

The proof of this theorem is based on the application of the comparison
principle and the Ascoli-Arzel theorem. As opposed to the Theorem 2.3.1 from
the monograph by Lakshmikantham, Bhaskar, and Devi [2006], the condition
(3) of the Theorem 10.2 should hold at all β ∈ [0, 1].

Now we need the concept of partial ordering in the neighbourhood
(Kc(Rn), D).

Let K(Kc(Rn)) denote some subset in Kc(Rn) consisting of sets X ∈
Kc(Rn) such that any element u ∈ X is a non-negative (positive) vector for
which ui ≥ 0 (ui > 0) for all i = 1, 2, . . . , n.

Thus, K is a cone in Kc(Rn), and K0 is its nonempty interior.
If there exists a set Z ∈ Kc(Rn) such that for any X and Y ∈ Kc(Rn) the

inclusion Z ∈ K(Kc(Rn)) holds and X = Y + Z, then X ≥ Y (X > Y ).
The mapping R(t) is the maximal solution of the set equation (10.6), if

for any solution Y (t) of the equation (10.6), which exists on I0, the inequality
Y (t) ≤ R(t) holds for all t ∈ I0 and for all β ∈ [0, 1].
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Theorem 10.3 Assume that for the initial-value problem (10.6) the following
conditions are satisfied:

(1) the mapping Fβ(t, Y ), Fβ ∈ C(R+ ×Kc(Rn), Kc(Rn)), is not monotone
decreasing with respect to Y at each t ∈ R+ and at each β ∈ [0, 1],
i. e., as soon as Y ≤ Z, then Fβ(t, Y ) ≤ Fβ(t, Z) at each β ∈ [0, 1] and
t ∈ R+;

(2) for any Z, W ∈ C1(R+, Kc(Rn)) the inequalities

DHZ < Fβ(t, Z) and DHW ≥ Fβ(t,W )

hold for all β ∈ [0, 1] and t ∈ R+;

(3) at the initial point t0 ∈ R+ the following inequality is true: Z(t0) <
W (t0).

Then for all t ≥ t0 the following estimate holds:

Z(t) < W (t).

Remark 10.1 If in the conditions of the Theorem 10.3 one replaces the con-
dition (2) by the inequalities

(2′) DHZ ≤ Fβ(t, Z) and DHW ≥ Fβ(t,W )′

for all t ∈ R+ and for all β ∈ [0, 1], then the statement of the Theorem 10.3
will not change.

Now pass over to the conditions for the global existence of a solution of
the set equations (10.6).

Theorem 10.4 Assume that for the equation (10.6) the following conditions
are satisfied:

(1) there exists a scalar function g(t, ω), nondecreasing with respect to ω at
each t ∈ R+, such that for the mapping Fβ ∈ C(R+ ×Kc(Rn), Kc(Rn))
for any β ∈ [0, 1] the inequality

D[Fβ(t, Y ),Θ] ≤ g(t,D[Y,Θ])

is true for all (t, Y ) ∈ R+ ×Kc(Rn), where g ∈ C(R2
+, R+);

(2) the maximal solution r(t; t0, ω0) of the equation

dω

dt
= g(t, ω), ω(t0) = ω0 ≥ 0,

exists for all t ∈ [t0,∞];
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(3) for any β ∈ [0, 1] the mapping Fβ(t, Y ) satisfies the conditions for the
existence of the local solution of the initial-value problem (10.6) for any
(t0, Y0) ∈ R+ ×Kc(Rn), for which D[Y0,Θ] ≤ ω0.

Then any solution Y (t; t0, Y0) of the equation (10.6) exists on the interval
[t0,∞].

Proof Consider the solution Y (t) = Y (t; t0, Y0) of the equation (10.6) with the
initial conditionsD[Y0,Θ] = ω0, which exist on the interval [t0, a), t0 < a <∞,
and assume that the value a cannot be increased. Let m(t) = D[Y (t),Θ], then,
according to the Theorem 10.1, obtain the estimate

m(t) ≤ r(t; t0, ω0)

for all t0 ≤ t < a. For any t1, t2 such that t0 < t1 < t2 < a, one can easily
obtain the relations

D[Y (t1), Y (t2)] = D

[
Y0 +

t1∫

t0

Fβ(s, Y (s)) ds, Y0 +

t2∫

t0

Fβ(s, Y (s)) ds

]

= D

[ t2∫

t1

Fβ(s, Y (s)) ds, Θ

]
≤

t2∫

t1

D[Fβ(s, Y (s)), Θ] ds

≤
t2∫

t1

g(s,D[Y (s),Θ]) ds

(10.9)
for all β ∈ [0, 1]. Taking into account the condition (1) of the Theorem 10.4
and the inequality (10.9), we obtain

D[Y (t1), Y (t2)] ≤
t2∫

t1

g(s, r(s; t0, ω0)) ds = r(t2; t0, ω0) − r(t1; t0, ω0). (10.10)

From the estimate (10.10) it follows that lim
t→a−

Y (t; t0, Y0) exists, since

lim
t→a−

r(t; t0, ω0) exists and is finite by the assumption that t1, t2 → a−.

Let Y (a; t0, Y0) = lim
t→a−

Y (t; t0, Y0) and consider the initial-value problem

DHY = Fβ(t, Y ), Y (a) = Y (a; t0, Y0), for all β ∈ [0, 1].

According to the condition (3) of the Theorem 10.4, the solution Y (t; t0, Y0)
can be continued to an interval exceeding [t0, a), i. e., the solution Y (t; t0, Y0)
with the initial values D[Y0,Θ] ≤ ω0 exists on [t0,∞).
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10.3 The Matrix-Valued Lyapunov Function and
Its Application

Along with the set differential equation (10.1) we will consider the matrix-
valued function

S(t, Y ) = [uij(t, Y ) ], i, j = 1, 2, (10.11)

with the elements uij(t, Y ) which can be constructed as follows:

(a) if β = 0, then the element u11(t, Y ), u11 ∈ C(R+ ×Kc(Rn),R+), is put
into correspondence with the set-valued equation

DHY = Fm(t, Y ), Y (t0) = Y0 ∈ Kc(Rn);

(b) if β = 1, then the element u22(t, Y ), u22 ∈ C(R+ ×Kc(Rn),R+), is put
into correspondence with the set-valued equation

DHY = FM (t, Y ), Y (t0) = Y0 ∈ Kc(Rn);

(c) if 0 < β < 1, then the element u12(t, Y ) = u21(t, Y ), u12 ∈ C(R+ ×
Kc(Rn),R), is put into correspondence with the set-valued equation

DHY = Fβ(t, Y ), Y (t0) = Y0 ∈ Kc(Rn).

Using the vector θ ∈ R2
+, we construct the function

V (t, Y, θ) = θTS(t, Y )θ, (10.12)

for which the full derivative, in view of the equation (10.1), can be calculated
by the formula

D+V (t, A, θ) = lim
h→0+

sup
1

h

[
V (t+h, A+hF (t, A, α), θ)−V (t, A, θ)

]
(10.13)

for any A ∈ Kc(Rn) and α ∈ S.

Now see below the main theorem of the principle of comparison with the
function (10.12) for the set equation (10.1).

Theorem 10.5 Assume that for the set equation (10.1) the following condi-
tions are satisfied:

(1) there exist a function S ∈ C(R+×Kc(Rn), R2×2), a vector θ ∈ R2
+, and

a constant L > 0 such that V (t, Y, θ) ∈ C(R+×Kc(Rn)×R
2
+, R+) and

|V (t, A, θ) − V (t, B, θ)| ≤ LD[A,B] for any A,B ∈ Kc(Rn), t ∈ R+;
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(2) there exists a function g(t, ω), g ∈ C(R2
+, R), such that

D+V (t, A, θ)
∣∣
(10.1)

≤ g(t, V (t, A, θ))

for all t ∈ R+, A ∈ Kc(Rn), θ ∈ R2
+;

(3) the maximal r(t; t0, ω) solution

dω

dt
= g(t, ω), ω(t0) = ω0 ≥ 0,

exists for all t ∈ [t0, a).

Then if the solution Y (t) = Y (t; t0, Y0) of the set equation (10.6) exists on
the interval [t0, a) with the initial conditions under which V (t0, Y0, θ) ≤ ω0,
the estimate

V (t, Y (t), θ) ≤ r(t; t0, ω0) (10.14)

holds for all t ∈ [t0, a).

Proof Let the initial conditions (t0, Y0) ∈ R+ × Kc(Rn) be such that
V (t0, Y0, θ) ≤ ω0 and let the solution Y (t) = Y (t; t0, Y0) of the set equa-
tion (10.1) exist on the interval [t0, a). For the function m(t) = V (t, Y (t), θ)
and an arbitrarily small h > 0 one can easily find

m(t+ h) −m(t) ≤ LD [Y (t+ h), Y (t) + hF (t, Y (t), α)] +

+ V (t+ h, Y (t) + hF (t, Y (t), α), θ) − V (t, Y (t), θ)

for all α ∈ S, hence the inequality

D+m(t) = lim
h→0+

sup
1

h
[m(t+ h) −m(t)] ≤ D+V (t, Y (t), θ)

∣∣
(10.1)

+

+ L lim
h→0+

sup
1

h
[D [Y (t+ h), Y (t) + hF (t, Y (t), α)]] ≤ g(t,m(t)),

m(t0) ≤ ω0, since D[DHY (t), Fβ(t, Y (t))] ≡ 0.
Hence, according to the Theorem 1.5.2 from the monograph by Laksh-

mikantham, Leela, and Martynyuk [1988b], it follows that for all t ∈ [t0, a)
the estimate (10.14) holds true.

Now consider the vector function

L(t, Y, θ) = AS(t, Y )θ, (10.15)

where A is a constant (2 × 2)-matrix, and prove the main theorem on the
principle of comparison for the set equation (10.1).

Theorem 10.6 Assume that for the set equation (10.1) the following condi-
tions are satisfied:
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(1) there exist a function (10.5), a vector θ ∈ R2
+ , and a constant (2 × 2)-

matrix A such that the function (10.15) satisfies the conditions L ∈
C(R+ ×Kc(Rn)×R2

+, R2
+) and |L(t, Y1, θ)−L(t, Y2, θ) | ≤ BD̃[Y1, Y2],

where B is a constant (2×2)-matrix with nonnegative elements, and the

vector D̃[Y1, Y2] = (D[Y1, Y
′
1 ], D[Y2, Y

′
2 ])T, D̃ : Kc(Rn)×Kc(Rn) → R2

+;

(2) there exists a vector function G(t, ω) nondecreasing with respect to ω at
each t ∈ R+, G ∈ C(R+ × R2

+, R2), Such that

D+L(t, A, θ)
∣∣
(10.1)

≤ G (t, L(t, A, θ))

for all (t, A, θ) ∈ R+ ×Kc(Rn) × R2
+ and α ∈ S;

(3) the maximal solution R(t) = R(t; t0, ω0) of the comparison system

dω

dt
= G(t, ω), ω(t0) = ω0 ≥ 0,

exists for all t ∈ [t0, a).

Then if the solution Y (t) = Y (t; t0, Y0) of the set equation (10.1) exists on
the interval [t0, a) with initial conditions for which L(t0, Y0, θ) ≤ ω0, then the
component-wise estimate

L(t, Y (t), θ) ≤ R(t; t0, ω0)

holds true for all t ∈ [t0, a).

The proof of the Theorem 10.6 is similar to that of the Theorem 10.5;
therefore it is not given here.

Note that prototypes of the Theorems 10.5 and 10.6 are the Theorems
3.2.1. and 3.7.1 from the monograph by Lakshmikantham, Bhaskar, and Devi
[2006], which were set up in terms of the existence of the Lyapunov functions.

Now we will use the Theorems 10.5 and 10.6 for obtaining the sufficient
conditions for the stability of a set of stationary solutions Θ0 of the set equa-
tion (10.1).

10.4 Stability of a Set Stationary Solution

For the set-valued differential equation (10.1) we introduce the following
concept.

The solution Y (t) of the equation (10.1) satisfies the initial condition

Y (t0) = Y0, t0 ∈ R+, Y0 ∈ Kc(Rn),
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if a < t0 < b and Y (t) in the point t0 equals Y0.
If F (t,Θ0, α) = Θ0, then Y (t) = Θ0 is a set of equilibrium positions or a

set of stationary solutions of the equation (10.1) for any α ∈ S.
Since t → diam(Y (t)) is nondecreasing at t → ∞, the direct application

of the norm ‖Y (t)‖ = diam (Y (t)) at t ≥ t0 in the determination of the
stability of solutions of the equation (10.1) is impossible. Therefore we will
introduce additional assumptions on the initial-value problem (10.1).

H1. For the set equation (10.1) there exists a set of stationary solution
Θ0 ∈ Kc(Rn), i. e. F (t,Θ0, α) = 0 for all t ∈ R+ and any α ∈ S.

H2. For any initial values Y0, X0 ∈ Kc(Rn) there exists a Hukuhara differ-
ence W0, such that Y0 = X0 +W0.

H3. Solution Y (t) = Y (t, t0, Y0−X0) = Y (t, t0,W0) of the set of equations
(10.1) is unique for any (t0,W0) ∈ R+ × S0(ρ0), S0(ρ0) ⊂ S(ρ) = {Y ∈
Kc(Rn) : D[Y,W0] < ρ} for any α ∈ S.

Then, while setting the problem of the stability of solutions of the equation
(10.1) we will take into account the Assumptions H1 –H3.

Definition 10.1 The stationary solution Θ0 of the equation (10.6) is:

(a) stable, if for any t0 ∈ R+ and ε > 0 there exists δ = δ(t0, ε) >
0 such that the inequality D[W0,Θ0] < δ implies the estimate
D[Y (t; t0,W0), Θ0] < ε for all t ≥ t0;

(b) attracting, if for any t0 ∈ R+ there exists α(t0) > 0 and for any ξ > 0
there exists τ(t0,W0, ξ) ∈ R+ such that the inequality D[W0,Θ0] <
α(t0) implies the estimate D[Y (t; t0,W0), Θ0] < ξ for any t ≥ t0 +
τ(t0,W0, ξ);

(c) asymptotically stable, if the conditions of the Definitions 10.1(a) and (b)
are satisfied simultaneously.

Other types of stability, attraction, and asymptotic stability of the set of
stationary solutions Θ0 of the equation (10.1) are formulated analogously.

Example 10.1 Consider the set of differential equations

DHX = (−eα)X, X(0) = X0 ∈ Kc(R), (10.16)

where α ∈ [0, 1] is an uncertain parameter. Since the values of solutions of
equations (10.16) are interval functions, equation (10.16) can be rewritten as

[x′1, x
′
2] = (−eα)X = [(−eα)x2, (−eα)x1], (′) =

d

dt
,

where X(t) = [x1(t), x2(t)] and X(0) = [x10, x20]. From this correlation we
have the system of equations

x′1 = −eαx2, x1(0) = x10,

x′2 = −eαx1, x2(0) = x20,
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whose solution are the functions

x1(t) =
1

2
[x10 + x20]e

−t +
1

2
[x10 − x20]e

t,

x2(t) =
1

2
[x20 + x10]e

−t +
1

2
[x20 − x10]e

t
(10.17)

for all t ≥ 0 and α = 0.
If for given set X0 ∈ Kc(R) there exist sets V0,W0 ∈ Kc(R) such that

X0 = V0 +W0, then the Hukuhara difference X0 − V0 = W0 exists. Let X0 =

[x10, x20], V0 =
1

2
([x10−x20], [x20−x10]), thenW0 =

1

2
([x10+x20], [x20+x10]).

If x10 6= −x20, from (10.17) we have for t ≥ 0:

(a) X(t,X0) =
1

2
(−[x20−x10], [x20−x10]) e

t+
1

2
([x10+x20], [x10+x20]) e

−t;

(b) X(t, V0) =
1

2
([x10 − x20], [x20 − x10]) e

t;

(c) X(t,W0) = ([x10 + x20], [x10 + x20]) e
−t.

Hence it follows that if the Hukuhara difference exists for the initial values of
problem (10.16), the zero solution {0} ∈ KcR is stable, while expressions (a)
and (b) contain undesirable components.

10.5 Theorems on Stability

The conditions for the different types of stability of the stationary solution
Θ0 of the equation (10.1) will be determined on the basis of the function
(10.12) and its full derivative along the set of solutions of the equation (10.1).

Theorem 10.7 Assume that for the set differential equation (10.1) the con-
ditions of the Assumptions H1 −H3 are satisfied, and, in addition,

(1) there exists a matrix-valued function (10.11) and a vector θ ∈ R2
+ such

that the function (10.12) satisfies the local Lipschitz condition

|V (t, Y1, θ) − V (t, Y2, θ)| ≤ LD[Y1, Y2],

where L > 0 for all (t, Y ) ∈ R+ × S0(ρ0);

(2) there exist vector comparison functions ψ1, ψ2 ∈ K-class and constant
symmetric positive-definite (2 × 2)-matrices A1, A2 such that

ψT
1 (D[Y,Θ0])A1ψ1 (D[Y,Θ0]) ≤ V (t, Y, θ)

≤ ψT
2 (t,D[W0, 0])A2ψ2 (t,D[W0, 0])

for all (t, Y ) ∈ R+ × S0(ρ0);
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(3) for all (t, Y ) ∈ R+ ×S0(ρ0) and α ∈ S the following inequality is true:

D+V (t, Y, θ)
∣∣
(10.1)

≤ 0.

Then the stationary solution Θ0 of the equations (10.1) is stable.

Proof Transform the condition (2) of the Theorem 10.7 to the form

λm(A1)ψ1 (D[Y,Θ0]) ≤ V (t, Y, θ) ≤ λM (A2)ψ2 (t,D[W0, 0]) , (10.18)

where λm(A1) and λM (A2) are the minimum and the maximal eigenvalues of
the matrices A1, A2, and ψ1, ψ2 ∈ K-class, such that

ψ1 (D[Y,Θ0]) ≤ ψT
1 (D[Y,Θ0])ψ1 (D[Y,Θ0]) ,

ψ2 (t,D[W0, 0]) ≥ ψT
2 (t,D[W0, 0])ψ2 (t,D[W0, 0])

in the range (t, Y ) ∈ R+ × S0(ρ0).
Let ε > 0 and t0 ∈ R+ be given. Choose the value δ = δ(t0, ε) > 0 from

the condition

λM (A2)ψ2(t0, δ) < λm(A1)ψ1(ε).

Show that with such chosen δ(t0, ε) > 0 and under the conditions of the
Theorem 10.7, the stationary solution Y (t; t0,Θ0) of the equation (10.1) is
stable. If this is not so, then there should exist a solution Y (t) = Y (t; t0, Y0)
and a value t1 > t0 such that

D[Y (t1),Θ0] = ε and D[Y (t),Θ0] ≤ ε < H0, H0 < H

for all t0 ≤ t ≤ t1 as soon as D[W0, 0] < δ.
From the Theorem 10.5 and the condition (3) of the Theorem 10.7 it follows

that

V (t, Y (t), θ) ≤ V (t0, Y0, θ), t0 ≤ t ≤ t1. (10.19)

Taking into account the estimate (10.18), from the inequality (10.19) we find

λm(A1)ψ1(ε) = λm(A1)ψ1(D[Y (t1),Θ0]) ≤ V (t1, Y (t1), θ)

≤ V (t0,W0, θ) ≤ λM (A2)ψ2(t0, D[W0, θ])

≤ λM (A2)ψ2(t0, δ) < λm(A1)ψ1(ε).

The obtained contradiction proves the Theorem 10.7.

Theorem 10.8 Assume that for the equation (10.1) the conditions of the
Assumptions H1−H3, the conditions (1), (2) of the Theorem 10.7 are satisfied,
and, in addition, the condition

(3′) D+V (t, Y, θ)
∣∣
(10.1)

≤ −γV (t, Y, θ) for all (t, Y ) ∈ R+×S0(ρ0) and α ∈ S
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is satisfied as well.
Then the stationary solution Θ0 of the equation (10.1) is asymptotically

stable.

Proof From the conditions of the Theorem 10.8 it follows that the stationary
solution Θ0 of the equation (10.1) is stable. Let ε = ρ0 and δ0 = δ(t0, ρ0).
Then, according to the Theorem 10.7, the inequality D[W0, 0] < δ0 implies
the estimate D[Y (t),Θ0] < ρ0 for all t ≥ t0, where Y (t) = Y (t; t0,W0) is the
solution of the equations (10.1). From the condition (3′) of the Theorem 10.8
it follows that

V (t, Y (t), θ) ≤ V (t0,W0, θ) exp [−γ(t− t0)]

for all t ≥ t0.
For the given ε > 0 choose τ = τ(t0, ε) by the formula

τ(t0, ε) =
1

γ
ln
λM (A2)ψ2(t0, δ0)

λm(A1)ψ1(ε)
+ 1.

It is easy to verify that the following inequality is true:

λm(A1)ψ1 (D[Y (t),Θ0]) ≤ V (t, Y (t), θ)

≤ λM (A2)ψ2(t0, δ0) exp [−γ(t− t0)] < λm(A1)ψ1(ε).

The Theorem 10.8 is proved.

Now for the value 0 < η < ρ0 consider the set S(ρ0) ∩ Sc(η) and assume
that the function V (t, Y, θ) is defined in the range (t, Y ) ∈ R+×S(ρ0)∩Sc(η).

Theorem 10.9 Assume that for the equation (10.1) the conditions of the
Assumptions H1 −H3 are satisfied and, in addition,

(1) function (10.12) is such that

|V (t, Y1, θ) − V (t, Y2, θ)| ≤ LD[Y1, Y2],

where L > 0 for all (t, Y ) ∈ R+ × S(ρ0) ∩ Sc(η);

(2) there exist vector comparison functions ψ1, ψ2 ∈ K-class and constant
symmetric positive-definite matrices A1 and A2 such that

ψT
1 (D[Y,Θ0])A1ψ1 (D[Y,Θ0]) ≤ V (t, Y, θ)

≤ ψT
2 (D[W0, 0])A2ψ2 (D[W0, 0])

for all (t, Y ) ∈ R+ × S(ρ0) ∩ Sc(η);

(3) for all (t, Y ) ∈ R+ × S(ρ0) ∩ Sc(η) and α ∈ S the following inequality
is true:

D+V (t, Y, θ)
∣∣
(10.1)

≤ 0.
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Then the stationary solution Θ0 of the equation (10.1) is uniformly stable.

Proof Let 0 < ε < ρ0 and t0 ∈ R+ be given. Choose δ = δ(ε) so that

λM (A2)ψ2(δ) < λm(A1)ψ1(ε),

and show that here the stationary solution Θ0 of the equation (10.1) is uni-
formly stable. If this is not so, then one can find a solution Y (t) of the
equation (10.1), for which the relations

D[Y (t1),Θ0] = δ, D[Y (t2),Θ0] = ε and δ ≤ D[Y (t),Θ0] ≤ ε < ρ0

hold for all t1 ≤ t ≤ t2. Let η = δ, then from the condition (3) of the Theorem
10.9 one can obtain the inequality

V (t2, Y (t2), θ) ≤ V (t1, Y (t1), θ)

and, according to the condition (2) of the Theorem 10.9,

λm(A1)ψ1(ε) = λm(A1)ψ1(D[Y (t2),Θ0])

≤ V (t2, Y (t2), θ) ≤ V (t1, Y (t1), θ)

≤ λM (A2)ψ2(D[Y (t1),Θ0]) = λM (A2)ψ2(δ) < λm(A1)ψ1(ε).

The obtained contradiction proves the Theorem 10.9.

Theorem 10.10 Assume that for the equation (10.1) all the conditions of the
Assumptions H1 −H3, the conditions (1), (2) of the Theorem 10.9, and the
condition (3′) are satisfied, and there exists a comparison function ψ3 ∈ K-
class such that

D+V (t, Y, θ)
∣∣
(10.1)

≤ −ψ3(D[Y (t),Θ0])

for all (t, Y ) ∈ R+ × S(ρ0) ∩ Sc(η) and α ∈ S.

Then the stationary solution Θ0 of the equations (10.1) is uniformly
asymptotically stable.

Proof Under the conditions of the Theorem 10.10 all the conditions of the
Theorem 10.9 are satisfied and the stationary solution Θ0 of the equation
(10.1) is uniformly stable. Consider that ε = ρ0, and choose δ0 = δ(ρ0) > 0.
Here the condition D[W0, 0] < δ0 implies the estimate D[Y (t),Θ0] < ρ0 for
all t ≥ t0 uniformly with respect to t0 ∈ R+.

Show that there exists t0 ≤ t∗ ≤ t0 + τ , where

τ = 1 +
λM (A2)ψ2(δ0)

ψ3(δ)
,
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such that D[Y (t∗),Θ0] < δ. Assume that this is not so, and D[Y (t∗),Θ0] ≥ δ
at t0 ≤ t∗ ≤ t0 + τ . From the condition (3′) of the Theorem 10.10 obtain the
estimate

V (t, Y (t), θ) ≤ V (t0,W0, θ) −
t∫

t0

ψ3(D[Y (s),Θ0]) ds

for all t0 ≤ t ≤ t0 + τ . Taking into account the chosen τ , find

0 ≤ V (t0 + τ, Y (t0 + τ), θ) ≤ λM (A2)ψ2(δ0) − ψ3(δ)τ < 0.

This inequality contradicts the estimate of the function V (t, Y, θ) from the
condition (2) of the Theorem 10.9. Therefore there exists t∗ such that the
condition D[W0, 0] < δ0 implies the estimate D[Y (t),Θ0] < δ for all t ≥
t∗ + τ .

The Theorem 10.10 is proved.

Now apply the function (10.15) and the comparison Theorem 10.6, and
show the general pattern of obtaining the conditions for the stability of the
stationary solution Θ0 of the equation (10.1). An analogue of this approach
in the theory of ordinary differential equation is the technique of proving
theorems on the stability of the zero solution of equations of perturbed motion
on the basis of the vector Lyapunov function.

Theorem 10.11 Assume that for the set equation (10.1) all the conditions
of the Assumptions H1–H3 are satisfied, and, in addition,

(1) there exist a function (10.5), a vector θ ∈ R2
+ and a vector function

G(t, ω), G ∈ C(R+ × R2
+, R2), G(t, 0) = 0, nondecreasing with respect

to ω for all t ∈ R+, for which the conditions (1)–(3) of the Theorem
10.6 are satisfied for all (t, Y ) ∈ R+ × S0(ρ0);

(2) there exist vector comparison functions ψ1, ψ2 belonging to the K-class
and constant symmetric positive-definite (2 × 2)-matrices A1 and A2

such that for the function

V0(t, Y, θ) =

2∑

i=1

Li(t, Y, θ)

the two-sided inequality

ψT
1 (D̃[Y,Θ0])A1ψ1(D̃[Y,Θ0]) ≤ V0(t, Y, θ)

≤ ψT
2 (D̃[Y,Θ0])A2ψ2(D̃[Y,Θ0])

holds for all (t, Y ) ∈ R+ × S0(ρ0);
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(3) the zero solution of the comparison system

dω

dt
= G(t, ω), ω(t0) = ω0 ≥ 0

has a certain type of stability.

Then the stationary solution Θ0 of the equations (10.1) has the same type
of stability.

The proof of the Theorem 10.10 is similar to that of the theorem 9.10 and
therefore is not given here.

10.6 The Application of the Strengthened
Lyapunov Function

The condition (2) of the Theorem 10.9 may prove to be hard to satisfy,
and then the lower requirements of the function (10.12) can be compensated
for by the introduction of some strengthening function defined in the domain
R+ × S(ρ0) ∩ Sc(η) at 0 < η < ρ0, where Sc(η) denotes a complement of the
set S(η).

This idea, in combination with the comparison principle, is realized in the
theorem below.

Theorem 10.12 Assume that for the equation (10.1) the conditions of the
Assumptions H1 −H3 are satisfied, and, in addition,

(1) there exists a function (10.12) such that V ∈ C(R+ × S(ρ0), R+),
|V (t, Y1, θ)−V (t, Y2, θ)| ≤ LD[Y1, Y2], where L > 0, and 0 ≤ V (t, Y, θ) ≤
a(t,D[W0, 0]), where a ∈ C(R+ × [0, ρ0), R+)), a(t, ·) belongs to the K-
class for any value of t ∈ R+;

(2) for all (t, Y ) ∈ R+ × S(ρ0) and α ∈ S the following inequality is true

D+V (t, Y, θ)
∣∣
(10.1)

≤ g1(t, V (t, Y, θ)),

where g1 ∈ C(R2
+,R) and g1(t, 0) = 0 for all t ∈ R+;

(3) for any 0 < η < ρ0 there exists a function Vη ∈ C(R+×S(ρ0)∩Sc(η), R)
such that

|Vη(t, Y1) − Vη(t, Y2)| ≤ LηD[Y1, Y2],

where Lη > 0 is constant, and for the function V0(t, Y, θ) = V (t, Y, θ)+
Vη(t, Y ) the two-sided inequality is true:

ψT
1 (D[Y,Θ0])A1ψ1(D[Y,Θ0]) ≤ V0(t, Y, θ)

≤ ψT
2 (D[W0, 0])A2ψ2(D[W0, 0]),

(10.20)
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where ψ1, ψ2 are vector comparison functions belonging to the K-class,
A1 and A2 are constant symmetric positive-definite matrices;

(4) for all (t, Y ) ∈ R+ × S(ρ0) ∩ Sc(η) and α ∈ S the following inequality
is true

D+V0(t, Y, θ)
∣∣
(10.1)

≤ g2(t, V0(t, Y, θ)),

where g2 ∈ C(R2
+,R), g2(t, 0) = 0 for all t ∈ R+;

(5) the zero solution ω1 = 0 of the comparison equation

dω1

dt
= g1(t, ω1), ω1(t0) = ω10 ≥ 0 (10.21)

is stable;

(6) the zero solution ω2 = 0 of the comparison equation

dω2

dt
= g2(t, ω2), ω2(t0) = ω20 ≥ 0 (10.22)

is stable uniformly with respect to t0 ∈ R+.

Then the stationary solution Θ0 of the equation (10.1) is stable.

Proof Reduce the estimates (10.20) from the condition (3) of the Theorem
10.12 to the form

λm(A1)ψ1(D[Y,Θ0]) ≤ V0(t, Y, θ) ≤ λM (A2)ψ2(D[W0, 0]) (10.23)

where λm(A1) > 0 and λM (A2) > 0 are the minimum and the maximum
eigenvalues of the matrices A1 and A2 respectively, and the functions ψ1, ψ2

belong to the K-class.
Let 0 < ε < ρ0 and t0 ∈ R+ be given. From the uniform stability of

the zero solution ω2 = 0 of the equation (10.22) it follows that for the given
λm(A1)ψ1(ε) > 0 there exists δ0 = δ0(ε) such that the condition

0 < ω20 < δ0

implies
ω2(t; t0, ω20) < λm(A1)ψ1(ε), t ≥ t0

where ω2(t; t0, ω20) is any solution of the equation (10.22). At the given ε > 0,
for the function ψ2 ∈ K-class from the condition (10.23) one can indicate
δ2 = δ2(ε) > 0 such that

λM (A2)ψ2(δ2) <
1

2
δ0. (10.24)

Since according to the condition (5) of the Theorem 10.12, the zero solution
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ω1 = 0 of the comparison equation (10.21) is stable, for the given
1

2
δ0 > 0

and t0 ∈ R+ one can find δ∗ = δ∗
(
t0,

1

2
δ0

)
> 0 such that the condition

0 < ω10 < δ∗ (10.25)

will imply

ω1(t; t0, ω10) <
1

2
δ0

for all t ≥ t0, where ω1(t; t0, ω10) is any solution of the equation (10.21).
Let ω10 = V (t0,W0, θ). According to the condition (1) of the Theorem

10.12, for the function a(t, ·) one can choose δ1 = δ1(t0, ε) > 0 so that the
inequalities

D[W0, 0] < δ1 and a(t0, D[W0, 0]) < δ∗ (10.26)

will hold simultaneously.
Now choose δ = min(δ1, δ2) and show that the condition

D[W0, 0] < δ

implies

D[Y (t),Θ0] < ε

for all t ≥ t0 for any solution Y (t) of the equation (10.1). If this is not so,
then there should exist a solution Y (t) of the equation (10.1) and points of
time t1, t2 > t0 such that

D[Y (t1),Θ0] = δ2, D[Y (t2),Θ0] = ε, δ2 ≤ D[Y (t),Θ0] ≤ ε < ρ0

for t1 ≤ t ≤ t2. Let η = δ2. Since 0 < δ2 < ρ0, the conditions (3) of the
Theorem 10.12 are satisfied for the function Vη(t, Y ). For the function m(t) =
V (t, Y (t), θ) + Vη(t, Y (t)), t ∈ [t1, t2], the condition (4) of the Theorem 10.12
results in the inequality

D+m(t) ≤ g2(t,m(t)), t1 ≤ t ≤ t2,

whence follows the estimate

V (t2, Y (t2), θ) + Vη(t2, Y (t2)) ≤ r2(t2; t1, ω20), (10.27)

where ω20 = V (t1, Y (t1), θ) + Vη(t1, Y (t1)) and r2(t2; t1, ω20) is the maxi-
mum solution of the comparison equation (10.22). Note that for the function
V (t, Y (t), θ) the following estimate is true

V (t1, Y (t1), θ) ≤ r1(t1; t0, ω10), (10.28)

where ω10 = V (t0,W0, θ) and r1(t1; t0, ω10) is the maximum solution of the
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comparison equation (10.21). Taking into account the inequalities (10.26) and
(10.25), from the estimate (10.28) we obtain

V (t1, Y (t1), θ) <
1

2
δ0. (10.29)

From the conditions (10.24) and (10.27) it follows that

Vη(t1, Y (t1)) ≤ λM (A2)ψ2(δ2) <
1

2
δ0. (10.30)

Taking into account (10.29) and (10.30), ω20 < δ0, and therefore
ω2(t2; t1, ω20) < λm(A1)ψ1(ε). According to the condition (1) of the Theo-
rem 10.12, the function V (t, Y (t), θ) ≥ 0 for all t ∈ R+; therefore from the
estimate (10.27) we obtain

λm(A1)ψ1(ε) = λm(A1)ψ1(D[Y (t2),Θ0]) ≤ V0(t2, Y (t2), θ)

≤ r2(t2; t1, ω20) < λm(A1)ψ1(ε).

The obtained contradiction proves that the stationary solution Θ0 of the equa-
tion (10.6) is stable.

The Theorem 10.12 is proved.

An insignificant modification of the conditions of the Theorem 10.12 makes
it possible to obtain sufficient conditions for the asymptotic stability of the
stationary solution Θ0 of the equation (10.1) in the following form.

Theorem 10.13 Assume that for the set equation (10.1) the conditions of
the Assumptions H1–H3 and the conditions (1)–(6) of the Theorem 10.12 are
satisfied, and, in addition,

(2′) there exist a function c ∈ K-class and ω ∈ C(R+ ×S(ρ0), R+) such that

|ω(t, Y1) − ω(t, Y2)| ≤ ND[Y1, Y2],

where N > 0, the value D+ω(t, Y )
∣∣
(10.1)

is bounded above or below, and

for all (t, Y ) ∈ R+ × S(ρ0) and α ∈ S the following estimate holds:

D+V (t, Y, θ)
∣∣
(10.1)

≤ −c(ω(t, Y )) + g1(t, V (t, Y, θ)).

Then the stationary solution Θ0 of the equation (10.1) is asymptotically
stable, if the function g1(t, ω) is nondecreasing with respect to ω and

ω(t, Y ) ≥ b0(D[Y,Θ0]),

where b0 belongs to the K-class.
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Proof With the condition (2) in the Theorem 10.12 replaced by the condi-
tion (2′) from the Theorem 10.13 with the given complements, the stationary
solution Θ0 of the equation (10.1) is stable. Let ε = ρ0 and δ0 = δ0(t0, ρ0).
From the condition of stability of the solution Θ0 obtain that the inequality
D[W0, 0] < δ0 implies the estimate D[Y (t),Θ0] < ρ0 for all t ≥ t0.

Show that for any solution Y (t) of the equation (10.1) with the initial
conditions D[W0, 0] < δ0 it follows that lim

t→∞
ω(t, Y (t)) = 0 and therefore

limD[Y (t),Θ0] = 0 at t→ ∞.
Assume that lim

t→∞
supω(t, Y (t)) 6= 0. Then there should exist divergent

sequences {t′i}, {t′′i } and some quantity σ > 0 such that for all t ∈ (t′i, t
′′
i )

(a) ω(t′i, Y (t′i)) =
σ

2
, ω(t′′i , Y (t′′i )) = σ and ω(t, Y (t)) ≥ σ

2
or

(b) ω(t′i, Y (t′i)) = σ, ω(t′′i , Y (t′′i )) =
σ

2
and ω(t, Y (t)) ≥ σ

2
.

Assume that D+ω(t, Y (t))
∣∣
(10.1)

≤M , where M > 0 is some constant.

From the condition (a) it follows that

σ

2
= σ − σ

2
= ω(t′′i , Y (t′′i )) − ω(t′i, Y (t′i)) ≤M(t′′i − t′i).

Hence, for any i, the estimate t′′i − t′i ≥
σ

2M
is true. From the condition (2′)

of the Theorem 10.13 it follows that

V (t, Y (t), θ) ≤ r1(t; t0, ω10) −
n∑

i=1

t′′i∫

t′i

c (ω(s, Y (s))) ds.

Since ω10 = V (t0,W0, θ) ≤ a(t0, D[W0, 0]) < a(t0, δ0) < δ∗(ρ0) for all
t ≥ t0, then, according to the inequality (10.25), we obtain the estimate

ω1(t; t0, ω10) <
1

2
δ0(ρ0) for all t ≥ t0 and

0 ≤ V (t, Y (t), θ) ≤ 1

2
δ0(ρ0) − c

(σ
2

) σ

2M
n. (10.31)

At n → ∞ the inequality (10.31) is a contradiction. This proves that
lim
t→∞

supω(t, Y (t)) = 0 and therefore the stationary solution Θ0 of the equa-

tion (10.1) is asymptotically stable.

10.7 Boundedness Theorems

Assume that the equation

DHY = F (t, Y ), Y (t0) = Y0 ∈ Kc(Rn), (10.32)
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where Y ∈ Kc(Rn) and F ∈ C(R+ ×Kc(Rn), Kc(Rn)), has a solution Y (t) =
Y (t, t0,W0) defined for all t ≥ t0, whereW0 = Y0−V0 for any Y0, V0 ∈ Kc(Rn).

Definition 10.2 The solution Y (t) of the equation (10.32) is:

(B1) equibounded , if for any α > 0 and t0 ∈ R+ there exists β(t0, α) > 0 such
that from the condition ‖W0‖ < α it follows that ‖Y (t)‖ < β(t0, α) for
all t ≥ t0;

(B2) uniformly bounded , if β in the definition B1 does not depend on t0;

(B3) quasi-ultimately bounded with a boundary B, if for any α > 0 and t0 ∈
R+ there exist B > 0 and τ = τ(t0, α) > 0 such that from the condition
‖W0‖ < α it follows that ‖Y (t)‖ < B for all t ≥ t0 + τ ;

(B4) quasi-uniformly ultimately bounded , if τ in the definition of B3 does not
depend on t0;

(B5) equiultimately bounded , if the conditions in the definitions B1 and B3

are satisfied simultaneously;

(B6) uniformly ultimately bounded , if the conditions of the definitions B2 and
B4 are satisfied simultaneously.

Now apply the function (10.12) and obtain the conditions for the bound-
edness of solution of the set equation (10.32).

Theorem 10.14 Assume that for the equation (10.32) the following condi-
tions are satisfied:

(1) there exist a function (10.11), S ∈ C(R+ × Kc(Rn), R2×2), a vector
θ ∈ R2

+ and a constant L > 0 such that V (t, Y, θ) ∈ C(R+ × Kc(Rn) ×
R

2
+, R+) and |V (t, Y1, θ)−V (t, Y2, θ)| ≤ LD[Y1, Y2] for all (t, Y ) ∈ R+×

Kc(Rn);

(2) there exist vector comparison functions ψ1, ψ2 ∈ KR-class and constant
symmetric positive-definite (2 × 2)-matrices A1 and A2 such that

ψT
1 (‖Y ‖)A1ψ1(‖Y ‖) ≤ V (t, Y, θ) ≤ ψT

2 (t, ‖Y ‖)A2ψ2(t, ‖Y ‖)

for all (t, Y ) ∈ R+ ×Kc(Rn);

(3) for all (t, Y ) ∈ R+ ×Kc(Rn) and α ∈ S the following inequality holds:

D+V (t, Y, θ)
∣∣
(10.32)

≤ 0.

Then the solution Y (t) of the equation (10.32) is equibounded.
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Proof Transform the condition (2) of the Theorem 10.4 to the following form:

λm(A1)ψ1(‖Y ‖) ≤ V (t, Y, θ) ≤ λM (A2)ψ2(t, ‖Y ‖), (10.33)

where ψ1 and ψ2 belong to the KR-class and are such that

ψ1(‖Y ‖) ≤ ψT
1 (‖Y ‖)ψ1(‖Y ‖) and ψ2(t, ‖Y ‖) ≥ ψT

2 (t, ‖Y ‖)ψ2(t, ‖Y ‖).

Now choose β = (t0, γ) > 0 for the given γ > 0 and t0 ∈ R+ so that

λM (A2)ψ2(t0, γ) < λm(A1)ψ1(β). (10.34)

Show that with the chosen β the solution Y (t) is equibounded. If this is not
so, then one can find a solution Y (t) = Y (t, t0,W0) and a value t1 > t0 such
that ‖Y (t1)‖ = β and ‖Y (t)‖ ≤ β at t0 ≤ t ≤ t1.

From the condition (3) of the Theorem 10.14 it follows that

V (t, Y (t), θ) ≤ V (t0,W0, θ), t0 ≤ t ≤ t1. (10.35)

According to the condition (10.33), from the inequalities (10.34), (10.35) we
find the estimates

λm(A1)ψ1(β) = λm(A1)ψ1(‖Y (t)‖) ≤ V (t, Y (t), θ) ≤ V (t0,W0, θ)

≤ λM (A2)ψ2(t0, ‖W0‖) < λM (A2)ψ2(t0, γ) < λm(A1)ψ1(β).
(10.36)

The obtained contradiction proves the statement of the Theorem 10.14.

For the set S(ρ) = {Y ∈ Kc(Rn) : D[Y,Θ] < ρ}, where Θ is the zero
element of the set Kc(Rn), consider the complement Sc(ρ) and assume that
ρ can take on arbitrarily large values. Now we will prove the theorem on the
uniform boundedness of the set of solutions Y (t) of the equation (10.32).

Theorem 10.15 Assume that for the equation (10.32) the following condi-
tions are satisfied:

(1) there exist a function (10.11), S ∈ C(R+ × Sc(ρ), R2×2), a vector θ ∈
R

2
+, and a constant L > 0 such that V (t, Y, θ) ∈ C(R+×Sc(ρ)×R

2
+, R+)

and |V (t, Y1, θ) − V (t, Y2, θ)| ≤ LD[Y1, Y2] for all (t, Y ) ∈ R+ × Sc(ρ);

(2) there exist vector comparison functions ψ1, ψ3 belonging to the KR-
class, and constant symmetric positive-definite (2 × 2)-matrices A1 and
A2 such that

ψT
1 (‖Y ‖)A1ψ1(‖Y ‖) ≤ V (t, Y, θ) ≤ ψT

3 (‖Y ‖)A2ψ3(‖Y ‖)

for all (t, Y ) ∈ R+ × Sc(ρ);

(3) for all (t, Y ) ∈ R+ × Sc(ρ) the following inequality holds:

D+V (t, Y, θ)
∣∣
(10.32)

≤ 0.
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Then the solution Y (t) of the equation (10.32) is uniformly bounded.

Proof As in the proof of the Theorem 10.13, we transform the condition (2)
of the Theorem 10.15 to the form (10.33), and choose β = β(γ) from the
condition

λM (A2)ψ3(γ) < λm(A1)ψ1(β).

If γ > ρ, then in the estimates of the form (10.35), (10.36) the set Sc(ρ)
is considered. If 0 < γ ≤ ρ, then β = β(ρ) and the same reasoning is applied
as in the proof of the Theorem 10.14.

Theorem 10.16 Assume that for the equation (10.32) the condition (1) of
the Theorem 10.14 is satisfied and

(2′) there exists a constant η > 0 such that

D+V (t, Y, θ)
∣∣
(10.32)

≤ −ηV (t, Y, θ)

for all (t, Y ) ∈ R+ ×Kc(Rn) and α ∈ S.

Then if the condition (3) of the Theorem 10.14 is satisfied at ‖Y ‖ ≥ B,
where 0 < B < +∞, then the solution Y (t) is equiultimately bounded.

Proof From the conditions of the Theorem 10.14 it follows that the solution
Y (t) is equibounded. Therefore from the condition ‖W0‖ < α it follows that
‖Y (t)‖ < β for all t ≥ t0. The condition (2′) of the Theorem 10.16 implies the
estimate

V (t, Y (t), θ) ≤ V (t0,W0, θ) exp [−η(t− t0)] (10.37)

for all t ≥ t0. Let

τ =
1

η
ln
λM (A2)ψ2(t0, γ)

λm(A1)ψ1(B)

and for t ≥ t0 + τ the condition ‖Y (t)‖ ≥ B is satisfied. From the inequality
(10.37) we obtain

λm(A1)ψ1(B) ≤ λm(A1)ψ1(‖Y (t)‖) ≤ V (t, Y (t), θ)

< λM (A2)ψ2(t0, γ) exp [−ητ ] = λm(A1)ψ1(B).
(10.38)

The contradiction (10.38) proves the Theorem 10.16.

Note that the conditions for the non-uniform boundedness of solutions
of the equation (10.32) can be obtained on the basis of the strengthened
Lyapunov function in the same way as analyzing the stability of the set of
stationary solutions of that equation.

It is clear that the constructive application of the described conditions
for the stability and boundedness of the set solutions is connected with the
successive solution of the problem of construction of an appropriate Lyapunov
function.



Chapter 11

Set Differential Equations with a

Robust Causal Operator

A general theory of equations with a causal operator has been developed by
Corduneanu [2002]. A short description of functional equation with a causal
operator is as follows.

Let E = E([0, T ),Rn) be a functional space with a norm. Let the ope-
rator V : E → E. The V is said to be a causal operator if the following
conditions are satisfied: for each pair of elements from the space E such that
for x(s) = y(s) when 0 ≤ s ≤ t the correlation (V x)(s) = (V y)(s) holds true
when 0 ≤ s ≤ t for arbitrary t < T . An example causal operator is

(V x)(t) =

∫ t

0

K(t, s, x(s)) ds, t ∈ [0, T ),

whereK(t, s, x) is the function with values in Rn determined for 0 ≤ s ≤ t < T
and x ∈ Rn or

(V x)(t) = f(t) +

∫ t

0

K(t, s, x(s)) ds,

where f(t) is a continuous function on [0, T ).
In this chapter we use the comparison principle for the set of differential

equations with a robust causal operator to prove several stability theorems.

11.1 Preliminary Results

We shall consider a space of nonempty subsets of Rn : Kc(Rn) consisting
of all nonempty compact convex subsets of Rn. Let given constants β, γ ∈ R

and A,B ∈ Kc(Rn), then

β(A +B) = βA+ βB, β(γA) = (βγ)A, 1A = A,

and, if β, γ ≥ 0, then (β + γ)A = βA+ γA.
Let the space E = C([t0, a),Kc(Rn)) be equipped with the norm

D0[Y, θ] = sup
t0≤t<a

D[Y (t), θ],

241
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where θ ∈ Kc(Rn) and

D[Y, θ] = max[sup
x∈θ

d(x, Y ), sup
y∈Y

d(y, θ)]

is the Hausdorff metric.
Assume that Q : E × S → E is a given mapping, where S is a compact

subset of the space Rd of uncertain parameters, d ≥ 1.
Taking into account some of the results of Corduneanu [2002] and Laksh-

mikantham, Bhaskar and Devi [2006], we give the following definitions.

Definition 11.1 Q : E×S → E is a robust causal mapping if the conditions
Y (s) = V (s) for t0 ≤ s < t < a and Y, V ∈ E imply that (QY )(s) = (QV )(s)
for all t0 ≤ s ≤ t and all α ∈ S.

The initial value problem for the set of differential equations with a robust
causal operator is defined as

DHY (t) = (Q(α)Y )(t), Y (t0) = Y0 ∈ Kc(Rn), (11.1)

where (Q(α)Y )(t) : R+ × E × S → Kc(Rn).
Along with problem (11.1), we consider the sets of equations

DHW (t) = (QmW )(t), W (t0) = W0 ∈ Kc(Rn), (11.2)

where
(QmW )(t) = co

⋂

α∈S

(Q(α)Y )(t)

and
DHZ(t) = (QMZ)(t), Z(t0) = Z0 ∈ Kc(Rn), (11.3)

where
(QMZ)(t) = co

⋃

α∈S

(Q(α)Y )(t).

We define

(QβX)(t) = β(QMX)(t) + (1 − β)(QmX)(t), 0 ≤ β ≤ 1,

and consider the set equations with a causal operator

DHX(t) = (QβX(t)), X(t0) = X0 ∈ K(Rn). (11.4)

11.2 Comparison Principle

Define the matrix-valued function

S(t,X, β) = [Sij(t,X)], i, j = 1, 2, (11.5)
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whose elements Sij(·) are related to equations (11.2)–(11.4). Specifically, the
element S11(t,X) ∈ C(R+ × Kc(Rn),R+) is associated with equation (11.2);
the element S22(t,X) ∈ C(R+ × Kc(Rn),R+), with equation (11.3); and the
element S12(t,X, β) ∈ C(R+ ×Kc(Rn) × [0, 1],R), with equation (11.4).

Given a vector ψ ∈ R2
+, ψ > 0, we define the function L(t,X, β) =

ψTS(t,X, β)ψ and assume that L ∈ C(R+ × Kc(Rn) × [0, 1],R+) and
L(t,X, β) is a locally Lipschitz function in X ; i.e.,

|L(t,X1, β) − L(t,X2, β)| ≤ KD[X1, X2],

for all X1, X2 ∈ Kc(Rn) and t ∈ R+.
For L(t,X, β), define the expression

D−L(t,X, β) = lim
θ→0−

inf[L(t+ θ,X(t) + θ((Q(α)X)(t)), β)−L(t,X(t), β)]θ−1

for any β ∈ [0, 1] and any α ∈ S.

Theorem 11.1 Let equation (11.1) be such that the following conditions hold:

(i) there is a matrix-valued function S(t,X, β) and a vector ψ ∈ R2
+ such

that L(t,X, β) is a locally Lipschitz function in X;

(ii) there are functions g0 and gβ ∈ (R+×R+×[0, 1],R) satisfying g0(t, w) ≤
gβ(t, w) for all t ∈ R+ and α ∈ S;

(iii) the equation
dv

dt
= g0(t, v), v(τ0) = v0 ≥ 0, (11.6)

has a left maximal solution η(t, τ0, v0) on the interval [t0, τ0], and the
equation

dw

dt
= gβ(t, w), w(t0) = w0 ≥ 0, (11.7)

has a right maximal solution rβ(t, t0, w0) on the interval [t0,∞) for any
β ∈ [0, 1];

(iv) on the set W = {X ∈ E : L(t,X(s), β) ≤ η(s, t, L(t,X(t), β)), t0 ≤ s ≤
t}, it is true that

D−L(t,X(t), β) ≤ gβ(t, L(t,X(t), β)),

for any β ∈ [0, 1].

Then, for all t ≥ t0, we have the estimate

L(t,X(t), β) ≤ rβ(t; t0, w0)

whenever L(t0, X0, β) ≤ w0.
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Proof First, we show that, under conditions (ii) and (iii) in Theorem 11.1,
the left maximal solution η(t, τ0, v0) of equation (11.6) and the right maximal
solution vβ(t; t0, w0) of equation (11.7) satisfy

vβ(t; t0, w0) ≤ η(t, τ0, v0) (11.8)

for all t ∈ [t0, τ0] and any β ∈ [0, 1] whenever

vβ(τ0, t0, w0) ≤ v0. (11.9)

For sufficiently small ε > 0, we have

lim
ε→0

wβ(t, ε) = rβ(t, t0, u0) lim
ε→0

v(t, ε) = η(t, τ0, v0),

where wβ(t, ε) is any solution to the equation

dw

dt
= gβ(t, w) + ε, w(t0) = w0 + ε ≥ 0, (11.10)

that exists to the right of t0 for any β ∈ [0, 1], and v(t, ε) is any solution to
the equation

dv

dt
= g0(t, v) − ε, v(τ0) = v0 ≥ 0, (11.11)

that exists to the left of τ0. Inequality (11.8) will be proved if we show that
wβ(t, ε) < v(t, ε) for all t0 ≤ t < τ0 and any β ∈ [0, 1].

Condition (ii) in Theorem 11.1 and estimate (11.9) imply that, for suffi-
ciently small δ > 0, it holds that wβ(t, ε) < v(t, ε) for τ0 − δ ≤ t < τ0. Then
wβ(τ0 − δ, ε) < v(τ0 − δ, ε) for any β ∈ [0, 1].

Let us show that wβ(t, ε) < v(t, ε) for all t0 ≤ t < τ0−δ and any β ∈ [0, 1].
If this is not true, then there exists t∗ ∈ [t0, τ0− δ) such that wβ(t, ε) < v(t, ε)
for t∗ < t ≤ τ0 − δ and β ∈ [0, 1] and wβ(t

∗, ε) = v(t∗, ε). This relation leads
to the contradiction

gβ(t
∗, wβ(t

∗, ε)) + ε =
dw

dt
≤ dv

dt
= g0(t

∗, v(t∗, ε)) − ε,

for any β ∈ [0, 1]. Therefore, wβ(t, ε) < v(t, ε) for t0 ≤ τ ≤ τ0 − δ and all
β ∈ [0, 1].

Let m(t) = L(t,X(t), β) for t ≥ t0 and m(t0) = L(t0, X0, β) ≤ w0. Denote
by wβ(t, ε) any solution to equation (11.10) with an arbitrarily small ε > 0.
Since

rβ(t, t0, w0) = lim
ε→0

wβ(t, ε)

for any β ∈ [0, 1], it is sufficient to show that

m(t) < wβ(t, ε) t ≥ t0
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and all β ∈ [0, 1]. If this is not true, then there is t1 > t0 such that m(t1) =
wβ(t1, ε) and m(t) < wβ(t, ε) for t0 ≤ t < t1 and all β ∈ [0, 1]. It follows that

D−m(t1) ≥
dw

dt
= gβ(t1,m(t1)) + ε. (11.12)

Consider the left maximal solution η(s, t1,m(t1)) of equation (11.11) with
the initial value v(t1) = m(t1) on the interval t0 ≤ s ≤ t1. According to (11.8),
for s ∈ [t0, t1], we have

rβ(s, t0, w0) ≤ η(s, t1,m(t1)).

Since

rβ(t1; t0, w0) = lim
ε→0

wβ(t, ε) = m(t1) = η(t1; t1,m(t1))

and m(s) ≤ wβ(s, ε) for t0 ≤ s ≤ t1, we conclude that

m(s) ≤ rβ(s; t0, w0) ≤ η(s; t1,m(t1))

for s ∈ [t0, t1]. This inequality implies that condition (iv) in Theorem 11.1
holds for the solutionX(s; t0, X0) on [t0, t1]. Moreover, standard computations
yield the estimate

D−m(t1) ≤ gβ(t1,m(t1))

for any β ∈ [0, 1], which is a contradiction to (11.12). Therefore, m(t) <
rβ(t, t0, w0) for t ≥ t0, which completes the proof of the theorem.

Corollary 11.1 If the elements Sij(t, ·) of matrix-valued function (11.5) are
such that S12(t, ·) = S21(t, ·) = 0, then L0(t,X, β) = S(t,X)ψ, ψ ∈ R2

+,
is an auxiliary vector function and Theorem 11.1 remains valid with slight
modifications.

Corollary 11.2 If the operator Q : E → E is independent of the uncertain
parameter α ∈ S and function (11.5) is replaced with V (t,X) : R+×Kc(Rn) →
R+, then Theorem 11.1 becomes the one from Lakshmikantham, Bhaskar, and
Devi [2006].

Corollary 11.3 If Kc(Rn) = Rn, Q : E → E, and function (11.5) is replaced
with V : L2

loc([0,∞),Rn) → R, then Theorem 11.1 becomes the comparison
principle from Corduneanu [2002] for equations with a causal operator.

11.3 Estimates of Funnel for Solutions

The comparison principle is used to estimate the distance between the
solutions to equations (11.2) and (11.3). Recall an estimate known from Lak-
shmikantham, Leela, and Martynyuk [1991a].
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Lemma 11.1 Let m ∈ C([t0, T ),R+) and g ∈ C([t0, T ) × R+,R) be given
functions, for all t ∈ [t0, T )

D−m(t) ≤ g(t, |m|0(t)),

where |m0(t)| = sup
0≤s≤t

|m(s)|. If the scalar equation

dw

dt
= g(t, w), w(t0) = w0 ≥ 0, (11.13)

has a maximal solution rM (t) = r(t; t0, w0) for all t ∈ [t0, T ) and if m(t0) ≤
w0, then m(t) ≤ rM (t) for all t ∈ [t0, T ).

The proof of this result is standard for the comparison principle.
Let D0[W,Z](t) = max

t0≤s≤t
D[W (s), Z(s)].

Theorem 11.2 Given causal operators Qm ∈ C(E,E) and QM ∈
C(E,E), suppose that there exists a function g ∈ C([t0, T ),R) such that
D[(QmW )(t), (QMZ)(t)] ≤ g(t,D0[W,Z](t)) for all t ∈ [t0, T ). If equation
(11.13) has a maximal solution rM (t) on [t0, T ) and the initial conditions
of the solutions W (t) and Z(t) are such that W (t0) = W0 ∈ Kc(Rn) and
Z(t0) = Z0 ∈ Kc(Rn), then, for all t ∈ [t0, T ), the inequality

D[W (t), Z(t)](t) ≤ rM (t; t0, w0),

holds whenever D[W0, Z0] ≤ w0.

Proof Define m(t) = D[W (t), Z(t)]. According to the conditions of Theorem
11.2, we have m(t0) = D[W0, Z0] ≤ w0, where w0 is the initial value for scalar
equation (11.13). For arbitrarily small θ > 0 and any t ∈ [t0, T ), consider the
expression m(t+ θ) = D[W (t+ θ), Z(t+ θ)]. By the property D : D(A,B) ≤
D(A,C)+D(C,B) of the Hausdorff metric D, it is easy to derive the estimate

m(t+ θ) ≤ D[W (t+ θ),W (t) + θ(QmW )(t)]

+D[W (t) + θ(QmW )(t), Z(t+ θ)]

≤ D[W (t+ θ),W (t) + θ(QmW )(t)]

+D[W (t) + θ(QmW )(t), Z(t) + θ(QMZ)(t)]

+D[Z(t) + θ(QMZ)(t), Z(t+ θ)]

≤ D[W (t+ θ),W (t) + θ(QmW )(t)]

+D[W (t) + θ(QmW )(t),W (t) + θ(QMZ)(t)]

+D[W (t) + θ(QMZ)(t), Z(t) + θ(QMZ)(t)]

+D[W (t) + θ(QMZ)(t), Z(t+ θ)].

(11.14)

Next, applying the property D(A + C, B + C) = D(A,B) for any A, B ∈
Kc(Rn) and any C ∈ K(Rn) and using the fact that, for arbitrarily small
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θ > 0, there exist Hukuhara differences W (t+ θ)−W (t) and Z(t+ θ)−W (t),
we rewrite inequality (11.14) in the form

m(t+ θ) ≤ D[W (t) +H(t, θ),W (t) + θ(QmW )(t)]

+D[θ(QmW )(t), θ(QMZ)(t)]

+D[W (t), Z(t)] +D[Z(t) + θ(QMZ)(t), Z(t) + V (t, θ)],

where W (t+ θ) = W (t) +H(t, θ) and Z(t+ θ) = Z(t) + V (t, θ).
Next, we obtain

m(t+ θ) ≤ D[H(t, θ), θ(QmW )(t)] +D[θ(QmW )(t), θ(QMZ)(t)]

+D[W (t), Z(t)] +D[θ(QMZ)(t), V (t, θ)].

Since a Hukuhara difference exists, H(t, θ) and V (t, θ) can be replaced by
W (t+ θ) −W (t) and Z(t+ θ) − Z(t), respectively. For θ > 0, we calculate

m(t+ θ) −m(t)

θ
≤ D

{
[W (t+ θ) −W (t)]θ−1, (QmW )(t)

}
+

+D
[
(QmW )(t), (QMZ)(t)

]
+D

{
(QMZ)(t), [Z(t+ θ) − Z(t)]θ−1

}
.

(11.15)
Since W (t) and Z(t) solve equations (11.2) and (11.3), inequality (11.15)
yields, as θ → 0+,

D+m(t) ≤ D[(QmW )(t), (QMZ)(t)] ≤ g(t,D[W,Z](t)) = g(t, |m|0(t))
(11.16)

for all t ∈ [t0, T ). Applying Lemma 11.1 to (11.16) gives the estimate from
Theorem 11.2.

Let θ ∈ Kc(Rn) be a zero set. Theorem 11.2 has the following consequence.

Corollary 11.4 Given causal operators Qm ∈ C(E,E) and QM ∈ C(E,E),
suppose that there are functions gi ∈ C([t0, T ),R), i = 1, 2 such that

D[(QmW )(t), θ] ≤ g1(t,D0[W, θ](t)),

D[(QMZ)(t), θ] ≥ g2(t,D0[Z, θ](t)).

If, for all t ∈ [t0, T ), the equation

dw

dt
= g1(t, w), w(t0) = w0 ≥ 0

has a maximal solution and the equation

dv

dt
= g2(t, v), v(t0) = v0 ≥ 0,

has a minimal solution, then the solutions W (t) and Z(t) of equations (11.2)
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and (11.3) with initial conditions (t0,W0) and (t0, Z0), W0, Z0 ∈ Kc(Rn),
such that D[W0, θ] ≤ w0 and D[Z0, θ] ≥ v0 satisfy the estimates

D[W (t), θ] ≤ rM (t; t0, w0),

D[Z(t), θ] ≥ rm(t; t0, v0)

for all t ∈ [t0, T ).

11.4 Test for Stability

The above comparison result in terms of matrix-valued Lyapunov like func-
tions is a useful tool to establish some appropriate stability results of equation
(11.1). In order to consider the stability properties of (11.1) we will assume
that the solutions of (11.1) exist and are unique for all α ∈ S and t ≥ t0.
In addition, in order to mach the behavior of solutions of (11.1) with those
corresponding to differential equations with robust causal maps, we assume
that Y0 = V0 +X0, so the Hukuhara difference Y0 − V0 = X0 exists. Thus we
have the initial problem

DHX(t) = (Q(α)X)(t),

X(t0) = X0 ∈ Kc(Rn),
(11.17)

where (Q(α)X)(t) : R+ × E × S → Kc(Rn).
If Q(α)Θ0 = Θ0 for all α ∈ S, then X(t) = Θ0 is a set of equilibrium

positions or a set of stationary solutions of the equation (11.17).
Since t→ diam (X(t)) is nondecreasing at t→ ∞, the direct application of

the norm ‖X(t)‖ = diam(X(t)) at t ≥ t0 for equation (11.17) is not possible.
Therefore we will introduce additional assumptions on the initial value of
problem (11.17).

H1. For all α ∈ S the equation (11.17) has a set of stationary solutions
Θ0, i.e. Q(α)Θ0 = Θ0.

H2. There exists a set W0 ∈ Kc(Rn) such that for any V0, X0 ∈ Kc(Rn)
there exists the Hukuhara difference X0 = V0 +W0.

H3. The equation (11.17) has a unique solution X(t) = X(t, t0, X0−V0) =
X(t,W0) for any initial values (t0,W0) ∈ R+ × S0(ρ0) for all α ∈ S.

Then, while setting the problem of the stability of solutions of the equation
(11.17) we will take into account the Assumptions H1–H3.

Definition 11.2 The stationary solution Θ0 of the equation (11.17) is robust
stable, if for any t0 ∈ R+ and ε > 0 there exists a positive function δ(t0, ε)
such that the inequality D[W0,Θ0] < δ implies the estimate D[X(t),Θ0] < ε
at all t ≥ t0 and for all α ∈ S.
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Other definitions of Lyapunov robust stability can be formulated in a si-
milar way following the stability definition of set differential equations.

Now we start by proving the stability results.

Theorem 11.3 Assume that for the equation (11.17) the conditions of the
Assumptions H1–H3 are satisfied, and, in addition,

(1) there exists a matrix-valued function (11.5) and a vector θ ∈ R2
+ such

that the function V (t,X, θ) = θTS(t,X, β)θ satisfies the local Lipschitz
condition

|V (t,X1, θ) − V (t,X2, θ)| ≤ LD[X1, X2],

where L > 0 for all (t, x) ∈ R+×B, B = {X ∈ Kc(Rn) : D[X,Θ0] ≤ ρ0};

(2) there exist vector comparison function ψ1, ψ1 ∈ K-class and constant
symmetric positive definite (2 × 2)-matrix A1 such that

ψ
T

1 (D[X,Θ0])A1ψ1(D[X,Θ0]) ≤ V (t,X, θ)

for all (t,X) ∈ R+ ×B;

(3) there exists a function g ∈ C(R+ × R+,R), g(t, 0) = 0 for all t ∈ R+

such that
D−V (t,X, θ)

∣∣
(11.17)

≤ g(t, V (t,X, θ))

for all t ∈ R+ and X ∈ E1, E1 = {X ∈ Kc(R+) : V (s,X(s), θ) ≤
V (t,X(t), θ), t0 ≤ s ≤ t} and for all α ∈ S.

Then the stability of the zero solution of equation

dw

dt
= g(t, w), w(t0) = w0 ≥ 0 (11.18)

implies the robust stability of the stationary set Θ0 of (11.17).

Proof We transform the condition (2) of the Theorem 11.3 to the form

λm(A1)ψ1(D[X,Θ0]) ≤ V (t,X, θ), (11.19)

where λm(A1) is the minimal eigenvalue of the matrix A1 and ψ1 ∈ K-class,
such that

ψT
1 (D[X,Θ0]) ≤ ψ

T

1 (D[X,Θ0])ψ1(D[X,Θ0])

for all (t,X) ∈ R+ ×B.
Let ε > 0 and t0 ∈ R+ be given. Since V (t,X, θ) is positive definite we have

the estimate (11.19) for all (t, x) ∈ R+ × B. Suppose that the zero solution
of (11.18) is stable. Than given λm(A1)ψ1(ε) > 0, t0 ∈ R+, there exists a
δ = δ(t0, ε) > 0 such that whenever w0 < δ, we have

w(t, t0, w0) < λm(A1)ψ1(ε) for all t ≥ t0,
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where w(t, t0, w0) is any solution of (11.18).
We choose w0 = V (t0,W0, θ). Since V (t,X(t), θ) is continuous and

V (t,Θ0, θ) = 0 there exists a positive function δ1 = δ1(t0, ε) > 0 such that
D[W0,Θ0] ≤ δ1 and V (t,W0, θ) ≤ δ hold simultaneously. We claim that if
D[W0,Θ0] ≤ δ1, then D[X(t),Θ0] < ε for all t ≥ t0. Suppose this is not true.
Then there exists a solution X(t) = X(t, t0,W0) of (11.17) satisfying the
properties D[X(t2),Θ0] = ε and D[X(t),Θ0] < ε for t0 < t < t2, t2 ∈ (t0, t1).
Together with (11.19), this implies that

V (t2, X(t2), θ) ≥ λm(A1)ψ1(ε). (11.20)

Furthermore, X(t) ∈ B for t ∈ [t0, t2]. Hence, the choice of w0 = V (t0,W0, θ)
and condition(3) of the Theorem 11.3 give the estimate

V (t,X(t), θ) ≤ r(t), t ∈ [t0, t2], (11.21)

where r(t) = r(t, t0, w0) is the maximal solution of the comparison problem
(11.18). Now from estimates (11.19)–(11.21) we have

λm(A1)ψ1(ε) ≤ V (t2, X(t2), θ) ≤ r(t2) < λm(A1)ψ1(ε)

which is contradiction.
The proof of the Theorem 11.3 is complete.

Further we define the following set:

E2 = {X ∈ Kc(Rn) : V (s,X(s), θ)β(s) ≤ V (t,X(t), θ)β(t), t0 ≤ s ≤ t},

where β(t) > 0 is a continuous function on R+.

Theorem 11.4 Assume that:

(1) there exist functions V (t,X, θ) and g(t, w) satisfying the conditions of
Theorem 11.3;

(2) there exists a function β(t) such that β(t) > 0 is continuous for t ∈ R+

and β(t) → ∞ as t→ ∞;

(3) the condition (3) of the Theorem 11.3 holds for t > t0 and X(t) ∈ E2.

Then, if the zero solution of (11.18) is stable, then the set Θ0 of stationary
solution of (11.17) is robust asymptotic stable.

Proof Let 0 < ε < ρ and t0 ∈ R+. Set β0 = min
t∈R+

β(t), then β0 > 0 follows

from condition (2) of the Theorem 11.4. Since V (t,X, θ) is positive definite
we can define

ε1 = β0λm(A1)ψ1(ε).
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Then, the stability of zero solution of (11.18) implies that, given ε1 > 0 and
t0 ∈ R+, there exists a δ = δ(t0, ε1) > 0 such that w0 < δ implies that

w(t, t0, w0) < ε1 for all t ≥ t0, (11.22)

where w(t, t0, w0) is any solution of (11.18). We chose w0 = V (t0,W0, θ). Then
proceeding as in the proof of Theorem 11.3 with ε1 instead of λm(A1)ψ1(ε),
we can prove that the set Θ0 of stationary solution of (11.17) is robust stable.

Let X(t, t0,W0) be any solution of (11.17) such that D[W0,Θ0] ≤ δ0,
where δ0 = δ(t0,

1
2 ρ). Since the zero solution of (11.18) is stable, it follows

that D[X(t),Θ0] <
1

2
ρ, for t ≥ t0. Since β(t) → ∞ as t → ∞, there exists a

number T = T (t0, ε) > 0 such that

β(t)λm(A1)ψ1(ε) > ε1 for t ≥ t0 + T. (11.23)

Now from the relation (11.19), we get

β(t)λm(A1)ψ(D[X(t),Θ0]) ≤ β(t)V (t,X(t), θ) ≤ r(t), t ≥ t0, (11.24)

where X(t) = X(t, t0, X0) is any solution of (11.17) such that D[W0,Θ0] ≤ δ0.
If the set Θ0 of stationary solution of (11.17) is not robust asymptotically

stable, then there exists a sequence {tk}, tk ≥ t0 +T , tk → ∞ as k → ∞, such
that D[X(tk),Θ0] ≥ ε for some solution X(t) satisfying D[W0,Θ0] ≤ δ0.

The inequalities (11.22), (11.24) yield β(tk)λm(A1)ψ1(ε) ≤ ε1, a contra-
diction to (11.23). Thus, the set Θ0 of (11.17) is robust asymptotically stable.

Now we define the set

E3 = {X ∈ Kc(Rn) : V (s,X(S), θ) ≤W (V (t,X(t), θ)), t1 ≤ s ≤ t, t0 ≥ t0},

where W (r) is continuous on R+ and nondecreasing in r, W (r) > r for all
r > 0.

The next theorem gives sufficient conditions for the uniform robust asymp-
totic stability of (11.17).

Theorem 11.5 Assume that for the equation (11.17) all conditions of As-
sumptions H1–H3 are fulfilled and a function V (t,X, θ) satisfies the following
properties:

(1) there exist vector comparison functions ψ1, ψ2, ψ3 ∈ K-class and con-
stant symmetric positive definite (2 × 2)-matrices A1, A2 such that the
condition (2) of the Theorem 11.3 has the form

ψ
T

1 (D[X,Θ0])A1ψ1(D[X,Θ0]) ≤ V (t,X, θ)

≤ ψ
T

2 (D[X,Θ0])A2ψ2(D[X,Θ0])

for all (t, x) ∈ R+ ×B;
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(2) there exist a (2× 2)-matrix A3(α) and a function c ∈ K-class such that

D−V (t,X(t), θ)
∣∣
(11.17)

≤ cT(D[X(t),Θ0])A3(α)c(D[X(t),Θ0])

for all t ≥ t0, X(t) ∈ E3 and any α ∈ S;

(3) there exists a (2 × 2)-matrix A3 such that
1

2
(AT

3 (α) +A3(α)) ≤ A3 for

all α ∈ S.

Then, if matrix A3 is negative definite, the set Θ0 of stationary solutions
of (11.17) is uniformly robust asymptotically stable.

Proof Since V (t, x, θ) is positive definite and decreasing, the condition (1) of
the Theorem 11.5, we transform to the form

λm(A1)ψ1(D[X,Θ0]) ≤ V (t,X, θ) ≤ λM (A2)ψ2(D[X,Θ0]), (11.25)

where ψ2 ∈ K-class and is such that

ψ2(D[X,Θ0]) ≥ ψ
T

2 (D[X,Θ0])ψ2(D[X,Θ0])

and λM (A2) is a maximal eigenvalue of the matrix A2. Let 0 < ε < ρ and
t0 ∈ R+ be given. We choose δ = δ(ε) > 0 such that

λM (A2)ψ2(δ) < λm(A1)ψ1(ε). (11.26)

We claim that if D[W0,Θ0] ≤ δ, then D[X(t),Θ0] < ε for all t ≥ t0, where
X(t) = X(t, t0,W0) is any solution of (11.17).

Suppose this is not true. Then there exists a solution X(t) of (11.17)
with D[W0,Θ0] ≤ δ and t2 > t0, such that D[X(t2, t0,W0),Θ0] = ε and
D[X(t, t0,W0),Θ0] ≤ ε for t ∈ [t0, t2]. Thus, in view of (11.25), we have

V (t2, X(t2), θ) ≥ λm(A1)ψ1(ε). (11.27)

It is clear, since 0 < ε < ρ, then X(t) ∈ B for all t ≥ t0. By our choice
w0 = V (t0,W0, θ) and by the conditions (2) and (3) of the Theorem 11.5 for
t > t0 and X(t) ∈ E3 we have the estimate

V (t,X(t), θ) ≤ V (t0,W0, θ), t ∈ [t0, t2]. (11.28)

We see that the relations (11.26)–(11.28) lead to the contradiction

λm(A1)ψ1(ε) ≤ V (t2, X(t2), θ) ≤ λM (A2)ψ2(D[W0,Θ0])

≤ λM (A2)ψ2(δ) < λm(A1)ψ1(ε).

This proves the uniform robust stability of (11.17).
Further let X(t) = X(t, t0,W0) be any solution of (11.17) such that

D[W0,Θ0] ≤ δ0, where δ0 = δ(1
2 ρ) and δ are the same as before. It then
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follows from uniform stability that D[X(t),Θ0] ≤
1

2
ρ for all t ≥ t0 and hence

X(t) ∈ B for all t ≥ t0.
Let 0 < η < δ0 be given. Clearly, we have

λm(A1)ψ1(η) ≤ λM (A2)ψ2(δ0).

In view of the assumption on w(r), there exists a γ = γ(η) > 0 such that
w(r) > r+ γ if λm(A1)ψ1(η) ≤ r ≤ λM (A2)ψ2(δ0). Furthermore, there exists
a positive integer N = N(η) such that

λm(A1)ψ1(η) +N(η)γ > λM (A2)ψ2(δ0).

If we have, for some t ≥ t0, V (t,X(t), θ) ≥ λm(A1)ψ1(η), it follows from
(11.25) that there exists a δ2 = δ2(η) > 0 such that D[X(t),Θ0] ≥ δ2. From
conditions (2) and (3) of the Theorem 11.5 it follows that

cT(D[X(t),Θ0])A3(α)c(D[X(t),Θ0]) ≤ λM (A3)c̄(D[X(t),Θ0]),

where λM (A3) < 0 is a maximal eigenvalue of the matrix A3, and c̄ ∈ K-class
is such that

c̄(D[X(t),Θ0]) ≥ cT(D[X(t),Θ0])c(D[X(t),Θ0]).

In a result we have

λM (A3)c̄(D[X(t),Θ0]) ≥ λM (A3)c̄(δ2) = δ3,

where δ3 = δ3(η).
For N + 1 we construct numbers tk = tk(t0, η) such that t0(t0, η) = t0 and

tk+1(t0, η) = tk(t0, η) + γ/δ3, k = 0, 1, 2, . . . , N . By letting T (η) = Nγ/δ3, we
have tk(t0, η) = t0 + T (η).

Now to prove uniform asymptotic stability we still have to prove that
D[X(t),Θ0] < η for all t ≥ t0 + T (η). It is therefore sufficient to show that

V (t,X(t), θ) < λM (A2)ψ2(η) + (N − k)γ (11.29)

for all t ≥ tk, k = 0, 1, 2, . . . , N .
We will prove (11.29) by induction. For k = 0, t ≥ t0, using (11.25) and

(11.26),

V (t,X(t), θ) ≤ V (t0,W0, θ) ≤ λM (A2)ψ2(δ0) < λm(A1)ψ1(η) +Nγ.

Suppose we have, for some k

V (s,X(s), θ) < λM (A2)ψ2(η) + (N − k)γ, s ≥ tk,

and we assume that for t ∈ [tk, tk+1]

V (t,X(t), θ) ≥ λM (A2)ψ2(η) + (N − k − 1)γ.
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It then follows that

λM (A2)ψ2(δ0) ≥ λM (A2)ψ2(D[X(s),Θ0]) ≥ V (s,X(s), θ)

≥ λm(A1)ψ1(η) +N(η)γ − (k + 1)γ ≥ λm(A1)ψ1(η).
(11.30)

From this we have

w(V (s,X(s), θ)) ≥ V (s,X(s), θ) + γ

> λm(A1)ψ1(η) + (N − k)γ > V (s,X(s), θ)

for tk < s < t, t ∈ [tk, tk+1]. In turn, this implies thatX(t) ∈ E3 for tk < s < t,
t ∈ [tk, tk+1]. Hence, we obtain from assumptions (2)–(3) and (11.30) that

V (tk+1, X(tk+1), θ) ≤ V (tk, X(tk), θ) −
tk+1∫

tk

λM (A3)c̄(D[X(s),Θ0]) ds

≤ λM (A2)ψ2(η) + (N − k)γ − δ3(η)(tk+1 − tk)

< λm(A1)ψ1(η) + (N − k)γ.

This contradiction shows that t∗ ∈ [tk, tk+1] such that

V (t∗, X(t∗), θ) < λm(A1)ψ1(η) + (N − k − 1)γ. (11.31)

Now we show that (11.31) implies that

V (t,X(t), θ) < λm(A1)ψ1(η) + (N − k − 1)γ, t ≥ t∗.

If it is not true, then there exists t1 > t∗ such that V (t1, X(t1), θ) =
λm(A1)ψ1(η) + (N − k − 1)γ or for a small h < 0, V (t1 + h,X(t1 + h), θ) <
λm(A1)ψ1(η) + (N − k − 1)γ, which implies that

D−V (t1, X(t1), θ)
∣∣
(11.17)

≥ 0. (11.32)

As we have done before, we can show that X(t) ∈ B for t∗ ≤ s ≤ t1, and
D−V (t1, X(t1), θ) ≤ −δ3 < 0. This contradicts (11.32) and hence

V (t,X(t), θ) < λm(A1)ψ1(η) + (N − k − 1)γ

for all t ≥ tk+1.
This completes the proof of the Theorem 11.5.

Example 11.1 We consider a simple example in K(R):

DHX(t) = (−eα)

t∫

0

X(s) ds,

X(0) = X0 ∈ Kc(R).
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Then using interval methods, we get

dx1

dt
= −eα

t∫

0

x2(s) ds

dx2

dt
= −eα

t∫

0

x1(s) ds

where X(t) = [x1(t), x2(t)], X0 = [x10, x20]. Therefore if α = 0 this yields

d4x1

dt4
= x1, x1(0) = x10,

d4x2

dt4
= x2, x2(0) = x20,

whose solutions are given by

x1(t) =

[
1

2
(x10 − x20)

][
1

2

(
et + e−t

)]
+

[
1

2
(x10 + x20)

]
cos t,

x2(t) =

[
1

2
(x20 − x10)

][
1

2

(
et + e−t

)]
+

[
1

2
(x10 + x20)

]
cos t.

Further, for t ≥ 0 we have

X(t, 0, X0) =

[
− 1

2
(x20 − x10),

1

2
(x20 − x10)

][
1

2

(
et + e−t

)]

+

[
1

2
(x10 + x20),

1

2
(x10 + x20)

]
cos t.

If we choose

V0 =

[
− 1

2
(x20 − x10),

1

2
(x20 − x10)

]

then

X(t, 0,W0) =

[
1

2
(x10 + x20),

1

2
(x10 + x20)

]
cos t

for all t ≥ 0.
We see that the set of stationary solutions Θ0 ∈ Kc(R) is stable.

Example 11.2 We consider equation (11.17) with

(Q(α)X)(t) = −eαX − b

t∫

0

X(s) ds,

X(0) = X0 ∈ Kc(R2),
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where b = const > 0, α ∈ [0, 1] is uncertain parameter.
Let X(t) = [x1(t), x2(t)] and X0 = [x10, x20]. Then equation

DHX(t) = −eαX − b

t∫

0

X(s) ds (11.33)

is reduced to

dx1

dt
= −eαx2 − b

t∫

0

x2(s) ds,

dx2

dt
= −eαx1 − b

t∫

0

x1(s) ds,

and
d4x1

dt4
= e2αx′′1 + 2eαbx′1 + b2x1, x1(0) = x10,

d4x2

dt4
= e2αx′2 + 2eαbx′2 + b2x2, x2(0) = x20.

(11.34)

From (11.34) for α = 0 and b = 2 we obtain

x1(t) =
1

6
(x10 − x20)e

−t +
1

3
(x10 − x20)e

2t

+ e−
1
2 t

[
1

2
(x10 + x20) cos

(√
7

2
t

)
− 1

2
√

7
(x10 + x20) sin

(√
7

2
t

)]
;

x2(t) =
1

6
(x20 − x10)e

−t +
1

3
(x20 − x10)e

2t

+ e−
1
2 t

[
1

2
(x10 + x20) cos

(√
7

2
t

)
− 1

2
√

7
(x10 + x20) sin

(√
7

2
t

)]
.

Therefore it follows that

X(t, 0, X0) = (x20 − x10)

[
− 1

6
,

1

6

]
et + (x20 − x10)

[
− 1

3
,

1

3

]
e2t

+ (x20 + x10)

[
1

2
,

1

2

]
e−

1
2 t cos

(√
7

2
t

)

− (x20 + x10)

[
− 1

2
√

7
,

1

2
√

7

]
e−

1
2 t sin

(√
7

2
t

)
, t ≥ 0.

Now, choosing x10 = x20, we eliminate the undesirable terms and, there-
fore, we get asymptotic stability of stationary solution Θ0 ∈ Kc(R2) of equa-
tion (11.33).



Chapter 12

Stability of a Set of

Impulsive Equations

In Chapter 7, development of the direct Lyapunov method is proposed for
impulse systems with uncertain parameter values.

The aim of this chapter is to establish stability conditions for a set of
impulsive systems of equations in terms of the heterogeneous matrix-valued
Lyapunov function.

12.1 Auxiliary Results

Let Rn be a Euclidean space and R+ = [0,∞) as usually. Assume that
on R+ a sequence {tk} is given such that 0 < t1 < t2 < . . . < tk < . . . and
lim
k→∞

tk = ∞. Then we use the following notations:

(1) If F ∈ PC (R+ ×Kc,Kc), then the function F : R+ × Kc → Kc is
continuous on (tk−1, tk] × Kc for any value of k = 1, 2, . . . for any
X ∈ Kc and the correlation

lim
(t,Y )→(y+

k
,X)

F (t, Y ) = F (y+
k , X)

exists for any k = 1, 2, . . . .

(2) If g ∈ PC(R+ × R+,R), then the function g : (tk−1, tk] × R+ → R is
continuous for any w ∈ R+ and there exists

lim
(t,z)→(t+

k
,w)

g(t, z) = g(t+k , w).

(3) If Φ ∈ PC1(R+ × Kc), then the function Φ is differentiable over each
interval (tk−1, tk), k = 1, 2, . . . .

Consider the set of impulsive differential equations

DHX = F (t,X), t 6= tk, (12.1)

X(t+k ) = Ik(X(tk)), t = tk, (12.2)

X(t0) = X0 ∈ Kc,

257
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where X ∈ Kc, F ∈ PC(R+×Kc, Kc), Ik : Kc → Kc for any k = 1, 2, . . . and
the sequence {tk} is determined above. Solution of equations (12.1)–(12.2)
is the function X(t; t0, X0) which is piece-wise continuous on [t0,∞) and
continuous from the left on any subinterval (tk, tk+1], k = 1, 2, . . . , determined
by the correlation

X(t; t0, X0) =





X0(t; t0, X0), t0 ≤ t ≤ t1;

X1(t; t1, X
+
1 ), t1 < t ≤ t2;

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Xk(t; tk, X
+
k ), tk < t ≤ tk+1,

where Xk(t; tk, X
+
k ) is the solution of equations (12.1)–(12.2) on the subin-

terval [tk−1, tk).
Further, together with the set of impulse equations (12.1)–(12.2) we shall

consider the impulsive scalar equation

dw

dt
= g(t, w), t 6= tk, (12.3)

w(t+k ) = Φk(w(tk)), t = tk, (12.4)

w(t0) = w0,

where the function g ∈ PC(R2
+,R), g(t, w) is nondecreasing in w for all

t ∈ R+, ψk : R+ → R for any k = 1, 2, . . . and ψk(w) in nondecreasing in w.
Maximal solution of equations (12.3)–(12.4) is the function r(t; t0, w0) de-

termined by the correlations

r(t; t0, w0) =





r0(t; t0, r0), t0 ≤ t ≤ t1,

r1(t; t1, r
+
1 ), t1 < t ≤ t2,

. . . . . . . . . . . . . . . . . . . . . . . . .

rk(t; tk, r
+
k ), tk < t ≤ tk+1,

and satisfying the inequality

w(t; t0, w0) ≤ r(t; t0, w0), t = tk,

for all t ∈ R+ for any solution w(t; t0, w0) of equations (12.3)–(12.4) with
the initial values r+k = Φk(rk−1(tk)), k = 1, 2, . . . .

12.2 Heterogeneous Lyapunov Function

The set of impulsive differential equations (12.1)–(12.2) is added with the
additional set equation

DHY = Fβ(t, Y ), Y (t0) = Y0 ∈ Kc, (12.5)
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where Fβ(t, Y ) = βF (t, Y ) + (1 − β)Ik(Y (tk)), k = 1, 2, . . . , 0 < β < 1. We
shall consider the matrix-valued function

U(t,X) = [Vij(t, ·)], i, j = 1, 2, (12.6)

whose elements are chosen as follows:

V11 : R+ ×Kc → R+ is correlated with equation (12.1),

V22 : R+ ×Kc → R+ is correlated with equation (12.2),

V12 = V21 : R+ ×Kc → R is correlated with the set of equations (12.5).

The scalar function

V (t,X, ψ) = ψTU(t,X)ψ, ψ ∈ R
2
+, (12.7)

is called a heterogeneous Lyapunov function if along with the derivative
D+V (t,X, ψ) it allows us to solve the stability (instability) of stationary so-
lution Θ0 of the set of impulsive equations (12.1)–(12.2).

We say that the function V (t,X, ψ) belongs to the class F0 if the following
conditions are satisfied:

(a) V (t,X, ψ) is continuous on (tk−1, tk] ×Kc for any k = 1, 2, . . . and for
every X ∈ Kc there exists the limit

lim
(t,X)→(t+

k
,W )

V (t,X, ψ) = V (t+k ,W, ψ), k = 1, 2, . . . ;

(b) for any A,B ∈ Kc and all t ∈ R+ the estimate |V (t, A, ψ)−V (t, B, ψ)| ≤
LD[A,B] takes place, where L is the Lipschitz constant.

Remark 12.1 If the elements V12 = V21 = 0 in matrix-valued function (12.6),
then the function

L(t,X, ψ) = U(t,X)ψ, ψ ∈ R
2
+ (12.8)

is the heterogeneous vector Lyapunov function, i.e., the vector function with
heterogeneous components.

Remark 12.2 If V12 = V21 = V22 = 0 and Kc = Rn in matrix function (12.6),
then the function V (t,X, ψ) = V (t,X) is a Lyapunov-like function for equa-
tions (12.1)–(12.2), the application of which is shown by Lakshmikantham,
Bhaskar and Devi [2006].

Then we present a theorem of the principle of comparison with heteroge-
neous function (12.7) for system (12.1)–(12.2).

Theorem 12.1 Assume that for the set of impulsive differential equations
(12.1)–(12.2) the following conditions hold:

(1) there exists heterogeneous function (12.7) of class F0;
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(2) there exists a function g(t, w) nondecreasing in w, g ∈ PC(Rn+,R), such
that

D+V (t,X, ψ)|(12.1) ≤ g(t, V (t,X, ψ)), t 6= tk,

for all X ∈ Kc, where

D+V (t,X, ψ)|(12.1)
= lim sup{[V (t+ θ,X + θF (t,X), ψ) − V (t,X, ψ)]θ−1 : θ → 0+};

(3) there exist functions Φk(w), k = 1, 2, . . . , nondecreasing in w, such that

V (t+k , X(t+k ), ψ) ≤ Φk(V (t+k , X(t+k ), ψ)), t = tk,

for all k = 1, 2, . . . ;

(4) there exists maximal solution of impulsive scalar equation (12.3)–(12.4)
for all t ∈ R+.

Then, if the solution X(t) = X(t; t0, X0) of the set of impulse equations
(12.1)–(12.2) exists on [t0, a) and V (t0, X0, ψ) ≤ w0, the estimate

V (t,X(t), ψ) ≤ r(t; t0, w0) (12.9)

holds true for all t ∈ [t0, a).

This theorem is proved by the application of Theorem 4.2.1 from the mono-
graph by Lakshmikantham, Leela and Martynyuk [1991a] on every segment
[tk−1, tk], k = 1, 2, . . . . In contrast to Theorem 5.2.4 from Lakshmikantham,
Bhaskar and Devi [2006] function (12.7) is applied.

Theorem 12.1 has several corollaries which can be useful in the investiga-
tion of special systems of the (12.1)–(12.2) form.

Corollary 12.1 Assume that in conditions (2) and (3) of Theorem 12.1 the
functions g(t, V (t,X, ψ) and Ik(V (tk, X(tk), ψ)) are such that:

(a) g(t, V (t,X, ψ) = 0 and Φk(V (tk, X(tk), ψ)) = 0 for all k = 1, 2, . . . ,
then estimate (12.9) becomes

V (t,X(t), ψ) ≤ V (t+0 ;w0, ψ), t ≥ t0;

(b) g(t, V (t,X, ψ) = 0 and Φk(V (tk, X(tk), ψ)) = DkV (tk, X(tk), ψ),
Dk ≥ 0 for all k = 1, 2, . . . , then estimate (12.9) becomes

V (t,X(t), ψ) ≤ V (t+0 , w0, ψ)
∏

t0≤tk≤t

Dk, t ≥ t0;
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(c) g(t, V (t,X, ψ) = −βV (t,X, ψ), β > 0 and Φk(V (tk, X(tk), ψ)) =
DkV (tk, X(tk), ψ), Dk ≥ 0 for all k = 1, 2, . . . , then estimate (12.9)
becomes

V (t,X(t), ψ) ≤ V (t+0 , w0, ψ)
∏

t0≤tk≤t

Dk e
−β(t−t0), t ≥ t0;

(d) g(t, V (t,X, ψ) =
dγ(t)

dt
V (t,X, ψ), the function γ(t) is decreasing on

[0,∞), and Φk(V (tk, X(tk), ψ)) = DkV (tk, X(tk), ψ), Dk ≥ 0 for all
k = 1, 2, . . . , then estimate (12.9) becomes

V (t,X(t), ψ) ≤ V (t+0 , w0, ψ)
∏

t0≤tk≤t

Dk e
γ(t)−γ(t0), t ≥ t0.

12.3 Sufficient Stability Conditions

For the set of systems of impulsive equations (12.1)–(12.2) we introduce
the following assumptions.

H1. For the set of systems (12.1)–(12.2) the correlations F (t,Θ0) = Θ0 and
Ik(Θ0) = Θ0 are true where Θ0 ∈ Kc(Rn) is a set of stationary solutions
of system (12.1)–(12.2) for k = 1, 2, . . . .

H2. For any values X0, V0 ∈ Kc(Rn) of the set of impulsive equations (12.1)–
(12.2) there exists a Hukuhara difference W0 such that X0 = V0 +W0.

H3. Solution of equations (12.1)–(12.2) X(t) = X(t, t0, X0 − V0) =
X(t, t0,W0) is unique for any t 6= tk and W0 ∈ S0(ρ0), k = 1, 2, . . . .

Under conditions H1–H3 we shall consider a problem on the stability of
stationary solution X(t, t0,Θ0) = Θ0 for the set of systems of impulsive equa-
tions (12.1)–(12.2) for all t ≥ t0.

Definition 12.1 Stationary solution X(t, t0,Θ0) of the set of systems of im-
pulsive equations (12.1)–(12.2) is:

(a) stable, if and only if for any t0 ∈ R and any ε > 0 there ex-
ists δ = δ(t0, ε) > 0 such that condition D[W0,Θ0] < δ implies
D[X(t, t0, Y0),Θ0] < ε for all t ≥ t0;

(b) attractive, iff for any t0 ∈ R there exists α(t0) > 0 and for any ξ > 0
there exists τ(t0;W0, ξ) ∈ R+ such that the conditionD[W0,Θ0] < α(t0)
implies D[X(t; t0, Y0),Θ0] < ξ for any t ≥ t0 + τ(t0,W0, ξ);

(c) asymptotically stable, iff conditions 1(a) and 1(b) are satisfied.
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In terms of the principle of comparison for the set of systems of impulsive
equations, the stability conditions for stationary solution Θ0 are formulated
as follows.

Theorem 12.2 Assume that for impulse differential equations (12.1)–(12.2)
the following conditions are fulfilled:

(1) there exist heterogeneous function (12.7), comparison functions ϕi of
class K, i = 1, 2, and constant 2 × 2-matrices Ai, i = 1, 2, such that

(a) |V (t,X1, ψ) − V (t,X2, ψ)| ≤ LD[X1, X2], L > 0, for all (t,X) ∈
R+ ×Kc;

(b) ϕT1 (‖X‖)A1ϕ1(‖X‖) ≤ V (t,X, ψ) ≤ ϕT2 (‖X‖)A2ϕ2(‖X‖) for all
(t,X) ∈ R+ ×Kc;

(2) there exist functions g(t, u), g ∈ C(R2
+, R) and ψk : R+ → R+, k =

1, 2, . . . , such that

(a) D+V (t,X, ψ) ≤ g(t, V (t,X, ψ)), t 6= tk, where g(t, 0) = 0 for all
(t,X) ∈ R+ ×B(Θ0, β);

(b) for any X ∈ B(Θ0, β0), β > β0 > 0, for all k the inclusion
X + Ik(X) ∈ B(Θ0, β0) takes place and V (tk, Ik(X(tk)), ψ) ≤
Φk(V (tk, X(tk), ψ)), where Φk(u) are functions nondecreasing in
u, Φk(0) = 0 for all k = 1, 2, . . . .

Then, if the matrices A1 and A2 in condition 1(b) are positive definite and
zero solution of scalar comparison equations (12.3)–(12.4) possesses a certain
type of stability, then stationary solution Θ0 of the set of systems of impulsive
equations (12.1)–(12.2) possesses the same type of stability.

Proof Under conditions of Theorem 12.2 we transform condition 1(b) to the
form

λm(A1)ϕ̄1(‖X‖) ≤ V (t,X, ψ) ≤ λM (A2)ϕ̄2(‖X‖),
where λm(A1) and λM (A2) are the minimal and maximal eigenvalues of
the matrices A1 and A2 respectively, and ϕ̄1(‖X‖) ≤ ϕ̄T1 (‖X‖)ϕ̄1(‖X‖) and
ϕ̄2(‖X‖) ≥ ϕ̄T2 (‖X‖)ϕ̄2(‖X‖) for all X ∈ B(Θ0, β), ϕ̄1, ϕ̄ are of class K.

Let 0 < ε < β∗ = min(β, β0) and t0 ∈ R+ be given. Assume that Θ0,
which is the zero solution of equations (12.3)–(12.4) is stable. Besides, given
λm(A1)ϕ̄1(ε) > 0, there exists δ1(t0, ε) > 0 such that the condition 0 ≤ ω0 <
δ1 implies ω(t, t0, ω0) < λm(A1)ϕ̄1(ε) for all t ≥ t0, where ω(t, t0, ω0) is any
solution of scalar impulsive equations (12.3)–(12.4).

Let ω0 = λM (A2)ϕ̄2(D[X0,Θ0]) and take δ2 = δ2(ε) so that inequality
λM (A2)ϕ̄2(δ2) < δ1 is satisfied. Then we take δ = min(δ1, δ2) and show that
if D[X0,Θ0] < δ, then for all t ≥ t0 the estimate D[X(t),Θ0] < ε is true,
where X(t) = X(t, t0, x0) is any solution of the set of systems (12.1)–(12.2).
Assume this is not true. Then for solution X(t, t0, X0) with the initial con-
ditions satisfying the inequality D[X0,Θ0] < δ a t∗ > t0, tk < t∗ < tk+1 for



Stability of a Set of Impulsive Equations 263

some k for which D[X(t∗),Θ0] ≥ ε and D[X(t),Θ0] < ε for t0 ≤ t ≤ tk. Since
0 < ε < β∗, according to condition 2(b) of Theorem 12.2, estimates

D[X(t+k ),Θ0] = D[Ik(X(tk)),Θ0] < β0

and D[X(tk),Θ0] < ε are valid. Hence, there exists t̂ such that tk < t̂ < t∗

and
ε ≤ D[X(t̂),Θ0] < β0.

Designate m(t) = V (t,X(t), ψ) and consider the behavior of function m(t) on
the interval [t0, t̂]. From Theorem 12.1 it is easy to see that

V (t,X(t), ψ) ≤ r(t, t0, ω0) for all t0 ≤ t ≤ t̂,

where ω0 = λM (A2)ϕ̄2(D[X0,Θ0]) and r(t, t0, ω0) are the maximal solutions
of scalar comparison equations (12.3)–(12.4).

According to estimate (12.9) we have the inequality

λm(A1)ϕ̄1(D[X(t̂),Θ0]) ≤ V (t̂, X(t̂), ψ) ≤ r(t̂, t0, ω0) < λm(A1)ϕ̄1(ε),

which contradicts the existence of t̂ ∈ [tk, tk+1] for any k. Therefore, the
stationary solution Θ0 of the set of impulse systems (12.1)–(12.2) is stable.

Theorem 12.2 has several corollaries presented below.

Corollary 12.2 Assume that in conditions 2(a) and (b) of Theorem 12.2 the
functions g(t, V (t,X, ψ)) and Φk(V (tk, X(tk), ψ)) are of the form indicated in
conditions (a) and (b) of Corollary 12.1. Then, under the rest of the conditions
of Theorem 12.2 the stationary solution Θ0 of the set of impulse equations
(12.1)–(12.2) is stable.

Corollary 12.3 Assume that in conditions 2(a) and (b) of Theorem 12.2 the
functions g(t, V (t,X, ψ)) and Φk(V (tk, X(tk), ψ)) are of the form indicated in
conditions (c) and (d) of Corollary 12.1. Then, under the rest of the conditions
of Theorem 12.2 the stationary solution Θ0 of the set of impulse equations
(12.1)–(12.2) is exponentially stable (limiting exponentially stable).

As for vector Lyapunov functions with homogeneous components (see Ma-
trosov, et al. [1981]), it is possible to construct for function (12.8) the algo-
rithms of establishing stability conditions in terms of the dynamical properties
of a comparison system.

12.4 Impulsive Equations with Delay under
Small Perturbations

The stabilities of impulsive systems with delay are well studied, and im-
pulsive systems with delay have been investigated in several papers. In the
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latter case a principle of comparison with scalar or matrix Lyapunov function
was developed and general method of stability analysis of a set of stationary
solutions was elaborated.

It is of interest to study the stability of a set of stationary solutions to this
class of equations under small persistent perturbations. In this section this
problem is analyzed by using perturbed Lyapunov functions defined on space
products.

In n-dimensional Euclidean space Rn we prescribe a family of all non-
empty convex subsets Kc(Rn). The set Kc(Rn) with the Hausdorff metric

D[A,B] = max
{

sup
y∈B

d(y,A), sup
x∈A

d(x,B)
}
,

where d(y,A) = inf [d(y, x) : x ∈ A], A and B are bounded subsets in Rn, is
a metric space.

For a given τ > 0 define the set C0 = C([−τ, 0],Kc(Rn)) and the interval
J0 = [t0− τ, t0 +a] for some a ≥ τ . For the set X : J0 → Kc(Rn) we designate
by Xt the contraction of the set X to the interval [t − τ, t] and denote the
element Xt ∈ C0 for which Xt(s) = X(t+ s), −τ ≤ s ≤ 0. For any sets A and
B from C0 we introduce a metric by the formula

D0[A,B] = max
−τ≤s≤0

D[A,B],

where D[A,B] is the Hausdorff metric.
We consider a set of impulsive equations with delay in the form

DHX(t) = F (t,Xt) + µR(t,Xt), t 6= tk,

Xt+
k

= Ik(Xtk), t = tk,

Xt0 = Φ0 ∈ C0,

(12.10)

where 0 ≤ t1 < t2 < . . . < tk < . . . and lim
k→∞

tk = ∞, F ∈
PC(R+ × C0,Kc(Rn)) and R ∈ PC(R+ × C0,Kc(Rn)) and µ is a small pos-
itive parameter. Assume that F (t,Xt) = Θ0 iff Xt = Θ0, where Θ0 is a set
of stationary solutions of the set of equations (12.10) for µ = 0, the set of
perturbations R(t,Xt) 6= 0 for Xt = Θ0 but there exists a summable function
m(t) on any finite interval such that

D[R(t,Xt),Θ0] ≤ m(t) for all t ≥ t0.

The function m(t) characterizes the order of possible growth of the perturb-
ing forces at receding of the “representative point” of the state of system
(12.10) for µ = 0 in the matrix space (Kc(Rn), D[A,B]) from the stationary
solution Θ0.

The mapping X : J0 → Kc(Rn) is a solution of the set of equations (12.10)
if the function X(t) = X(t0,Φ0)(t) which is piecewise continuous on [t0,∞)
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is continuous on any interval (tk, tk−1], k = 0, 1, 2, . . ., and is determined by

X(t0,Φ0)(t) =





Φ0, t0 − τ ≤ t ≤ t0,

X0(t0,Φ0)(t), t0 ≤ t ≤ t1,

X1(t1,Φ1)(t), t1 < t ≤ t2,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Xk(tk,Φk)(t), tk < t ≤ tk+1,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Here the sequence Xk(tk,Φk)(t) is a solution of the set of differential equations
with delay

DHX(t) = F (t,Xt) + µR(t,Xt),

Xt+
k

= Φk, k = 0, 1, 2, . . . ,
(12.11)

where Φk is the value of function X(t) for t = t+k .

First, we shall establish existence conditions of the set of equations (12.10).
Further, F ∈ PC(R+ × C0,Kc(Rn)) means that the mapping F : R+ ×C0 →
Kc(Rn) is continuous on (tk−1, tk] × Kc(Rn) for each k = 1, 2, . . . and each
Xt ∈ C0 and there exists a lim

(t,Yt)→(t+
k
,Xt)

F (t, Yt) = F (t+k , Xt). Moreover,

g ∈ PC(R+ × R+,R
n) means that the function g : (tk−1, tk] × R+ → R is

continuous and for each w ∈ R+ there exists a lim
(t,z)→(t+

k
,w)

g(t, z) = g(t+k , w).

The following assertion is valid.

Theorem 12.3 Assume that

(1) the mapping F ∈ PC(R+ × C0,Kc(Rn)) and there exists a summable
function m(t) on any finite interval such that for any Xt ∈ C0

D[R(t,Xt),Θ0] ≤ m(t) for all t ≥ t0;

(2) there exist a comparison function g ∈ PC
(
R2

+ × [0, 1],Rn
)
, g(t, w, µ) is

nondecreasing in w for any t, and a value µ1 > 0 such that

D[(F (t,Φ) + µR(t,Φ)),Θ0] ≤ g(t,D0[Φ,Θ0], µ)

for t 6= tk and 0 < µ < µ1,

where Φ = (Φ0,Φ1,Φ2, . . .), k = 0, 1, 2, . . .;

(3) there exists a sequence of functions Φk(w) nondecreasing in w for all
k = 0, 1, 2, . . . and such that

D0[Ik(Xtk),Θ0] ≤ Qk(D0[Xtk ,Θ0]) for t = tk, k = 0, 1, 2, . . . ;
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(4) on the interval [t0,∞) for 0 < µ < µ2 there exists a maximal solution
r(t, t0, w0) of the scalar impulsive differential equation

dw

dt
= g(t, w, µ), t 6= tk,

w(t+k ) = Qk(w(t+k )), t = tk,

w(t0) = w0.

(12.12)

Then, on the interval [t0,∞) for 0 < µ < min(µ1, µ2) there exists at least
one solution X(t) of the set of equations (12.10).

Proof Let J0 = [t0, t1] and the mappings F and R are considered on the pro-
duct J0 × C0. By hypothesis (1) of Theorem 12.3 the mappings F and R are
continuous J0 ×C0. Consider problem (12.11) on J0 for 0 < µ < min(µ1, µ2).
Under hypotheses (2) and (4) of Theorem 12.3 all conditions of Theorem
5.4.3 from monograph by Lakshmikantham, Bainov and Simeonov [1989] are
satisfied and solution X(t0,Φ0)(t) of the set of equations (12.11) exists on J0.
Then, setting J1 = (t1, t2] we consider mappings F and R on J1×C0. Similarly
to the above, we get the solution X1(t1,Φ0)(t) on J1. Proceeding in this way
we arrive at solution Xk(tk,Φ0)(t) on Jk for any k = 0, 1, 2, . . .. According to
the accepted definition of solution for the set of equations (12.10) we conclude
that the set X(t0,Θ0)(t) is a solution on [t0,∞).

Theorem 12.4 Assume that the following conditions are satisfied:

(1) the mappings F ∈ PC(R+ × C0,Kc(Rn)) and R ∈ PC(R+ × C0,
Kc(Rn));

(2) there exist a function g ∈ PC
(
R2

+ × [0, 1],R
)

and a value µ1 > 0 such
that

D[F (t,Φ), (F (t,Φ) + µR(t,Φ))] ≤ g(t,D0[Φ,Θ0], µ)

for all t 6= tk and 0 < µ < µ1;

(3) there exists a sequence of functions Qk(w) which are nondecreasing in
w for each k = 0, 1, 2, . . . such that

D0[Ik(Xtk), Ik(Ytk)] ≤ Qk(D0[Xtk , Ytk ])

for all t = tk, k = 0, 1, 2, . . .;

(4) for 0 < µ < µ2 there exists a maximal solution of comparison equation
(12.12) on the interval [t0,∞).

Then the distance D[X(t), Y (t)] between solutions X(t) = X(t0,Φ0)(t) of
the set of equations (12.10) and Y (t) = Y (t0,Φ0)(t) of the set of equations
(12.10) for µ = 0 is estimated by the inequality

D[X(t), Y (t)] ≤ r(t, t0, w0) (12.13)

for all t ≥ t0 and 0 < µ < min(µ1, µ2) whenever D0[Φ0,Θ0] ≤ w0.
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Proof Let J0 = [t0, t1]. The mappings F and R on the product J0 × C0 are
continuous. Then, by Theorem 5.4.2 from Lakshmikantham, Bhaskar and Devi
[2006] we get the estimate

D[X(t), Y (t)] ≤ r(t, t0, w0), t ∈ J0,

for 0 < µ < min(µ1, µ2). This estimate yields

D[X(t1), Y (t1)] ≤ r(t1, t0, w0)

for 0 < µ < min(µ1, µ2). By hypothesis (3) of Theorem 12.4 for t = t+1 we get

D0[X(t+1 ), Y (t+1 )] = D0[I1(Xt1), I1(Yt1 ] ≤ Q1(D0[Xt1 , Yt1 ])

≤ Q1(r(t1, t0, w0)) ≡ r(t+1 , t0, w0).

Therefore, for t = t+1 we have

D0[Xt+1
, Yt+1

] ≤ r(t+1 , t0, w0).

Further, on the interval J1 = (t1, t2] we again consider the mappings F
and R. Under hypotheses (1)–(4) on the product J1 × C0 we obtain

D[X(t), Y (t)] ≤ r(t, t0, w0)

for all t ∈ J1 and 0 < µ < min(µ1, µ2). Having reapeated this procedure
we come to the conclusion that estimate (12.13) is valid for all t ≥ t0 and
0 < µ < min(µ1, µ2).

For the set of equations (12.10) for µ = 0 we consider the function
V0(t,X,Φ) defined on the product of spaces Kc(Rn) and C0. The function
V0 : R+ ×Kc(Rn) × C0 → R+ is of the class SL provided that:

(a) V0(t,X,Θ) is continuous on (tk−1, tk] × Kc(Rn) × C0 and for any X ∈
Kc(Rn) and Θ ∈ C0 there exists

lim
(t,Y,Θ)→(t+

k
,X,Θ)

V0(t, Y,Θ) = V0(t
+
k , X,Θ);

(b) for the function V0(t,X,Θ) there exists a constant L > 0 such that

|V0(t,X,Θ) − V0(t, Y,Θ)| ≤ LD[X,Y ]

on the product (tk−1, tk] ×Kc(Rn) × C0.

The function V0(t,X,Θ) which, together with the derivative

D+V0(t,X,Θ) = lim sup{[V0(t+ h,X + hF (t,Xt), Xt+h)

− V0(t,X,Xt)]h
−1 : h→ 0+},
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solves the problem on stability of stationary solutions Θ0 of the set of equations

DHX = F (t,Xt), t 6= tk,

X(t+k ) = Ik(Xtk), t = tk,

Xt0 = Φ0 ∈ C0,

(12.14)

is called the Lyapunov function for the set of impulsive equations with delay.
Further we shall consider the sets

S(H) = {X ∈ Kc(Rn) : D[X,Θ0] < H},
Q(H1) = {Φ ∈ C0 : D[Φ,Θ0] < H1},

for 0 < H1 ≤ H < +∞.
For the set of equations (12.11) we consider the functions V0(t,X,Φ) and

V1(t,X,Θ, µ) satisfying the following conditions:

A1. The function V0(t,X,Φ), V0 ∈ PC(R+ × S(H) ×Q1(H1),R+),
V0(t, 0, 0) = 0, is constructed for the set of equations (12.14) and for
it there exist comparison functions a and b of Hahn class K such that
for t 6= tk

(a) b(D[X(t),Θ0]) ≤ V0(t,X,Φ) ≤ a(D[X(t),Θ0]);

(b) D+V0(t,X,Φ)|(12.14) ≤ g0(t, V0(t,X,Θ)), where g0 ∈ PC
(
R2

+,R
)
,

g(t, 0) = 0;

(c) there exists H0 < H such that for t = tk condition Xtk ∈ S(H0)
implies Ik(Xtk) ∈ S(H0) for all k = 0, 1, 2, . . . and

V0(t
+
k , X(t0,Φ0)(t

+
k ), Xt+

k
(t0,Φ0))

≤ Qk(tk, V0(tk, X(t0,Φ0)(tk), Xtk(t0,Φ0))), k = 0, 1, 2, . . . ,

where Qk ∈ C(R2
+,R).

A2. For someH2 > 0 there exists a perturbation V1(t,X,Φ, µ) of the function
V0(t,X,Φ) such that V1 ∈ PC(R+ × S(H) ∩ Sc(H2) ×Q(H1) × [0, 1],
R+), V1(t, 0,Φ, µ) = 0, and moreover,

(a) V1(t,X,Φ, µ) ≤ c(µ) for t ∈ R+, X ∈ S(H) ∩ Sc(H2), Φ ∈ Q(H1),
c(µ) is a nondecreasing function of µ, lim

µ→0
c(µ) = 0;

(b) D+(V0(t,X,Φ) + V1(t,X,Φ, µ))|(12.10) ≤ g1(t, V0(t,X,Φ) +
V1(t,X,Φ, µ), µ) for t 6= tk, k = 0, 1, 2, . . .;

(c) V0(t
+
k , X(t0,Φ0)(t

+
k ), Xt+

k
(t0,Φ0)) +

V1(t
+
k , X(t0,Φ0)(t

+
k ), Xt+

k
(t0,Φ0)) ≤

Qk(tk, V0(tk, X(t0,Φ0)(tk), Xtk(t0,Φ0)) +
V1(tk, X(t0,Φ0)(tk), Xtk(t0,Φ0))) for t = tk, where g1 ∈
PC
(
R2

+,R
)
, g1(t, 0, µ), and Qk ∈ C(R2

+,R).
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We prove the following assertion.

Theorem 12.5 For the set of equations (12.10) assume that the functions V0

and V1 are constructed which satisfy conditions of assumptions A1 and A2. If
zero solution of the scalar impulsive equation

dw

dt
= g0(t, w), t 6= tk,

w(t+k ) = Qk(tk, w(tk)), t = tk,

w(t0) = w0 ≥ 0, k = 1, 2, . . . ,

(12.15)

is uniformly stable and zero solution of the equation

dv

dt
= g1(t, v, µ), t 6= tk,

v(t+k ) = Qk(tk, v(tk)), t = tk,

v(t0) = v0 ≥ 0, k = 1, 2, . . . ,

(12.16)

is µ-stable, then the set of stationary solutions Θ0 of equations (12.14) is
stable under small perturbations.

Proof Let the value 0 < ε < min(H,H1, H2) and the value t0 ∈ R+ be given.
The uniform stability of zero solution to equation (12.15) implies that for
any comparison function b(ε) > 0, b is of Hahn class K and there exists a
δ0 = δ0(b(ε)) > 0 such that for any solution to equation (12.15) the estimate

w(t, t0, w0) < b(ε) for all t ≥ t0,

holds true whenever w0 < δ0.
Then, the µ-stability of zero solution to equation (12.16) implies that for

any solution to this equation, given b(ε) − c(µ) > 0, lim
µ→0

c(µ) = 0, there are

δ∗ = δ∗(b(ε) − c(µ), t0) > 0 and µ1 > 0 such that

v(t, t0, v0, µ) < b(ε) − c(µ)

for all t ≥ t0 and 0 < µ < µ1 whenever v0 < δ∗.
Let w0 = V0(t0,Θ0,Φ0). We take δ1 > 0 so that the inequalities

D0[Φ0,Θ0] < δ1 and V0(t0,Φ0,Θ0) < δ∗

are satisfied simultaneously.
Let δ = min(δ0, δ

∗). We show that for D0[Φ0,Θ0] < δ the estimate
D[X(t0,Θ0)(t),Θ0] < ε holds true for all t ≥ t0, where X(t0,Θ0)(t) is any so-
lution of the set of equations (12.10). If this is not true, then for some solution
X(t0,Θ0)(t) of equations (12.10) for the initial values D0[Φ0,Θ0] < δ there
must exist t1 and t2 such that for some k, tk < t1 < t2 < tk+1, the estimate

D[X(t0,Θ0)(t),Θ0] < ε for tk ≥ t > t0
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is valid and for t = t2 and t = t1

D[X(t0,Θ0)(t2),Θ0] ≥ ε,

D[X(t0,Θ0)(t1),Θ0] = δ∗,

respectively. Here X(t0,Θ0)(t) ∈ S(ε) on the interval [t1, t2].
Let H2 = δ∗ and the function m(t) = V0(t,X(t0,Θ0)(t), Xt(t0,Θ0)) +

V1(t,X(t0,Θ0)(t), Xt(t0,Θ0), µ) be defined on the interval [t1, t2]. By condi-
tions A1 and A2 for the function m(t) we have

m(t1) ≤ v(t1, t0, v0, µ), (12.17)

where v(t1, t0, v0, µ) is a maximal solution of comparison equation (12.16).
Conditions (b) and (c) of A2 imply

m(t) ≤ v(t1, t0, v0, µ) for all t ∈ [t1, t2]. (12.18)

Conditions A1(a) and A2(a) provide the existence of µ2 > 0 such that

b(ε)− c(µ) ≤ V0(t,X(t0,Θ0)(t), Xt(t0,Θ0))+V1(t,X(t0,Θ0)(t), Xt(t0,Θ0), µ)
(12.19)

for all t ≥ t0 and 0 < µ < µ2. In view of inequalities (12.17) and (12.18) we
present estimate (12.19) in the form

b(ε) − c(µ) ≤ v(t2, t1, v0, µ).

For the value t = t2 we get

b(ε) − c(µ) ≤ b(D[X(t0,Θ0)(t2),Θ0]) − c(µ)

≤ V0(t2, X(t0,Θ0)(t2), Xt2(t0,Θ0))

+ V1(t2, X(t0,Θ0)(t2), Xt2(t0,Θ0), µ)

≤ v(t2, t1, v0, µ) < b(ε) − c(µ)

for 0 < µ < min(µ1, µ2). The contradiction obtained shows that the inequality
D[X(t0,Θ0)(t2),Θ0] ≥ ε does not hold at the instant t2 < tk+1 for some k.
This proves theorem 12.5.

It is known that for systems of equations with delay and/or impulsive
perturbations both the Lyapunov–Razumikhin functions and the Lyapunov–
Krasovskiy functionals are applied (see Burton and Hatvani [1989] and bibli-
ography therein). However, both approaches have some disadvantages which
are not characteristic of the direct Lyapunov method. The application of Lya-
punov functions given on the product of spaces Kc(Rn) and C0 enables us to
study the set of systems with delay and impulsive perturbations (12.10) by
using the Dini derivatives D+V0(t,X,Φ) and D+V1(t,X,Φ, µ), the calculation
of which neither involves estimation of minimal classes of the initial functions
for system (12.10) nor requires knowledge of its solutions. Also, note that the
application of perturbed Lyapunov function in the analysis of system (12.10)
allows us to establish stability conditions for the set of stationary solutions Θ0

under small perturbations in the case when Θ0 for the set of systems (12.14)
is uniformly stable only.



Chapter 13

Comments and References

Chapter 1 The fundamental problems of the dynamics and the stability of
systems with uncertain parameter values attract the attention of many special-
ists. During recent years the progress in the study of the stability of nonlinear
and controlled uncertain systems is connected with the constructive applica-
tion of the ideas of the direct Lyapunov method. Actual results obtained in
this direction are given in the review by Corless [1993b], which contains a
large bibliography (also see Garofalo and Glielmo [1996]). The concept of the
parametric stability (see Ikeda et al. [1991]) and the original idea of the article
by Lakshmikantham and Vatsala [1997] were incentives for conducting a series
of studies of the dynamic behavior of nonlinear systems with uncertain values
of their parameters.

Chapter 2 The bases of this chapter are the articles by Martynyuk-
Chernienko [1998a, 1999b, 1999c, 2000e, 2002f, 2001g, 2003j, 2005k, 2007l]
and Martynyuk-Chernienko and Slyn’ko [2002a]. Some results of the mono-
graphs by Demidovich [1967], Grujić et al. [1984], Krasovskiy [1959], Mar-
tynyuk [2000a] and also the articles by Lakshmikantham and Vatsala [1997],
Martynyuk [1998c], Zubov [1994a], Corless and Leitmann [1996a] were used
in the setting of the problem of the stability of uncertain systems. The The-
orem 2.5 was proved in the article by Lakshmikantham and Shahzad [1996],
using the Lemma 2.1 from the article by Pucci and Serrin [1995], where it was
given without a proof. The version of the Theorem 2.11 takes into account
the results of the original article by Leela [1997]. The Corollary 2.1 is given
according to the article by Corless and Leitmann [1996a], where it is stated
in the form of a separate theorem for a controlled system.

Chapter 3 The results of this chapter were published in the articles by
Martynyk-Chernienko and Slynko [2003]. Some assumptions on the nominal
system (3.2) correspond to those introduced in the article by Chen [1996].
The example of the uncertain system (3.22) is given according to the article
by Lakshmikantham and Leela [1995b]. The uncertain system with a neuron
regulator (3.40) is analyzed, following the approach of the article by Khlaeo-
om and Kuntanapreeda [2005]. The results of paragraph 3.6 given in the ar-
ticle by Khoroshun [2008] are from studies by Otha and Šiljak [1994]. In the
estimation of the a priori domains of the parametric stability the approach
described in Appendix is used, according to the article by Martynyuk and
Khoroshun [2007a].

Chapter 4 In this chapter, in accordance with the articles by Martynyuk-
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Chernienko [1999c, 1999d], Martynyuk-Chernienko [2003j], and Martynyuk
and Martynyuk-Chernienko [2007], the approach to the analysis of uncertain
quasilinear systems on the basis of the canonical matrix Lyapunov function is
described. The transformation of the initial quasilinear system and the analy-
sis of the case of “nonautonomous” uncertainties is made on the basis of some
results obtained by Tikhonov [1965a, 1969b]. Our statement of the Theorem
4.3 is based on the results of the article by Chen and Zhang [2007]. The Exam-
ples 4.1 and 4.2 were considered in the article by Ming-Chung Ho, Yao-Chen
Huang and Min Jiang [2007].

Chapter 5 The results of this chapter are new. They were obtained by
using some of the results of the monograph by Michel and Miller [1977] and
the article by Martynyuk [2000a]. Some results of the article by Xing-Gang
Yan and Guang-Zhong Dai [1999] were used in the analysis of the stability of
the large-scale system (5.43).

Chapter 6 This chapter contains some approaches to the solution of the
problem of the stability of uncertain systems, which are based on the method
of the vector Lyapunov functions (see Matrosov [2001]). In the article by
Martynyuk-Chernienko [1999c] the vector approach for quasilinear uncertain
systems is based on the canonical vector Lyapunov function. The criterion of
the interval stability of a linear mechanical system is given here on the basis of
the article by Martynyuk and Slyn’ko [2003]. The conditions for the parametric
stability of a large-scale system were obtained in the article by Martynyuk
and Khoroshun [2008b]. Those studies join the works by Ikeda, Ohta, and
Šiljak [1989, 1991, 1994] and are based on the results of paragraph 3.6.

Chapter 7 The results of this paragraph are based on the articles by
Martynyuk [2002a], Martynyuk-Chernienko [2004b], Liu Bin et al. [2005] and
Lakshmikantham and Devi [1993] (see also Martynyuk [2007d], containing a
large bibliography of studies of the theory of stability of impulsive systems,
which have been carried out recently).

Chapter 8 The necessary definitions and preliminary information from
the mathematical analysis on a time scale are given here according to the
article by Bohner and Martynyuk [2007]. More detailed information in this
direction is available in the monograph by Bohner and Peterson [2001]. The
Theorems 8.1–8.4 are new for the given class of systems of dynamic equations.
In their proof the results obtained by Martynyuk-Chernienko [2007i], Bohner
and Martynyuk [2001] were used. Some results of the work by DaCunha [2004]
were applied during the analysis of the Examples 8.1–8.3.

Linear interval matrix systems with continuous and discrete dynamics are
considered in the article by Pastravanu and Voicu [2002]. The authors discuss
the conditions for the exponential stability for this class of equations, which
are adequate to the Shur or Gurwitz conditions.

Chapter 9 The basic concepts of the theory of large-scale systems under
structural perturbations are given in monographs by Grujić et al. [1984].

The results of the analysis of the stability of the zero solution of the sin-
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gularly perturbed system (9.1) are new in the context of the proposed ap-
proach (see Martynyuk and Miladzhanov [2011]). Some of the results of the
monograph by Grujić et al. [1984] are used here along with the method of
matrix-valued Lyapunov functions (see Martynyuk [1998c]).

Chapter 10 The general information from the set theory and the the-
ory of matrix spaces is given here in accordance with the monograph by
Zubov [1957b] and Lakshmikantham, Bhaskar, and Devi [2006]. The matrix-
valued Lyapunov function (10.5) is introduced here for the first time.

Chapter 11 This chapter is based on the paper by Martynyuk [2002f].
The theory of equations with a causal operator is set out in the monograph
by Corduneanu [2002] with a vast bibliography. The paper by Drici et al.
[2006] deals with the sets of systems of equations with a causal operator.

Chapter 12 The contents of Chapter 12 are taken from Martynyuk [2009].
See also Lakshmikantham, Bhaskar and Devi [2006].

Appendix The estimates of the domains of the parametric stability are
given according to the work by Martynyuk and Khoroshun [2007a]. They were
obtained by using some information of their theory of operator equations (see
Collatz [1966]).
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In the problem of the parametric stability of the system (1.1), the estimates of
the domains of variations of parameters p and the phase vector x are impor-
tant, at which there exists a solution x(t, p) of the system (1.1), remaining
in a certain domain of the phase space Rn at all t ≥ 0 (see Ikeda, Ohta, and
Šiljak [1991]). Below you will find an approach to the solution of that problem,
which is based on some results of the monograph by Collatz [1966].

Let us recollect some concepts from the theory of pseudometric spaces.

Definition A.1 The space R is called pseudometric, if to any pair of elements
f, g from R the (pseudo)distance ρ(f, g) is put in correspondence, which is
an element of (generally speaking, another) linear partially ordered space H
above the numeric field K with a zero element ΘH that satisfies the following
conditions:

(a) ρ(f, g) = ΘH if, and only if, f = g;

(b) ρ(f, h) ≤ ρ(f, g) + ρ(g, h) for any triplet f, g, h from R.

The convergence in a linear partially ordered space H is introduced in a
usual way, namely, a correspondence is set up between some sequences ρn and
their limit element ρ from H ; those sequences are called convergent, and then
lim
n→∞

ρn = ρ or ρn → ρ.

The concept of convergence in a pseudometric space R is defined as follows.

Definition A.2 A sequence fn ∈ R is called convergent to the boundary
element f ∈ R if the sequence of distances ρ(fn, f) converges to the zero
element ΘH , ρ(fn, f) → ΘH . Here it is assumed that there exists a boundary
element f ∈ R.

Consider the operator equation

Tu = u (A.1)

and the iteration method of its solution

un+1 = Tun, n = 0, 1 . . . . (A.2)

Assume that the definition domain D of the operator T lies in the full
pseudometric space R with distances taking on values in a linear semiordered
space H . Consider the following conditions:
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(a) The operator T is bounded, i. e., there exists a linear continuous operator
P such that for any two elements u, w from D

ρ(Tu, Tw) ≤ Pρ(u,w).

(b) P is a monotone operator, i. e., for the distances ρ, ρ′ from the space H ,
such that ρ ≤ ρ′, the following inequality holds:

Pρ ≤ Pρ′.

(c) The expression
∞∑
j=0

P jρ makes sense, i. e., the series from iterations P j

converges for any ρ from H .

(d) The ball K consisting of the elements v satisfying the inequality

ρ(v, u1) ≤ (E − P )−1ρ(u0, u1) − (u0, u1),

and the element u0 belong to the definition domain D.

Theorem A.1 Under the conditions (a)–(d) there exists a unique solution
of the operator equation (A.1), and a sequence un determined by the equality
(A.2) converges to that solution.

The proof of the Theorem A.1 can be found in the monograph by Col-
latz [1966].

Consider the system of equations

fi(x1, . . . , xn, p1, . . . , pm) = 0, i = 1, . . . , n, (A.3)

with respect to the unknown x1, . . . , xn, considering p1, . . . , pm to be inde-
pendent variables. Assuming x = (x1, . . . , xn)

T, p = (p1, . . . , pm)T, f(x, p) =
(f1(x, p), . . . , fn(x, p))

T, write the system of equations (A.3) in the vector form

f(x, p) = 0. (A.4)

A solution of the equation (A.4) will be understood as any continuous vector
function x = ϕ(p) of vector argument p, defined on some open set of the
space Rm of variables p1, . . . , pm, which, when substituted into the set (A.4),
turns it into the identity

f(ϕ(p), p) = 0,

which holds for all points p from that set.
Let us make the following assumptions regarding the system (A.3) and the

vector equation (A.4).

Assumption A.1 The system of equations (A.3) and the vector function
f(x, p) are such that:
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(1) the functions fi(x1, . . . , xn, p1, . . . , pm), i = 1, . . . , n, are defined and
continuous on some open set Γ of the space Rn ×Rm together with the
partial derivatives

∂fi
∂xj

, i, j = 1, . . . , n,

and

∂2fi
∂xl∂xt

, i, l, t = 1, . . . , n,
∂2fi
∂xl∂ps

, i, l, s = 1, . . . , n;

(2) for some value of the vector-parameter p∗ there exists a solution x∗ ∈ R
n

of the vector equation (A.4), such that

f(x∗, p∗) = 0

and the point (x∗, p∗) belongs to the set Γ;

(3) det

(
∂f(x, p)

∂x

)
6= 0 in the point (x∗, p∗).

Since the domain of existence of an implicit function lies in the do-
main where the Jacobian of the equation, which determines that function,
is nonzero, at first we will indicate the method of estimation of the domain

in the space Rn in the open set Γ, where det
(
∂f(x,p)
∂x

)
6= 0. Note that since,

according to the conditions of the Assumption A.1, det
(
∂f(x,p)
∂x

)
6= 0 in the

point (x∗, p∗), the function f(x, p) is continuous in the whole set Γ, and the
point (x∗, p∗) belongs to that set, such a domain always exists.

Represent ∂f(x,p)
∂x in the form

∂f(x, p)

∂x
=
∂f(x∗, p∗)

∂x
+B(x, p)

=

(
∂f(x∗, p∗)

∂x

)[
E +

(
∂f(x∗, p∗)

∂x

)−1

B(x, p)

]
,

where B(x, p) is a matrix of the respective dimensions. Since the matrix(
∂f(x∗,p∗)

∂x

)
is nonsingular, the non-singularity of the matrix

(
∂f(x,p)
∂x

)
is

equivalent to the non-singularity of the matrix

[
E +

(
∂f(x∗, p∗)

∂x

)−1

B(x, p)

]
,

which is equivalent to the condition
∥∥∥∥∥

(
∂f(x∗, p∗)

∂x

)−1

B(x, p)

∥∥∥∥∥ < 1.
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Taking into account that

B(x, p) =

(
∂f(x, p)

∂x

)
−
(
∂f(x∗, p∗)

∂x

)
,

one finally obtains that for the non-singularity of the matrix
(
∂f(x,p)
∂x

)
in some

domain it is required that for all points (x, p) from that domain the following
inequality should hold:

∥∥∥∥
(
∂f(x∗, p∗)

∂x

)−1 [
∂f(x, p)

∂x
− ∂f(x∗, p∗)

∂x

] ∥∥∥∥ < 1. (A.5)

Let

x = (x1, . . . , xn)T = (XT
1 , . . . , X

T
s )T,

where

X1 = (x1, . . . , xn1)
T,

X2 = (xn1+1, . . . , xn1+n2)
T,

. . . . . . . . . . . . . . . . . . . . . .

Xs = (xn1+...+ns−1+1, . . . , xn)
T,

Xi ∈ R
ni , 1 ≤ ni < n, i = 1, . . . , s, n1 + . . .+ ns = n, n0 = 0,

and

p = (p1, . . . , pm)T = (PT
1 , . . . , P

T
t )T,

where

P1 = (p1, . . . , pm1)
T,

P2 = (pm1+1, . . . , pm1+m2)
T,

. . . . . . . . . . . . . . . . . . . . . . .

Pt = (pm1+...+mt−1+1, . . . , pm)T,

Pi ∈ R
mi , 1 ≤ mi < m, i = 1, . . . , t, m1 + . . .+mt = m, m0 = 0.

Let the sought domain

Πr,q = {(x, p) | Ωr : |Xi −X∗
i | ≤ ri, Ωp : |Pj − P ∗

j | < qj ,

i = 1, . . . , s, j = 1, . . . , t}.

Then, using the condition (A.5), the representation of variables x, p and the

Taylor expansion of the elements of the matrix ∂f(x,p)
∂x in the neighborhood
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of the point (x∗, p∗), we obtain:

∥∥∥∥
(
∂f(x∗, p∗)

∂x

)−1 [
∂f(x, p)

∂x
− ∂f(x∗, p∗)

∂x

] ∥∥∥∥ ≤
∥∥∥∥
(
∂f(x∗, p∗)

∂x

)−1 ∥∥∥∥

×

∥∥∥∥∥∥∥∥∥

∂f1(x, p)

∂x1
− ∂f1(x

∗, p∗)

∂x1
. . .

∂f1(x, p)

∂xn
− ∂f1(x

∗, p∗)

∂xn
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
∂fn(x, p)

∂x1
− ∂fn(x

∗, p∗)

∂x1
. . .

∂fn(x, p)

∂xn
− ∂fn(x

∗, p∗)

∂xn

∥∥∥∥∥∥∥∥∥

<

∥∥∥∥
(
∂f(x∗, p∗)

∂x

)−1 ∥∥∥∥

×
(

s∑

i=1

ri max
(x,p)∈Πr,q

‖Ai(x, p)‖ +

t∑

j=1

qj max
(x,p)∈Πr,q

‖Dj(x, p)‖
)
,

(A.6)

where

Ai(x, p) =




∣∣∣∣
∂2f1(x, p)

∂x1∂Xi

∣∣∣∣ . . .

∣∣∣∣
∂2f1(x, p)

∂xn∂Xi

∣∣∣∣
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .∣∣∣∣
∂2fn(x, p)

∂x1∂Xi

∣∣∣∣ . . .

∣∣∣∣
∂2fn(x, p)

∂xn∂Xi

∣∣∣∣



,

Dj(x, p) =




∣∣∣∣
∂2f1(x, p)

∂x1∂Pj

∣∣∣∣ . . .

∣∣∣∣
∂2f1(x, p)

∂xn∂Pj

∣∣∣∣
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .∣∣∣∣
∂2fn(x, p)

∂x1∂Pj

∣∣∣∣ . . .

∣∣∣∣
∂2fn(x, p)

∂xn∂Pj

∣∣∣∣



.

The estimate (A.6) is obtained, taking into account that

∣∣∣∣
∂fk(x, p)

∂xl
− ∂fk(x

∗, p∗)

∂xl

∣∣∣∣

=

∣∣∣∣∣

n∑

i=1

∂2fk(x, p)

∂xl∂xi

∣∣∣∣
x=x∗+θ(x−x∗)
p=p∗+θ(p−p∗)

(xi − x∗i )

+

m∑

j=1

∂2fk(x, p)

∂xl∂pj

∣∣∣∣
x=x∗+θ(x−x∗)
p=p∗+θ(p−p∗)

(pj − p∗j )

∣∣∣∣∣

≤
s∑

i=1

max
Πr,q

∣∣∣∣
∂2fk(x, p)

∂xl∂Xi

∣∣∣∣ |Xi −X∗
i | +

t∑

j=1

max
Πr,q

∣∣∣∣
∂2fk(x, p)

∂xl∂Pj

∣∣∣∣ |Pj − P ∗
j |,

where k, l = 1, . . . , n.

Thus, taking into account (A.5) and (A.6), we calculate the estimates
for ri and qj , which determine the boundaries of the domain in which
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det
(
∂f(x,p)
∂x

)
6= 0, in the form

∥∥∥∥
(
∂f(x∗, p∗)

∂x

)−1∥∥∥∥

×
(

s∑

i=1

ri max
(x,p)∈Πr,q

‖Ai(x, p)‖ +
t∑

j=1

qj max
(x,p)∈Πr,q

‖Dj(x, p)‖
)

≤ 1.

(A.7)

Note that for the estimation of this domain for matrices, the Hilbert-
Schmidt norm is used.

Let (x, p) ∈ Πr,q. Determine a domain in the parameter space, where
for each parameter value there exists a solution of the equation (A.4), and a
domain in the space of variables, to which that solution belongs.

For that, rewrite the equation (A.4) in a somewhat modified form. Assume

bij =
∂

∂xj
fi(x

∗, p∗), i, j = 1, . . . , n. (A.8)

Since the functional determinant det
(
∂f(x,p)
∂x

)
is nonzero in the point

(x∗, p∗), the matrix B = (bij) has an inverse matrix B−1 = (cij). Now rewrite
the system of equations (A.3) in the form

∑

j

bijxj =
∑

j

bijxj − fi(x, p), i = 1, . . . , n. (A.9)

Let hj(x, p) denote the right-hand part of the relation (A.9). In view of the
relation (A.8), we obtain

∂

∂xj
hi(x

∗, p∗) = 0, i, j = 1, . . . , n. (A.10)

The equation (A.9) can be written in the vector form as follows:

Bx = h(x, p).

Applying the matrix B−1 to the above relation, we obtain an equivalent rela-
tion

x = g(x, p), (A.11)

where g(x, p) = (g1(x, p), . . . , gn(x, p)) = B−1h(x, p). From (A.10) it follows
that

∂

∂xj
gi(x

∗, p∗) = 0. (A.12)

Since the equation (A.12) is equivalent to the equation (A.4) and in the point
(x∗, p∗) the relation (A.4) holds, then

x∗ = g(x∗, p∗). (A.13)
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Apply the method of successive approximations to the equation (A.11) which
satisfies the conditions (A.12) and (A.13). Namely, set up a correspondence
between each vector function x = xe(p) vector variable p, and the function
x̃e(p), assuming

x̃e(p) = g(xe(p), p). (A.14)

Then use the “operator” notation

x̃e(p) = Gxe(p). (A.15)

Apply the Theorem A.1 to the equation (A.15). Let the domain of definition of
the operator G lie in the full pseudometric space X = {x = (x1, . . . , xn)

T =
(XT

1 , . . . , X
T
s )T} with distances taking on values in the linear semiordered

space K = {z = (z1, . . . , zs)
T : zi ≥ 0, i = 1, . . . , s)} ⊆ R

s
+, here for all x and

y from X

ρ(x, y) = (|X1 − Y1|, . . . , |Xs − Ys|)T. (A.16)

Show that the operatorG is bounded, i. e., that there exists a linear continuous
operator P in the space K, such that for any two elements x and y from X
the following relation holds:

ρ(Gx,Gy) ≤ Pρ(x, y).

Taking into account the notation (A.14)–(A.16), obtain

ρ(Gx,Gy) = (|g1(x, p) − g1(y, p)|, . . . , |gs(x, p) − gs(y, p)|)T , (A.17)

where gi(x, p) ∈ Rni ,

g1((X
T
1 , . . . , X

T
s )T, p) = (g1(x, p), . . . , gn1(x, p))

T,

g2((X
T
1 , . . . , X

T
s )T, p) = (gn1+1(x, p), . . . , gn1+n2(x, p))

T,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

gn((X
T
1 , . . . , X

T
s )T, p) = (gn1+...+ns−1+1(x, p), . . . , gn(x, p))

T.

Consider the k-th coordinate of this vector. On the basis of the Lagrange
finite increments formula, obtain

‖gk((XT
1 , . . . , X

T
s ), p) − gk((Y

T
1 , . . . , Y

T
s ), p)‖

=

∥∥∥∥
s∑

j=1

∂gk((X
T
1 , . . . , X

T
s ), p)

∂Xj

∣∣∣∣
x=x+θ(y−x)

(Xj − Yj)

∥∥∥∥
(A.18)
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≤
s∑

j=1

∥∥∥∥∥∥∥∥∥∥∥




∂gn1+...+nk−1+1(x, p)

∂xn1+...+nj−1+1

∣∣∣∣
x=x+

θ(y−x)

. . .
∂gn1+...+nk−1+1(x, p)

∂xn1+...+nj

∣∣∣∣
x=x+

θ(y−x)

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
∂gn1+...+nk

(x, p)

∂xn1+...+nj−1+1

∣∣∣∣| x=x+
θ(y−x)

. . .
∂gn1+...+nk

(x, p)

∂xn1+...+nj

∣∣∣∣| x=x+
θ(y−x)




∥∥∥∥∥∥∥∥∥∥∥

× ‖Xj − Yj‖

≤
s∑

j=1

max
(x,p)∈Πr,q

∥∥∥∥∥∥∥∥∥∥




∂gn1+...+nk−1+1(x, p)

∂xn1+...+nj−1+1
. . .

∂gn1+...+nk−1+1(x, p)

∂xn1+...+nj

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
∂gn1+...+nk

(x, p)

∂xn1+...+nj−1+1
. . .

∂gn1+...+nk
(x, p)

∂xn1+...+nj




∥∥∥∥∥∥∥∥∥∥

× ‖Xj − Yj‖ =

s∑

i=1

αkj ‖Xj − Yj‖.

If the application of the spectral norm results in significant computational
difficulties, then it is advisable to apply the Hilbert-Schmidt norm for matrices,
and the following technique.

Taking into account that

g(x, p) = B−1h(x, p), hi(x, p) =
∑

j

bijxj − fi(x, p),

and applying the expansion of the elements of the matrix ∂f(t,x)
∂x in the neigh-

borhood of the point (x∗, p∗) into a Taylor series, obtain

∣∣∣∣
∂gn1+...+nk−1+l(x, p)

∂xn1+...+nj−1+c

∣∣∣∣
x=x+θ(y−x)

∣∣∣∣

=

∣∣∣∣∣

n∑

i=1

c
n1+...+nk−1+l
i

(
b
n1+...+nj−1+c
i − ∂fi(x, p)

∂xn1+...+nj−1+c

)∣∣∣∣
x=x+θ(y−x)

∣∣∣∣∣

≤
n∑

i=1

|cn1+...+nk−1+l
i |

(
s∑

h=1

max
(x,p)∈Πr,q

∣∣∣∣
∂2fi(x, p)

∂xn1+...+nj−1+c∂XT
h

∣∣∣∣rh

+

t∑

f=1

max
(x,p)∈Πr,q

∣∣∣∣
∂2fi(x, p)

∂xn1+...+nj−1+c∂PT
f

∣∣∣∣qf
)

= β
n1+...+nk−1+l
n1+...+nj−1+c, k, j = 1, . . . , s, l = 1, . . . , nk, c = 1, . . . , nj .

Then,

∣∣∣∣
∂gn1+...+nk−1+l(x, p)

∂xn1+...+nj−1+c

∣∣∣∣
x=x+θ(y−x)

∣∣∣∣ ≤ β
n1+...+nk−1+l
n1+...+nj−1+c,

k, j = 1, . . . , s, l = 1, . . . , nk, c = 1, . . . , nj ,

(A.19)
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∥∥∥∥∥∥∥∥∥∥




∂gn1+...+nk−1+1(x,p)

∂xn1+...+nj−1+1

∣∣∣∣
x=x+θ(y−x)

. . .
∂gn1+...+nk−1+1(x,p)

∂xn1+...+nj

∣∣∣∣
x=x+θ(y−x)

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
∂gn1+...+nk

(x,p)

∂xn1+...+nj−1+1

∣∣∣∣
x=x+θ(y−x)

. . .
∂gn1+...+nk

(x,p)

∂xn1+...+nj

∣∣∣∣
x=x+θ(y−x)




∥∥∥∥∥∥∥∥∥∥

≤

∥∥∥∥∥∥∥



β
n1+...+nk−1+1
n1+...+nj−1+1 . . . β

n1+...+nk−1+1
n1+...+nj

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
βn1+...+nk

n1+...+nj−1+1 . . . βn1+...+nk

n1+...+nj




∥∥∥∥∥∥∥
= αkj .

From the estimate (A.18), taking into account (A.19), we obtain the estimate
of the k-th coordinate of the vector (A.17):

|gk(x, p) − gk(y, p)| ≤
s∑

j=1

αkj |Xj − Yj | (A.20)

for all k = 1, . . . , s. From (A.17), using the estimate (A.18) or (A.20), we
obtain the estimate

ρ(Gx,Gy)
K→ ≤

(
s∑

j=1

α1
j |Xj − Yj |, . . . ,

s∑

j=1

αsj |Xj − Yj |
)T

=



α1

1 . . . α1
s

. . . . . . . . . . . .
αs1 . . . αss


 (|X1 − Y1|, . . . , |Xs − Ys|)T = Pρ(x, y),

where Pz = (αkj )
s
k,j=1 · z for all z from K and the operator P is linear and

continuous. The boundedness of the operator G is proved.
It is obvious that P is a monotone operator, i. e., for the distances ρ1 and

ρ2 from the space K such that ρ1
K→ ≤ρ2, the inequality Pρ1

K→ ≤Pρ2 holds
true.

The expression
∞∑
j=0

P jρ makes sense, i. e., for the iteration P j the series

∞∑
j=0

P jρ converges for any ρ from K, if for the matrix of the operator P the

following condition is satisfied

r((αkj )
s
k,j=1) < 1, (A.21)

where r(A) is the spectral radius of the matrix A.
Using the inequality (A.21), one can determine the values r11 ≤ r1, . . . ,

r1s ≤ rs and q11 ≤ q1, . . . , q
1
t ≤ qt, which define the domain

Πr1,q1 = {(x, p) | Ωr1 : |Xi −X∗
i | < r1i , Ωp1 : |Pj − P ∗

j ‖ < q1j ,

i = 1, . . . , s, j = 1, . . . , t} ⊆ Πr,q,

in which the conditions (A.7) and (A.21) are satisfied.
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We now show that the ball D with the elements x = (XT
1 , . . . , X

T
s )T of

the space X, which satisfy the inequality

ρ(x, x1)
K→ ≤(E − P )−1ρ(x0, x1) − ρ(x0, x1),

and the element x∗ = ((X∗
1 )T, . . . , (X∗

s )
T)T belong to the domain of definition

of the operator G. First of all, note that in the domain Πr1,q1 the existence of
the operator G is determined by the inequalities

|X1 −X∗
1 | ≤ r11 ,

. . . . . . . . . . . . .

|Xs −X∗
s | ≤ r1s .

Since ρ(x, x∗)
K→ ≤ρ(x, x1) + ρ(x1, x

∗) and x0 = x∗, for all values of x from
the ball D we obtain:

ρ(x, x∗)
K→ ≤(E − P )−1ρ(x1, x

∗).

Taking into account that xn = g(xn−1, p), from (A.13) and (A.16), we find

ρ(x1, x
∗) = (|g1(x∗, p) − g1(x

∗, p∗)|, . . . , |gs(x∗, p) − gs(x
∗, p∗)|) . (A.22)

Consider the k-th coordinate of this vector. Applying the Lagrange finite
increments formula, for p = p∗ + θ(p− p∗) at all k = 1, . . . we obtain

|gk(x∗, p) − gk(x
∗, p∗)| =

∣∣∣∣
t∑

j=1

∂gk(x
∗, p)

∂PT
j

(Pj − P ∗
j )

∣∣∣∣

≤
t∑

j=1

∥∥∥∥∥∥∥∥∥∥




∂gn1+...+nk−1+1(x
∗, p)

∂pm1+...+mj−1+1
. . .

∂gn1+···+nk−1+1(x
∗, p)

∂pm1+···+mj

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
∂gn1+...+nk

(x∗, p)

∂pm1+...+mj−1+1
. . .

∂gn1+...+nk
(x∗, p)

∂pm1+...+mj




∥∥∥∥∥∥∥∥∥∥

× |Pj − P ∗
j |.

(A.23)

Continuing the estimate (A.23), we obtain

|gk(x∗, p) − gk(x
∗, p∗)|

≤
t∑

j=1

max
p∈Ωp1

∥∥∥∥∥∥∥∥∥∥




∂gn1+...+nk−1+1(x
∗, p)

∂pm1+...+mj−1+1
. . .

∂gn1+...+nk−1+1(x
∗, p)

∂pm1+...+mj

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
∂gn1+...+nk

(x∗, p)

∂pm1+...+mj−1+1
. . .

∂gn1+...+nk
(x∗, p)

∂pm1+...+mj




∥∥∥∥∥∥∥∥∥∥

× |Pj − P ∗
j | =

t∑

j=1

∆k
j |Pj − P ∗

j |.

(A.24)
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If the application of the spectral norm results in significant technical difficul-
ties, one can use the Hilbert-Schmidt norm and the following technique.

Taking into account that

g(x, p) = B−1h(x, p), hi(x, p) =
∑

j

bijxj − fi(x, p),

and applying the expansion of the elements of the matrix ∂f(x∗,p)
∂p into a Taylor

series in the neighborhood of the point p∗, we obtain
∣∣∣∣
∂gn1+...+nk−1+l(x

∗, p)

∂pm1+...+mj−1+c

∣∣∣∣
p=p∗+θ(p−p∗)

∣∣∣∣

=

∣∣∣∣
n∑

i=1

c
n1+...+nk−1+l
i

∂fi(x
∗, p)

∂pm1+...+mj−1+c

∣∣∣∣
p=p∗+θ(p−p∗)

∣∣∣∣

≤
n∑

i=1

∣∣cn1+...+nk−1+l
i

∣∣ max
p∈Ωp1

∣∣∣∣
∂fi(x

∗, p)

∂pm1+...+mj−1+c

∣∣∣∣ = γ
n1+...+nk−1+l
m1+...+mj−1+c ,

where k = 1, . . . , s, j = 1, . . . , t, l = 1, . . . , nk, c = 1, . . . ,mj .
Hence,

∣∣∣∣∣
∂gn1+...+nk−1+l(x

∗, p)

∂pm1+...+mj−1+c

∣∣∣∣
p=p∗+θ(p−p∗)

∣∣∣∣∣ ≤ γ
n1+...+nk−1+l
m1+...+mj−1+c ,

k = 1, . . . , s, j = 1, . . . , t, l = 1, . . . , nk, c = 1, . . . ,mj.

(A.25)

From (A.22), on the basis of (A.23) and (A.25), obtain the estimate

ρ(x1, x
∗)

K→ ≤
( T∑

j=1

∆1
j |Pj − P ∗

j |, . . . ,
t∑

j=1

∆s
j |Pj − P ∗

j |
)T

=




∆1
1 . . . ∆1

t

. . . . . . . . . . . . .
∆s

1 . . . ∆s
t


 (|P1 − P ∗

1 |, . . . , |Pt − P ∗
t |)T

K→ ≤




∆1
1 . . . ∆1

t

. . . . . . . . . . . . .
∆s

1 . . . ∆s
t


 (q11 , . . . , q

1
t )

T,

where

∆k
j =

∥∥∥∥∥∥∥



γ
n1+...+nk−1+1
m1+...+mj−1+1 . . . γ

n1+...+nk−1+1
m1+...+mj

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
γn1+...+nk

m1+...+mj−1+1 . . . γn1+...+nk

m1+...+mj




∥∥∥∥∥∥∥
.

k = 1, . . . , s, j = 1, . . . , t.

We obtain

ρ(x1, x
∗)

K→ ≤




∆1
1 . . . ∆1

t

. . . . . . . . . . . . .
∆s

1 . . . ∆s
t


 (q11 , . . . , q

1
t )

T. (A.26)
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Note that a similar estimate can be obtained from the formulas (A.22) and
(A.24), where ∆k

j is determined from the formula (A.24).
Then from (A.23), taking into account (A.26), for all values of x from the

ball D we obtain the estimate

ρ(x, x∗)
K→ ≤(E − P )−1




∆1
1 . . . ∆1

t

. . . . . . . . . . . . .
∆s

1 . . . ∆s
t


 (q11 , . . . , q

1
t )

T.

Under the condition

(E − P )−1




∆1
1 . . . ∆1

t

. . . . . . . . . . . . .
∆s

1 . . . ∆s
t


 (q11 , . . . , q

1
t )

T K→ ≤(r11 , . . . , r
1
s)

T (A.27)

the ball D belongs to the domain of definition of the operator G. It is obvious
that the element x∗ belongs to that domain.

Thus, in the domain determined from the relations (A.7), (A.21), and
(A.27), all the conditions of the Theorem A.1 are satisfied. Then, using the
above relations, with the norm corresponding to the problem situation, one
can determine the domain in the space of parameters for which the equation
(A.4) has a unique and continuous solution and the domain in the space of
variables to which this solution belongs.
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Set
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Subsystems
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System
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controlled uncertain, 55
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nominal impulsive, 143
non-conservative Hamilton, 20
parametrically stable, 4
robust exponentially stable, 151
time invariant, 3
uncertain, 6

Time scale T, 159
Time scaling

non-uniform, 186
uniform, 194

Uncertain linear system with neuron
control, 68

Uncertain Lorenz system, 95
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