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Preface

In this book the methods of analysis of the stability of motion of dynamic
systems, whose parameters are specified uncertainly (uncertain systems, for
short) are described. The objective of the analysis is to construct sufficient
conditions under which the motions of the uncertain systems have a certain
type of stability with respect to some moving set or the zero equilibrium state.
Lyapunov functions applied in the analysis have the form of scalar, vector, or
matrix-valued auxiliary functions.

In Chapter 1 the reader will find a brief review of the results preceding the
setting of problems of stability for systems with uncertain parameter values.
The setting of the problem of the parametric stability is discussed, as well as
the problem of the stability of solutions with respect to a moving invariant
set.

In Chapter 2 the stability of the class of uncertain systems is analyzed,
which are described by ordinary differential equations. The sufficient condi-
tions for the stability (instability) of different types with respect to a moving
invariant (conditionally invariant) set are determined on the basis of the gen-
eralized direct Lyapunov method.

In the same chapter the application of the scalar Lyapunov function is con-
sidered, and some simple examples are given. The problem of the exponential
convergence of motions with respect to a moving invariant set is a certain
development of the analyses from the article by Corless and Leitmann.

In Chapter 3 the motions of an uncertain controlled system with respect
to a moving conditionally invariant set are analyzed. The problem of the
synthesis of controls is solved on the basis of the direct Lyapunov method and
the inverse transformation of the initial system, the concept of which goes
back to Bendicson.

In Chapter 4 a method of application of the canonical matrix Lyapunov
function to the analysis of the stability of motions of a quasilinear time in-
variant system is proposed. The stability conditions are expressed in terms of
the sign definiteness of special matrices.

In Chapter 5 the reader will find the results of the analysis of stability
of large-scale uncertain systems. In this case the parameters of functions of
connection between the subsystems are uncertain. The vector and the hier-
archical Lyapunov functions are the main tools for the analysis of dynamic
properties of systems of that kind.

In Chapter 6 the problems of the stability of uncertain systems are ana-

xi



xii Preface

lyzed on the basis of new approaches in construction and application of vector
Lyapunov functions. Some of the obtained results are illustrated by the ex-
ample of the choice of parameters of a stable mechanical system and the
parametrical stability of a time invariant large-scale system.

In Chapter 7 the reader will find the results of the analysis of stability of an
uncertain impulsive system. Those results were obtained under new assump-
tions on the dynamic properties of the continuous and discrete components of
an impulsive system. Under those assumptions it seems to be impossible to ap-
ply the known results from the monographs by Lakshmikantham, Bainov and
Simeonov, Samoilenko and Perestyuk and others. As an example we consider
robust stability of the uncertain impulsive system.

In Chapter 8 uncertain dynamical equations are considered on a time scale.
Using the generalized direct Lyapunov method, the sufficient conditions of
different types of stability and instability of the zero solution of equations of
that time are obtained.

In Chapter 9 the singularly perturbed differential equation is considered.
Further the analysis of the stability of the systems with uncertain structure
is performed on the basis of matrix-valued Lyapunov’s functions.

In Chapter 10 we discuss analysis of the stability of a set of systems of
differential equations.

In Chapter 11 we discuss the main ideas of the comparison principle for
differential equations with a robust causal operator.

Chapter 12 is devoted to the investigation of stability of a set of impul-
sive equations via the method of heterogeneous matrix-valued Lyapunov-like
functions.
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Chapter 1

Introduction

The theory of stability of the motion of systems with a finite number of degrees
of freedom which was created by A.M. Lyapunov [1935] rests upon the three
basic concepts:

(1) deviations of the perturbed motion from the nominal one must be in-
finitely small;

(2) during the motion there are no perturbing forces, i.e., in the equa-
tions of motion all factors of external or internal perturbations
should be taken into account;

(3) the functioning interval of the system is unlimited.
There is an implicit assumption that

(4) the parameters of the system, within the accuracy of measurements, are
fixed and do not change during the motion.

The wide application of general results of the stability theory started dur-
ing the World War II, when the first problems were those of the stability of
controlled systems, problems of the stability of flat trajectories of shells, and
also problems of the stability of motion of hollow-charge shells.

Now the development of the theory of stability of motion is motivated by
new engineering problems and by the need for the improvement of the existing
methods of investigation of mechanical and other systems.

Within the recent years the theory of stability of motion of mechanical sys-
tems with uncertainly defined parameters has been elaborated intensely. This
is due to the fact that in many complex engineering systems their multimode
operation and multifunctionality can only be ensured under the condition that
certain requirements are fulfilled in a fixed, though sufficiently wide range of
variation of characteristics of parameters of separate subsystems. In other
words, while developing a system design one should provide for long life of its
practical operation under the conditions of uncertainties. This work is being
done in several directions.

One of them is based on the assumption that parameters of a system
(a linear one, as a rule) are changed on a certain interval and there are no
controls. Such systems are called interval dynamic systems. Estimates of the
stability of their motion are based on the method of characteristic equations

1



2 Uncertain Dynamical Systems: Stability and Motion Control

or its generalizations. The results obtained in this direction are presented in
the review by Siljak [1978].

Along with the ideas of the method of Lyapunov functions, interval systems
(continuous and discrete ones) have been analyzed in many papers.

Another direction is concerned with the investigation of the dynamics of
systems under control, i.e., a desired dynamic property of a system with un-
certain values of its parameters is achieved through the application of external
actions. Here both algebraic and qualitative methods of analysis of the inter-
val stability are used. Here one can mention the H,-control method which
is closely connected with the solution of the algebraic Riccati equation (see
Aliev and Larin [1998] et al.). A generalized view on the role of Riccati equa-
tions and many results obtained in this direction are presented in the joint
monograph edited by Bittanti, Laub, Willems [1991].

Some time ago Boyd et al. [1994] noted that many problems arising in the
system theory, including the H..-control of uncertain linear systems, can be
reduced to the analysis of linear matrix inequalities.

This approach is closely connected with the works of Yakubovich [1963]
and others. For linear differential inclusions it was developed and presented
in the above mentioned monograph by Boyd et al. [1994], where

(a) uncertainties parameters in the linear system

dx

are determined by the polytope
[A<t)a Bw(t)] S CO{[Alel]a R [ALBwL}}7
where coS is a convex envelope of the set S C R", determined by the formula
P
coS £ {Z&xﬁxl €S, pEO};
i=1

(b) uncertainties parameters in the system

dz
i Az + Bpp+ Byw, q=Cyx, p=A(t)g
are bounded in norm
[A@f <1
and finally,
(¢) uncertainties parameters in the linear system
dz
T Az + Byp+ Byw, q=Cqx, p;=0;(t)g

are bounded in absolute value, i.e. |6;(¢)| <1, i=1,2,...,n,.
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Common in those analyzes is the search of sufficient (and sometimes also
necessary) conditions for the stability or the asymptotic stability of the zero
solution of an uncertain system of equations of perturbed motion.

One of the effective approaches applied in the analysis of such kind of
systems is the method of Lyapunov functions. Both scalar Lyapunov functions
(see Corless and Leitmann [1986] and [1999], Gutman [1979], Corless [1990],
Leitmann [1990] and [1993], Rotea and Khargonekar [1989], and others) and
vector Lyapunov functions are used (see Chen [1996] and the list of literature
to it).

Thus, the construction of the theory of stability of systems with uncertain
values of their parameters (both controlled and free ones) is an actual problem
of current investigations in nonlinear dynamics and the system theory.

Let us deal with two general concepts of stability for systems with uncer-
tain (changing) parameters.

1.1 Parametric Stability

The presence of physical parameters in a real system, which can change
their values in the process of functioning of the latter, presupposes the ade-
quate reflection of this phenomenon in the mathematical model of the process
and/or the system. As against the situation when the parameters of a system
are fixed, changing parameters (or one parameter) causes the occurrence of
new equilibrium states of the system. This circumstance does not allow the
direct application of the generally used technique of analysis of stability, which
was developed for the unique equilibrium state of the system.

The concept of the parametric stability which takes in account this phe-
nomenon, as per Ikeda, Ohta and Siljak [1991], is formulated as follows.

Consider the time invariant system

Z—f = f(z,q), (1.1)
where 2(t) € R™ is the state of the system (1.1) at the point t € R, a € R? is
a vector physical parameter, f € C(R" x R?, R") is a sufficiently smooth
function such that at any a € R? and the initial state zo at a point tg = 0
the system (1.1) has the unique solution z(¢; zo, o) = z(t, @).

Suppose that for some nominal value a* of the parameter « there exists
an equilibrium state 2* of the system (1.1), i.e.

fl@*,a*) =0,

and x* is stable.
Let the parameter o change its value from a* to some other value. Here
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some questions of qualitative analysis of the system (1.1) arise, including the
following ones:

x do any new equilibrium states x¢ of the system (1.1) exist, and how
“far” are they from the state z*?

x if the equilibrium state x¢ exists and is stable, is this stability of the
same type as the stability of the equilibrium state z*?

x is the change of equilibrium states of the system (1.1) from x* to z°¢
followed by the loss of stability when the parameter is changed from «o*
to a?

The answers to those questions can be found within the framework of the
concept of the parametric stability of the system (1.1).

Consider the equilibrium state 2¢: R? — R™ as a function of vector pa-
rameter 2¢ = r¢(a) at o € R?, and note the following definitions.

Definition 1.1 The system (1.1) is parametrically stable at the value of pa-
rameter a* € R, if there exists an open neighbourhood N(a*) of the value
of parameter o* such that for any o € N(a*) the following conditions are
satisfied:

(a) there exists an equilibrium state z¢(«) € R™;
(b) for an arbitrary e > 0 there exists 6 = d(e, @) > 0 such that the condition
lzo — ()] <6
implies the estimate
llx(t; o, ) — 2%(a)|| < €
atallt e R,.

Definition 1.2 The system (1.1) is asymptotically parametrically stable at
the values of parameter a* € RY, if it:

(a) is parametrically stable at the value o* of the parameter « and;
(b) at all @ € N(a*) there exists a number u(a) > 0 such that the condition
lzo — ()|l <
implies the limit relation

tlim x(t; zo, ) = z°(a). (1.2)
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If (1.2) is true at any initial values zp € R™ and u, p — oo, then the
system (1.1) is asymptotically parametrically stable as a whole.

By slight modification of the Definitions 1.1 and 1.2 one can take into
account the estimate of the parameter domain P C R?, under which a certain
type of parametric stability of motion is obtained. In Appendix reader will
find the general results of the estimate of the parameter domain and the phase
space domain, under which the conclusions about the parametric stability of
a dynamic system are correct.

If the system (1.1) does not have the type of stability as per the Definition
1.1 (or 1.2), then it is parametrically unstable (or asymptotically parametri-
cally unstable).

Thus, to analyze the system (1.1) in the context with the Definitions 1.1
or 1.2, first it is necessary to determine the conditions for the existence of
z¢(a) € B(z*,r) at any a € B(a*,q), where B(z*,r) = {z € R": ||z —z*| <
r, v > 0} and

B(a*,q) ={a € R": [a—a*|<gq, ¢>0},

and then apply an appropriate method of the analysis of stability, the modified
Lyapunov’s direct method in particular.

The noted concept of the parametric stability has been developed and
applied to a certain extent. In particular, the problem of the parametric sta-
bility of the system (1.1) by Lyapunov’s direct method has been analyzed
on the basis of the scalar and the vector Lyapunov functions. The condi-
tions of quadratic stabilizability of an uncertain quasilinear system (see Ohta
and Siljak [1994]) were found. The “variability” of the system parameters is
simulated by some matrices with unknown parameters which take on values
from compact sets. In the work by Wada, Tkeda, Ohta and Siljak [1998] the
parametric absolute stability of a Lur’e system with many inputs/outputs is
analyzed on the basis of the Popov criterion. The parametric absolute stabil-
ity of one class of singularly perturbed systems is analyzed in the work by
Silva and Dzul [1998] on the basis of the comparison principle for slow and
fast variables.

Close to this direction are the results of the analysis of stability of systems
under nonclassic parametric perturbations, made on the basis of matrix-valued
Lyapunov functions (see Martynyuk and Miladzhanov [2009]).

1.2 Stability with Respect to Moving Invariant Sets

Along with the concept of the parametric stability, the problem of stability
of motion with respect to a moving invariant set (see Lakshmikantham and
Vatsala [1997]) is also of interest. The “uncertainties” of the system parameters
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in this statement are reflected in the “mobility” of some set with respect to
which the behavior of solutions of the following uncertain system is analyzed:

dx
T f(ta z, Oé), .I‘(to) = To, (13)
dt
where € R™, t € Ty = [tg, +0), to € T;, T; C R, f € C(Top x R" x R%, R™).
The parameter o € S C R%, where d > 1, S is a compact set, represents the
“uncertainties” of the considered system, x(t, ) = x(¢; to, zo, @) is a solution
of the system (1.3) with the initial conditions (to,z0) at any a € S C R%.

The stability of solutions of the system (1.3) is analyzed with respect to
the moving set

A(r) ={z e R": |z =r(a)},

where r(a) >0, r(a) — ro (rg = const > 0) at ||a| — 0 and r(a) — +o0
at |af — +oo.

Note that the representation of the function r(«) determining the set A(r)
is connected with the quality of motions of the system being synthesized. In
particular cases this function can be determined by the expressions

(a) r(a) =exp(llaf), 0<[laf} < +oo;

(b) r(a) =1n [exp (al)], 0 < [lafl < +oo,

implying that in the case (a) r(a) — 1 at ||a|| — 0, and in the case (b)
r(a) — 0 at [ja|| — 0.

From the physical point of view, the case (a) corresponds to the dynamic
properties of the system (1.3), at which in a system with uncertainly specified
parameters a “limit cycle” must exist.

The case (b) corresponds to a different situation: the “disappearance” of
the uncertainties parameter in a real system reduces the considered stability
problem to the classical one of the equilibrium state = = 0.

Note that the investigation of motions of the system (1.3) with respect to
the set

Alry={z e R": |z| <r(a)},

including the case r(a) — 79 (ro = const), is the problem of the estimation
of the domain of attraction of solutions of the system (1.3).

Unlike the work by Lakshmikantham and Vatsala [1997], our definition of
the set A(r) makes it possible to consider the systems (1.3) with uncertain
values of parameters, whose linear approximation may not contain uncertain-
ties parameters. The results of the above mentioned work by Lakshmikantham
and Vatsala [1997] have actually been formulated for nonlinear and nonlin-
earizable systems with uncertain values of parameters (see Skowronski [1984])
or for such systems whose linear approximation “vanishes” when the uncer-
tainties parameter disappears.

Later in this monograph the results of the analysis of stability of solutions
of some types of simultaneous equations with uncertain values of parameters
are made on the basis of both traditional and new approaches.



Chapter 2

Lyapunov’s Direct Method for
Uncertain Systems

Passing over to the generalization of Lyapunov’s direct method, in the first
place it is necessary to note that among its directions there are the following
ones:

(a) the application of the method to simultaneous equations different from
ordinary linear ones;

(b) the reduction of requirements to classical Lyapunov functions and their
derivatives in view of equations of motion;

(c) the search of new classes of auxiliary Lyapunov functions.

The objects for analysis in this monograph are some classes of systems of
nonlinear and linear equations with uncertain values of parameters (in short,
uncertain systems).

The application of matrix-valued, vector, and scalar Lyapunov functions
in combination with the comparison principle brings our generalization into
correspondence with the directions (a)—(c) above, which are being intensely
developed today.

The accepted definitions of the stability of motion are given below; they
are made specific in separate chapters of this monograph as applied to the
considered systems.

2.1 Problem Setting and Auxiliary Results

Consider a mechanical system whose motion is described by the simulta-
neous differential equations

da
dt
where z(t) € R, t € Ty = [tg,+0), to € T;, T C R and f € C(7p x

R"™ x R4, R™). The parameter o € S C RY, where S is a compact set, is the
“uncertainties” parameter of the system (2.1).

= f(t,z,a), x(to) = xo, (2.1)
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In accordance with Leitmann [1990] and Chen [1996], the parameter o:

(a) can present an uncertain value of some physical parameter of the system
or the estimate of an external perturbation;

(b) can be a function mapping R into R? and representing an uncertainly
measurable value of input action of one of subsystems upon another;

(c) can be a function mapping 7o x R™ into R? and reflecting nonlinear
elements of the considered mechanical system, which are difficult to
measure accurately;

(d) can be simply an index denoting the existence of some uncertainties in
the system;

(e) can be a combination of the characteristics (a)—(c).

Let a function r = r(a) > 0 be given, such that r(a) — ro (ro = const)
at ||a]] — 0 and r(a) — +o0 at ||a|| — +oo. In the Euclidian space (R", ||-]|)
define a moving set

A(r)={x e R": |z|]| =r(a)} (2.2)
and suppose that at any (a #0) € S C R? the set A(r) is not empty.

Definition 2.1 The set A(r) is called a moving invariant set of the system
(2.1), if for each zg € A(r) and for all unextensible solutions z(t,a) =
z(t;to, xo, ) of the system (2.1) defined on some interval J C 7y and
such that z(to;to,r0,a) = g, at all (o # 0) € S C R? the inclusion
x(t,a)) € A(r) holds at every ¢ € J.

Remark 2.1 1If the system (2.1) is essentially nonlinear (does not have a linear
approximation), then r(a) — 0 is admissible at ||a|| — 0, and the set A(r)
collapses into a point 0.

Remark 2.2 If r(a) — 400 at ||a| — +oo, then the set A(r) unlimitedly
increases.

We will give some definitions of the stability of motions with respect to a
movable invariant set.

Definition 2.2 The movable set A(r) for motions of the system (2.1)

(a) is stable with respect to the set T; C R if, and only if, for specified r(«),
e >0 and ty € 7; there exists § = §(tg,€) > 0 such that under the
initial conditions

r(a) — 0 < ||zol| < r(a)+4

motions of the system (2.1) satisfy the estimate
r(a) —e < ||lz(t, )| <r(a)+¢

atall te€ 7Ty and a« € S C R%;
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(b) is uniformly stable with respect to the set 7; if, and only if, the conditions
(a) of the Definition 2.2 are satisfied and at any ¢ > 0 the corresponding
maximal value §; satisfying the conditions (a) of this definition, is such
that

inf [0ar(t,e): t € T;] > 0;

(c) is stable in large with respect to 7; if, and only if, the conditions of the
Remark 2.2 are satisfied, as well as the conditions (a) of the Definition
2.2 with the function

om(t,e) = +o0o at e — 400 VteT;

(d) is uniformly stable in large with respect to 7; if, and only if, the conditions
(b) and (c) of the Definition 2.2 are satisfied.

The expression “with respect to 7;” in the Definition 2.2 is omitted if, and
only if, 7; = R.

Definition 2.3 The moving set A(r) for motions of the system (2.1) is:

(a) attractive with respect to 7T; if, and only if, for a given function r(«)
and tg € 7; there exists d(t9) > 0 and for any ¢ > 0 there exists
7(to, o, () € [0,00) such that the condition

r(a) — 0 < ||zol] < r(a)+4
implies the estimate
r(a) = ¢ < [lz(t, )| <7r(a) +¢
at all t € (to + 7(tg, z0,¢), +00) and a € S C R%;

(b) xo-uniformly attractive with respect to 7; if, and only if, the conditions
(a) of the Definition 2.3 are satisfied, for any ¢ty € 7; there exists
d(to) > 0 and for any ¢ € (0, +00) there exists 7,(to, A(to), () € [0,00)
such that

sup {7m (to, z0,¢): r(a) — A < |lwol| < r(a) + A} = Tu(to, Alto), ();

(c) to- uniformly attractive with respect to 7; if, and only if, the conditions
(a) of the Definition 2.3 are satisfied, there exists A* > 0 and for any

(w0, ¢) € {r(e) = A" < lzoll < r(a) + A"} x (0, +00)
there exists 7,(7;, %o, () € [0,+00) such that

sup {7 (to, z0,¢): to € Ti} = (73, 20, ();
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(d) wuniformly attractive with respect to 7;, if the conditions (b) and (c) of
the Definition 2.3 are satisfied or, which is the same, the conditions (a)
of the Definition 2.3, there exists ¢ > 0 and for any ¢ € (0,+00) there
exists 7,(7;, A, ) € [0,00) such that

sup [T (to, w0, )+ (to, o) € Zi x {r(a) = A <|[zo] < r(a)+ A}]
- TU(Z7A7C);

(e) the properties of attraction 2.3 (a)—(d) are true in large, if the conditions
(a) of the Definition 2.3 are satisfied for any A(tg) € (0,4+00) and any
to € T,, if only r(a) — 400 at |laf| — +o0.

The expression “with respect to 7;” in the Definition 2.3 is omitted if, and
only if, 7; = R.

Definition 2.4 Motion of the system (2.1) with respect to the moving set
A(r) is:

(a) asymptotically stable with respect to A(r) if, and only if, it is stable with
respect to A(r) and attractive with respect to A(r);

(b) equiasymptotically stable with respect to A(r) if it is stable with respect
to A(r) and ¢ is uniformly attractive with respect to A(r);

(¢c) quasiuniformly asymptotically stable with respect to A(r), if it is uni-
formly stable with respect to A(r) and tp is uniformly attractive with
respect to A(r);

(d) wuniformly asymptotically stable with respect to the sets A(r) and T;, if it
is uniformly stable with respect to the sets A(r) and 7; and uniformly
attractive with respect to the sets A(r) and 7;;

(e) uniformly exponentially stable with respect to A(r), if for the given func-
tion r(«) and constant (1, [, A there exists 6 > 0 such that the con-
dition

r(a) — 0 < ||zo|| < r(a) + 6

implies the estimate

r(ar) = Bullzoll exp[=A(t — to)] < [|2(t, o)
< r(a) + B2llxo|lexp[—A(t —to)] Vie Ty Vipe Ty

(f) exponentially stable in large with respect to A(r), if the conditions of the
Definition 2.4 (e) are satisfied at r(a) — oo, ||a| — 400, § — 0.

The expression “with respect to 7;” in the Definition 2.4 is omitted if, and
only if, 7; = R.
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2.2 Classes of Lyapunov Functions

Later in this monograph three classes of Lyapunov functions are applied
and their description is given in this section. As required, the general defini-
tions given here will be modified in conformity with the considered class of
systems. It is assumed that auxiliary functions can be constructed for nominal
systems corresponding to the considered uncertain systems.

2.2.1 Matrix-valued Lyapunov functions

For the nominal system corresponding to the uncertain system (2.1) we
will consider the matrix-valued function

Ut,z) = [v(t,x)], 4,j=1,2,...,m, (2.3)

where v;; € C(7, x R, R) atall 4,j=1,2,...,m.
It is supposed that the following conditions are satisfied:

(i) vi;(t,x), 4,5 =1,2,...,m, are locally Lipshitz with respect to x;
(ii) vi;(t,0) =0 atall te Ry (t€T;), i,j=1,2,...,m;

(ili) v;;(t,x) = v;i(t, ) in any open connected neighborhood N of the point
x=0atal te Ry (t€T;).

Definition 2.5 All functions of the form
V(t,z,a) =aU(t,x)a, a€ R™, (2.4)
where U € C(7; x N, R™*™), will be called functions of the SL class.

In the expression (2.4) the vector a can be chosen in the form:
(i) a=y € R™, y#0;
(i) a=¢ € C(R", R™), €(0) = 0;
(i) a =9 € C(T; x R™, RY"), 9(t,0) =0;
(iv) a=ne R}, n>0.
Note that the choice of the vector a¢ has an impact on the property of sign

definiteness of the function (2.4) and its full derivative along the solutions of
the system (2.1).
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2.2.2 Comparison functions

Comparison functions are applied at upper and lower estimates of functions
of the form (2.4) and their full derivative along the solutions of the considered
system is usually denoted by ¢, ¢: R4 — R.. The research of these functions
and their application in the stability theory was initiated by Hahn [1967].
Following this monograph, we will describe some properties of comparison
functions.

Definition 2.6 The function ¢, ¢: Ry — Ry, belongs to:

(i) the class Kpp), 0 < b < 4oc if, and only if, it is defined, continuous,
strictly increasing over [0,b) and ¢(0) = 0;

(ii) the class K if, and only if, the condition (i) is satisfied at b = o0,
K= K[O,+oo);

(iii) the class KR if, and only if, it belongs to the class K and ¢({) — 400
at ( — 4o0;

(iv) the class Ly if, and only if, it is defined, continued, strictly decreasing
over [0,b) and lim [¢(¢): ¢ — +o0] = 0;

(v) the class L if, and only if, the condition (iv) is satisfied at b = 400,

Let ¢! denote the inverse function of the function ¢, ¢~ [p(¢)]
The following results were obtained by Hahn [1967].

Il
o~

Proposition 2.1 For the functions ¢ € K and ¢ € K there are following
statements:

(1) if p € K and ¢ € K, then ¢(¢) € K
(2) if p € K and o € L, then ¢(o) € L;

(3) if p € Kjopy and ¢(b) =&, then ¢! € Ko ¢);
(4)

4) if ¢ € K and lim[p(¢): ¢ — +oo] = &, then ¢! is not defined

on (§,400];

(5) if ¢ € Kopy, ¥ € Kpp) and ¢(¢) > (¢) on [0,b) then e H¢) <
¥~1(¢) on [0, 3], where 3= 1(b).

Definition 2.7 Two functions @1, p2 € K (or @1, p2 € KR) have the same
order of growth, if there exist positive constants «, 8 such that

ap1(C) < p2(C) < Ber(¢) atall ¢ €[0,¢]
(or at all ¢ € [0,00)).
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2.2.3 Properties of matrix-valued functions

Properties of sign definiteness of a matrix-valued function are defined on
the basis of a function of class SL. Below readers will find some definitions
applied in this monograph in the analysis of the dynamic behavior of uncertain
systems.

Definition 2.8 The matriz-valued function U: T, x R™— R™*™ is called:

(i) positive-semidefinite on T, = [1,400), T € R, if there exists a time-
invariant neighbourhood A of the point z =0, N'C R", and a vector
y € R™, y # 0, such that:

(a) V(t,x,y) is continuous on (¢t,z) € 7T, x N x R™,

(b) V(¢t,z,y) is nonnegative on N, V(t,z,y) > 0 at all (t,z,y #0) €
T, x N x R™,

(¢) vanishes in the origin of coordinates: V(¢,0,y) = 0 at all t €
T x R™,
(d) if the conditions (a)—(c) are satisfied at any ¢ € 7, and there exists

w € N such that V(¢t,w,y) > 0, then V is a function strictly
semidefinite on 7;

(ii) a function positive-semidefinite on 7T, x G, if the condition (i) is satisfied

at N =g;

(ill) a function positive-semidefinite in large on 7. if the condition (i) is
satisfied at N = R";

(iv) a function negative-semidefinite (in large) on T, (on T, x N), if (=V)
is positively semidefinite (in large) on 7, (on 7, x N).

The expression “on 7,” is omitted if all conditions of the definition are
satisfied at any T € R.

Definition 2.9 The matriz-valued function U: 7T, x R — R™*™ is called:

(i) positive-definite on T., T € R, if there exists a time-invariant neigh-
bourhood N of the point =0, N'C R™ and a vector y € R™, y # 0,
such that the function (2.4) is positive-semidefinite on 7 x A" and for
the positive-definite function w on N, w: R® — R,, the inequality
w(z) < V(t,x,y) holds at all (¢t,z,y) € T, x N x R™;

(ii) positive-definite on 7T, x G if the conditions of the Definition (i) are
satisfied at N = G;

(iii) positive-definite in large on 7T, if the conditions of the Definition (i) are
satisfied at A/ = R™;
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(iv) negative-definite (in large) on T, (on T, x N x R™) if (—V) is positive-
definite (in large) on 7, (on 7, x N' x R™);

(v) weakly decreasing, if there exist a constant A; > 0 and a function
a € CK such that V(¢,z,y) <a(t,|z]]) at |z| < Aq;

(vi) asymptotically decreasing, if there exist a constant Ay > 0 and a func-
tion b € KL such that V(¢,z,y) < b(t,|z]]) at |z|| < As.

The expression “on 7.” is omitted if all conditions of the Definition 2.9
are satisfied for every 7 € R.

Proposition 2.2 For the matrix-valued function U: Rx R™ — R™*™ to be
positive-definite on 7, 7 € R, it is necessary and sufficient that the following
relation should be true:

yrUt,2)y =y Us(t,2)y + a(|l])),
where UL (t,z) is a positive-semidefinite matrix-values function and a € K.

Definition 2.10 The matriz-valued function U: R x R™ — R**® is called:

(i) decreasing on T, T € R, if there exist a time-invariant neighbourhood
N of the point x = 0 and a positive-definite function w on N, w: R* —
Ry, such that yTU(t,z)y <w(z) at all (t,z) € T, x N;

(ii) decreasing on 7T, x G, if the conditions of the Definition (i) are satisfied

at N =g;

(iii) decreasing in large in large on 7T, if the conditions of the Definition (i)
are satisfied at N'= R™.

The expression “on 7.” is omitted if all respective conditions are satisfied
for any 7 € R.

Proposition 2.3 For the matrix-valued function U: R x R — R™*™ to
be decreasing on 7., 7 € R, it is necessary and sufficient that the following
relation should be true

yr Ut a)y =y U-(t,2)y +b(llz])), (y #0) € R™,
where U_(t, z) is a negative-semidefinite matrix-valued function and b € K.

Definition 2.11 The matriz-valued function U: R x R™— R™*™ is called:

(i) radially unbounded on 7., 7 € R, if from the condition ||z| — oo it
follows that yTU(t,2)y — +oo atall t € T,, y € R™, y # 0;

(i) radially unbounded, if from the condition |[z|| — oo it follows that
yTU(t,2)y — +oo atall t€7Z, andall 7€ R, y € R™, y # 0.
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Proposition 2.4 For the matrix-valued function U: 7, x R — R™*™ to
be radially unbounded in large (on 7;), it is necessary and sufficient that the
following relation should be true

y Ut @)y =y Us(t,2)y +allz]]) atall =€ R",

where U4 (t,x) is a positive-semidefinite in large matrix-valued function (on
7;) and a € KR.

The matrix-valued function (2.3) and/or the scalar function (2.4) are ap-
plied below in the analysis of the dynamics of the uncertain system (2.1) to-
gether with its full derivative along the solutions of that system. It is supposed
that every element v;;(t,x) of the matrix-valued function (2.3) is defined on
the open set 7. x N, N' C R", i.e. v (t,z) € C(T; x N, R) and is lo-
cally Lipshitz with respect to x. For any point of the set N there exists a
neighbourhood A and a positive number L = L(A) such that

lvij(t,z) —viz () < Lz —yl, 4,j=1,2,...,m,
for any (t,z) € T x A, (t,y) € T x A. In this case the full derivative of the
elements of the matrix-valued function is calculated as follows:
D+vij(t, x) = lim sup {[v;;(t + 0, x + o f(t,2))

2.5
—vt,z) ot o — 0%}, d,i=1,2,...,m. (2:5)

If the matrix-valued function U(t,x) belongs to C(MV (7, x N, R™*™),
i.e. all its elements wv;;(t,x) are continuously differentiable functions with
respect to ¢ and x, then

avi‘ i 81)1“
Duij(t,x) = — 2 (t,0) + ) 52t ) folt, ),
s=1 8

where f5(t,2) are components of the vector function f(t,2) = (f1(¢, z),...,

folt,z)T.

2.2.4 Vector Lyapunov functions

The vector function
V(t,z) = (vi(t,x),va(t, ), ..., 0;m(t, x))T
can be obtained on the basis of the matrix function (2.3) by several methods.
Definition 2.12 All vector functions of the form
L(t,z,b) = AU (¢, x)b,

where U € C(7; x R", R®*®), Ais a constant s x s-matrix and the vector b
is determined like the vector a from the Definition 2.5, form the class VL.
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If in the matrix-valued function (2.3) at all ¢ # j the elements v;;(t,2) =
0, then
L(t,z) = diag (v11(t, ), - .., Vmm(t, ),

where v;; € C(7- X R™, R), i =1,2,...,m, is a vector function. In the general
case, components of the vector function L(t,xz,b) are the functions

Lk(t,l‘,b) :Zakibwii(t,x), k=1,2,...,m.
=1

The application of vector Lyapunov functions is connected with the con-
struction of linear or nonlinear comparison systems and the analysis of their
stability.

2.2.5 Scalar Lyapunov functions

As a result of the generalization of the ideas of Lagrange and Poincaré,
A .M. Lyapunov discovered a class of auxiliary functions which make it possible
to investigate the stability of solutions of simultaneous equations of perturbed
motion of quite a general form without its direct integration. Those functions
have a number of special properties described in the Definitions 2.8 -2.11.
The functions
V(t,x) € C(To x R", Ry),

for which
(a) V(t,0)=0 atall t € T;;

(b) V(t,x) is locally Lipshitz with respect to  belong to the simplest type
of auxiliary functions of the SL class.

The sign definiteness of the Lyapunov function and its full derivative, in
view of the system (2.1), allows us to solve the problem of stability of the
equilibrium state z = 0 of the system (2.1) or the problem of stability of its
solutions with respect to a moving invariant set.

Classical auxiliary functions are the basis for the direct Lyapunov method.
We will give examples of some types of Lyapunov functions.

Example 2.1 (i) The function
V(t,z) = (14 sin®t) 22 + (1 + cos®t) 22
is positive-definite and decreasing, while the function
V(t,x) = (22 + 22) sin®¢

is decreasing and positive-semidefinite. (ii) The function

V(t,x) = af + (1 +1t) a3
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is positive-definite but not decreasing, whereas the function

V(t ) 2 .73%
,T) =T
T
is decreasing but not positive-semidefinite. (iii) The function

v(t,z) = (1 +t)(z) — z2)?
is positive-semidefinite but not decreasing.

Further on the auxiliary functions (matrix-valued, vector, or scalar) solving
the problem of stability (instability) of the equilibrium state = 0 of the
system (2.1) will be called Lyapunov functions.

2.3 Theorems on Stability and Uniform Stability

In the context of the direct Lyapunov method we will further use the
function (2.4) and its upper right Dini derivative (2.5) along the solutions of
the system (2.1). The sufficient conditions for stability of the solutions of the
uncertain system (2.1) with respect to the moving set A(r) are contained in
the following statement.

Theorem 2.1 Suppose that f(t,z,«) in the system (2.1) is continuous on
To x R™ x R and the following conditions are satisfied:

(1) for every a € S C R there exists a function r = r(a) > 0 such that
the set A(r) is not empty at all o € S;

(2) there exists a matriz-valued function U € C(7y x R™ R**%), U(t,x)
locally Lipshitz with respect to x, a vector y € R® and (s X s) matrices
01(r), O2(r) such that:

(@) a(lzl) <V(t,z,y) a |z >r(a),

(b) V(t,z,y) < b(|zl]) at |z| < r(a), where a,b belong to the K-
class,

(© DV(taplen < o (el e(lel), i 2l > r(a) ot all a
S, where T (|zll) = (¢r*(lerl)s -, 032 (2s)), @i € K,

(d) DYV(t,z,y)|21) =0, if ||z]| =r(a) atall a €S,

() DYV (t,z,y)l1)> T ([lx)02(r)e(zl]), if [z <r(a) at all o€
S, where W () = (1 (lzal))s -, 03 (la]), o € K

(3) there exist constant (s x s)-matrices 01, 02 such that:
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1

(a) = (61(r)+0L(r)) <6, atal a€S,

(b)

| = N

5 (62(r) + 63 (1)) > 0y atall a €S,

and 01 is negative-semidefinite, and 0 is positive-semidefinite;

(4) for any r(a) >0 and functions a(r), b(r) the following relation holds:

Then the set A(r) is invariant with respect to motions of the system (2.1),
and motions of the system (2.1) are stable with respect to the set A(r).

Proof Let all the conditions of the Theorem 2.1 be satisfied for some given
function r(a) > 0 at any o € S. Let us prove that the set A(r) is invariant
with respect to the solutions of the uncertain system (2.1). Suppose this is not
so. Then for the solution x(¢, &) of the system (2.1) with the initial conditions
lzo]] = 7(c) one can find points of time t2 > ¢1 > ¢¢ such that

[z(t, )| = r(a),
(A) ||x(t27a)|| > r(a),
lx(t, )| > r(a) at any ¢ € [t1,ta],
or
[z(t1, @) || = r(a),
B) e, )| < (o),

le(t, )l <r(a) atany te [t t].

From the conditions (2) (c¢)—(e) and (3) of the Theorem 2.1 obtain at t; >
t > to
V(tv 1’(t7 a)v y) < V(tlv .’L'(t17 a)v y)a

or
Vit x(t, ), y) > V(ty, x(t1, @), y).

Hence, taking into account the conditions (2) (a), (b), in the case (A) we
obtain the inequalities

a(r(a)) < alllz(tz, )[) < V(tz, 2(t2; @), y)

<Vt a(t,a)y) < bzt ) = bir(@), 0

which result in the contradiction with the condition (4) of the Theorem 2.1.
In the case (B) we have the sequence of inequalities

b(r(a)) > b([[x(ta, a)[l) = V (ta, 2(t2, @), y)

S Vit et o) g) > allettn o)) = a(r(@), )
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which also result in the contradiction with the condition (4) of the Theo-
rem 2.1.

The inequalities (2.6), (2.7) along with the condition (2)(d) of the Theo-
rem 2.1 prove the invariance of the set A(r) with respect to the solutions of
the system (2.1).

Note that the condition (2)(d) sometimes allows to determine the function
r(a) > 0 which participates in the setting of A(r).

Now prove the stability of the solutions of the system (2.1) with respect
to the set A(r). Let tg € 7;, € > 0 and r(a) > 0 be given. Suppose that A(r)
is invariant with respect to the solutions of the system (2.1). For the given
(to,€) choose & = §(tg,€) >0 so that at all a € S C R?

a(r(a) +€) > b(r(a) +9), (2.8)
and
b(r(a) —e) < a(r(a) — 9). (2.9)

Such choice of § is possible, since the functions a, b belong to the K-class. Let
us prove that with the chosen value of ¢ the solutions of the system (2.1) will be
stable with respect to the moving set A(r) in the sense of the Definition 2.1(a).

Suppose that this is not so. Then for the solution z(t,«) of the system
(2.1) with initial conditions satisfying the condition

r(a) — & < |lzol| < r(e) + 9, (2.10)

one can find values of time to > t; > ¢y such that at all t € [ty, 2]

||$(t2, a)|| = 7’(04) +e,
(A) 2@ty 0l = r(e) + 4,
[z, a)|| > r(c)
or
[z (t2, @) || = r(a) —¢,
B)  lz(t, o)l =r(e) =9,

[l (t, @)l < r(a).
Consider the case (A). According to the conditions (2)(a) and (3)(a), ob-
tain
a(r(a) + &) = a([[z(t2, a)|) <V (ta, 2(t2, @), )
<Vt a(ty, @), y) < b([|z(tr, @)l]) = b(r(a) +9)
at all a € §. This contradicts the inequality (2.8).
Similarly, in the case (B), according to the conditions (2)(b) and (3)(b),
we obtain the inequalities
b(r(a) —e) =b(||lz(t2, d)[) = V(t2,z(t2, @), y)
>Vt x(ty, @), y) > a([|z(tr, o)) = a(r(a) - 0)
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at all o € S, which contradicts the condition (2.9). Hence, for the solutions
z(t,a) of the system (2.1) with the initial conditions (2.10) the following
estimate is true

r(a) —e < ||zt )| <r(a)+e
at all t >ty and o € S C R% The Theorem 2.1 is proved.

For the cases when for the system (2.1) it is possible to construct a scalar
Lyapunov function with relevant properties, the stability of solutions can be
analyzed on the basis of the following statement.

Theorem 2.2 Let the following conditions be satisfied:

(1) for each o € S C R4 there exists a function r = r(a) > 0 such that
r(a) = ro at ||af] = 0 and r(a) — +oo at ||af| — +o0;

(2) there exist scalar functions V€ CUD(Tyx R", Ry), Wi: R" xS — R
and Ws: R™" x S — R such that:

(a) a(llz]) <V(tz) at |z] > r(a),

(b) V(tﬂ?) <

(¢) DV{(t, )| (2.1) < Wl(:v a) at |z|| >7r(a), a€SC R
(d) DV(t,x)| at z|| =r(a), «a€S,

(e) DV(t,z)| 2.1) = Wl(x a) at |z| <rla), a€sS;

(3) there exist functions Wi(z) and W,(x) such that:

b(|lz]]) at ||z|| < r(«), where a, b belongs to the K-class,

1(z) <0 atal a€s,
() >0 atal a€es;

(4) for any r(a) >0 and functions a(r), b(r) the following relation is true:

Then the set A(r) is invariant with respect to motions of the system (2.1),
and the solutions of the system (2.1) are stable with respect to the set A(r).

The statement of the Theorem 2.2 follows from the Theorem 2.1.

Example 2.2 A non-conservative Hamilton system with uncertain values of
parameters was analyzed in the article by Skowronski [1984]. Apply the The-
orem 2.1 for the investigation of a system of the form

OH
T 75 + D4 (t, 1,22, 01),
(2.11)
. OH
do = ——— + Oy (t, 21,72, 12),

o0x1
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where H: R? - R, ®;: Rx R® xS — R, i = 1,2,..., H(z1,22) is a
positive-definite convex Cl-function, H(0,0) = 0, a1(t),az2(t) € [0,1] are
unknown scalar parameters, ®;, ®5 are nonpotential dissipative forces.

Let Ey be the constant energy of the system (2.11) at ®; = &3 = 0. For
the given function 7(«) > 0 consider the set

Ar)={z € R*: |z| =r()}, a€SC RY, (2.12)

where lim r(a) = Ey at ||« — 0.
It is known that
: 2 9H

H (w1 (t), 22(t)) = . D;(t, x1, 22, ).
i=1 v

Let functions W;(z1,x2), i = 1,2 exist, such that at a € S the following
conditions are satisfied:

2. OH

(a) e Qi(t, w1, w2, ) < Wy(x1,22) at ||lz| > r(a);
i=1 v
> 9H

(b) 3_ q)i(t756'17582,(1) =0 at ||ac|| — T(a),
=1 9%i
2. OH

(c) Z Dz D, (t, 21,22, ) > Wa(z1, 22) at |z]| < r(a).
=1 v

If along with the conditions (a)—(c¢) the following inequalities hold

(@) Wi(z1,22) <0 at |z >r(a), «a€sS,
(b) Wa(z1,22) >0 at |z <r(a), a€S,

then the solutions of the system (2.11) converge to the moving surface (2.12).
The conditions (a), (b) indicate that outside the moving surface A(r) the
system (2.11) is dissipative, while inside A(r) energy is pumped.

Remark 2.3 Many physical systems are simulated by first-order differential
equations. Among them are: fall of a point body with the mass m in a viscous
medium with resistance proportionate to velocity; a power grid consisting of
one linear constant resistance, a linear constant energy store, and a single
external source of energy; processes including chemical changes or compound-
ing processes. In all those cases some parameters are known and/or can be
determined uncertainly. Here is an example of such a system.

Example 2.3 Consider a first-order uncertain system

(cil_f =z — fA(a)z®, x(0) #0, (2.13)
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where f(«) is a nondifferentiable function of the uncertainties parameter « €
SCRY f(a)— fo at [|a]| — 0 and f(a) — 0 at [|a| — oo.

The zero solution x = 0 of this system is uncertain by Lyapunov because
its first approximation

d
= a0)#0,
has the eigenvalue A =1 > 0.
1
Let r(a) = —
)=

r(a) — oo at |laf| — oo.
The set A(r) has the form

> 0. It is clear that r(a) — ro at ||| — 0 and

Take V = 22 and calculate

dv dx

@V 5 GT 5 24 _ g2 2
p 2 g 227 (1 - f*(a)z?).
Hence it is clear that
Voo oat o> ——
dt fla)’
dVv 1
% =0 at \m\ = m,
dVv 1
_ [ > 0.
dt>0 at m<f(a)’ t>0

Therefore, if f(«) satisfies the conditions lim f(«) = fo, lim f(«a) = oo,

—0 ol =00

then according to the Theorem 2.2 the set A(r) is invariant with respect to
solutions of the equation (2.14), and all solutions of this equation are stable
with respect to the set A(r) in the sense of the Definition 2.2(a).

B

Remark 2.4 At f%(a) = 8% (B is a control parameter) the equation (2.13)
was considered in the work by Galperin and Skowronsky [1985]. Note that in
the case in point the equation (2.13) cannot be reduced to the normal form,
like the Abel equation, due to the nondifferentiability of the function f(«a),
aeS C R

Remark 2.5 Examples of physical systems simulated by second-order equa-
tions or two systems of first-order equations are: the motion of a body with
the mass m, suspended on a spring and subject to viscous depreciation; an
electric circuit with two sources of energy; a branched RLC-circuit; the os-
cillation of a material point with the mass m, suspended on a thread of the
length [, and others. As in the previous case, some parameters in the rele-
vant systems of differential equations may be known uncertainly. We will give
several examples of second-order systems.
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Example 2.4 Consider the class of second-order systems

dx

= =By + [l -m(a)@® +y)], z(to) = wo,
a (2.14)
— =tz +y[1-me)@®+y")],  yto) = o,

where t € Ty, x(t) € R, y(t) € R, n(t) is a continuous function for any
t € 7o, m(a) is an unknown function of parameter a € S C RY, increasing at

1
]| = o0; limm(a) # +o0 at ||al| — 400 and lim W =mg at ||a| — 0.
The set A(r) will be determined as follows:
Ay =L,y 2?4yt = —— (2.15)
9 . m(a) ) .
. 1 d
ie, rla)=——= >0 atal a € S C R".
m(a)

For the analysis of the behavior of the solutions ((z(t,a),y(t,a))T of the
system (2.15) with respect to the set (2.15), take a function V of the form

V =2 + 42, (2.16)

whose derivative, in view of the given equations, has the form

av

i 2(z* + %) [ = m(a) (2 + y7)] . (2.17)
The function (2.16) satisfies all the conditions of the Theorem 2.2. From (2.17)
it follows that at o € S C R?

dv

rr <0 at z?+y*> (),
(2.14)

dv

o =0 at z2+y*=r(a),
(2.14)

v >0 at 22 +y* <r(a).

dt Y
(2.14)

Thus, for the function (2.17) the conditions of the Theorem 2.2 are satis-
fied, and any solutions of the system (2.14) with the initial conditions zg, yo:

rl@) =6 <zt +yd <r(a)+4d, acS,
will be stable with respect to the set (2.15) in the sense of the Definition 2.2(a).

Theorem 2.3 Assume that f(t,z,a) in the system (2.1) is continuous on
Ty x R™ x R* and the following conditions are satisfied:
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(1) for any o € S C R? there exists a function © = r(a) > 0 such that the
set A(r) is not empty at all « € S;

(2) there exists a matriz-valued function U € C(7y x R™ R***®), Ul(t,x)
locally Lipshitz with respect to x, vector y € R®, (s x s)-matrices ®1(r)
and ®o(r) such that:

(a) a(llzl]) < V(t,z,y) at [z >r(a),

(b) 0<V(t,z,y) <b(||lzl]]) at |z| < r(ca), where a, b belong to the
K-class,

(©) DYVt 9|0 < e (lz)@r(me(lzl) at [zl > r(a), a €
S C R4,

(d) DTV(t,2,9)| 1) =0 at |z =r(a), €S C R,

(€) DYV(t,z,y)lpy) > YT (lz)@2(r)v(llz]) at |z] < r(a), €
S C R4,

where

S lel) = (21Ul 2 sl)) i € K,

$T(lall) = (12Ul w2 () i€ K,

rs €ER™, ni+ns+...ng=mn;

(3) there exist constant (s x s)-matrices ®1, ®o such that

(a)
(b)

(®1(r) + @T(r)) <@ atall a€S,

N = N =

(®2(r) + @3 (r)) > P2 atall a€S,

here ®, is negative-definite, and Oy is positive-definite;

(4) for any r(a) >0 and functions a(r), b(r) the following relation is true:

Then the set A(r) is invariant with respect to motions of the system (2.1),
and the solutions of the system (2.1) are uniformly asymptotically stable with
respect to the set A(r).

Proof The invariance of the set A(r) with respect to the system (2.1) follows
from the Theorem 2.1. All its conditions are satisfied when the conditions of
the Theorem 2.3 are satisfied.

The uniform asymptotic stability of solutions of the system (2.1) with
respect to the set A(r) will be proved if, with all conditions of the Theorem 2.3
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satisfied, T = T'(¢) > 0 (e is the same as in the Theorem 2.1) such that the
condition
r(a) = do < ||z(to, a)|| < r(a)+ do,

where dp = dp(e), implies the existence of t* € [to, to + T, for which
r(a) — 6 < |lz(t", )| < r(a) +6. (2.18)

Here 6 = d(¢).

Let, with all conditions of the Theorem 2.3 satisfied, there does not exist
t* € [to, to+ T(g)], for which the inequality (2.18) would hold true. Here two
cases are possible:

(a) |lz(t, )| =7+ atall ¢€[ty, to+T]

or
(b) |lz(t,)|| <r—3d atall telty, to+T].
Consider the case (a). Since in view of the conditions (2)(c) and (3)(a) of
the Theorem 2.3

DYV (t,x(t),y)| <0 at |zl >r(a), to<t< oo, (2.19)

(2.1)
the function V (¢, (), y) monotonely decreases, i.e.,

Jim V(t,2(t, 0),y) = nf V(t,2(t,0),5) = A(r).

Since the matrix ®; is negative-definite, i.e. Re Ap7(®1) < 0, then
D+V(t,ac(t,a),y)‘(2.l) < = (@)II(|||) (2.20)

at ||z|| > r(a), where TI(||z||) > ©"(||z]|)¢(||z]|), TI(0) =0 and II belongs to
the K-class.

According to the conditions of the Theorem 2.1, solutions of the system
(2.1) are uniformly stable, therefore it can be assumed that ||z(¢,a)| < H <
+o0o at all a € S C RY.

On the set (o) + 9 < ||z|| < H calculate

= inf II .
A= ek T

Obviously, v(r) > 0. From the inequality (2.20) obtain

to+T(e)
Vit + T():a(t.).9) < Vito,alto,a).s) ~ Ae(@) [ 1(a(r)])

to

or, since
~I(|z)) < —7v(r) at r+d<|z|| <H,
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then

to+T(e)
V(to +T(e),2(t, ), y) < V(to, z(to, @), y) — At (1) / y(r)dr

to

< V(to, 2(to, @), y) = At (@) (r) T (e).
Hence follows that at a sufficiently large T = T'(¢)
V(T,z(t,a),y) <0 at |z] > r(a).

But this contradicts the condition (2)(a) of the Theorem 2.3. Therefore the
case (a) is impossible, i. e., there should exist a value t* € [to, to+7T, at which

lz(t*, )|l < r(a) + 6. (2.21)

Now show that ||z(t,«)|] — r(a) at t — 4o00. Indeed, let ¢ > 0 be an
arbitrarily small number, and

I(r) = inf Ay (@)IL(|z]]) >0 at r(a) +e<|z| < H.
From (2.20) it follows that there exists T'(¢) > ¢y such that
V(T (e),(T(e),a),y) > U(r). (2.22)

But, in view of the conditions (2.19), the function V' (¢, z(t), y) is monotonically
decreasing, so

V(t,z(t,a),y) <Il(r) atall t>T(s) and |z| > r(a). (2.23)

Hence, at t > T'(¢) obtain ||z(¢, )| < r(a) +&.
Assume that this be not so, and let t; > T'(¢) exist, for which

lx(t1, @)|| > r(a) + e.
Then from (2.22) and (2.23) it follows that
1(r) > V(t, x(tr, a),y) > A (POI([[]]) = U(r),
which is a contradiction. Therefore

tlim lz(t, @)|| = r(«).

Now consider the case (b). Since the matrix ®, is positive-definite, for the
function DYV (¢, 2, y) one can easily obtain the estimate

DYV (t,z,9)] 5 > Am(@2)x(lz]]) at [z]] <r(a),
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where x(|lz]) < 6T(lz)(lz]), x(0) = 0, x belongs to the K-class, A (T2)
is the minimum eigenvalue of the matrix ®5. From the condition (2)(b) of the
Theorem 2.3 we obtain

V(t,z,y) <b(lzl]) at |[lzf <r(a)
Hence V (¢, z,y) is bounded, i.e., there exists M > 0 such that
V(t,z,y)| <M

at to <t < oo and |z|| < r(a) < H, where M and H are some positive
numbers.

Let § >0 (6 <r(a) Ya € S C RY) be an arbitrarily small number. In
view of the conditions (2)(a) of the Theorem 2.3 there exists a point (to, o),
to € Ry and 0 < |z < r(«), such that

V(to,x()/y) =0 >0.

Let the solution z(¢,«) of the uncertain system (2.1) be determined by the
initial conditions z(tg) = xo, and

0<|lzt, )|l <r(a) =6 at te[to,to+T).

Due to the conditions (2)(d) and (3)(b), the function V (¢, (¢, o), y) at |z|| <
r(a) is monotonely increasing with ¢, therefore at ¢ >ty we obtain

V(t,z(t,a),y) > V(to,z(to),y) = o > 0.
At some t* € [tg,to + T the following inequality will be true:
lz(t*, )| > r(a) — 4. (2.24)
Indeed, assume that this is not so, and
lx(t, )| <r(a) —d atall t>t.

The solution x(t, ) is infinitely extendable to the right, and one can find
B<r(a)—6 atall a €S C R? such that

0< B <zt ) <r(a)—0 at top <t < oo.
Calculate

(r) =

= inf
B zl|<r(a) =8

x(llz]])-

It is clear that (r) > 0, and in the domain |z| < r(«) we obtain
D*V(t,x(t,a),y)‘@.l) > A (@2)7(r) at tg <t < oo.
Hence, at tg <t < oo we obtain

V(t,a(t,a),y) > V(to, 20,y) + Am(P2)F(r)(t — to),
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which contradicts the boundedness of the function V (¢,z,y) in the domain
llz]] < r(a), to <t < oco. Thus, it has been proved that there exists a value
t* € [to,to + T, for which the inequality (2.24) holds true. Along with the
inequality (2.21), the following estimate holds:

r(a) =6 < ||lz(t*, )| <r(a) +d

at t* € [to,top + T]. Hereby we have determined the uniform asymptotic sta-
bility of solutions of the uncertain system (2.1) in the sense of the Defini-
tion 2.4 (d).

Remark 2.6 For the class of systems (2.1) which do not have linear approxi-
mation, the Theorem 2.3 is the basis of the following two statements.

Proposition 2.5 Let the vector-function f(¢,z,a) in the system (2.1) have
no linear approximation, let all the conditions of the Theorem 2.3 be satisfied,
and, in addition, r(a) — 0 at ||a|| — 0, f(t,z,«) =0, if, and only if, z =0,
7; = R. Then the set A(r) tends to zero, and the equilibrium state z = 0 of
the uncertain system (2.1) is uniformly asymptotically stable.

Proposition 2.6 Let the vector-function f(t,z,a) in the system (2.1) have
no linear approximation, let all the conditions of the Theorem 2.3 be satisfied,
and, in addition, r(a) — oo at ||a|| — oo, f(t,z,«) = 0, if, and only if,
x =0, 7; = R, ¢;, and v¢; belong to the KR-class. Then the set A(r) is
unlimitedly increasing, and the equilibrium state = = 0 of the uncertain
system (2.1) is uniformly asymptotically stable.

Like the Theorem 2.1, the Theorem 2.3 has a corollary based on the scalar
Lyapunov function.

Theorem 2.4 Let the following conditions be satisfied:

(1) for each o € S C R? there exists a function r = r(a) > 0 such that
7"(0{) — 719 at ||Oé|| — 0 and 'I"(O[) — 400 at ||Oé|| — 400;

(2) there exist scalar functions V € CMD(Tgx R*, Ry), Wi: R"xR* — R
and Wa: R x RY — R such that:

(@) a(llzl) <V(t,z) at |z]| >r(a),

(b) V(t,z) <b(l]l) at [zl| <r(e),

where a, b belong to the K-class;

(c) DV(t,2)|91) <Wilz,a) at |z|>r(a), a€S,
(d) DV(t,2)la1)=0 at |z|=r(a), a€S,

(e) DV(t,z)|91) > Wil(z,a) at |z <r(a), a€S;
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(3) there emist functions sign definite in the Lyapunov sense Wi(z) and

Wy (x) such that:

(a) Wi(x,a) <Wi(z) <0 atal a €S,
(b) Wa(z,a) > Wo(z) >0 atall a€S;

(4) for any r(a) > 0 and functions a(r), b(r) the following relations are

true:

a(r) = b(r).

Then the set A(r) is invariant with respect to the motions of the system
(2.1), and the solutions of the systems (2.1) are uniformly asymptotically stable

with respect to the set A(r).

Example 2.5 Let the following equations be given:

T =+ L Z ) 41 o 4 2),
W =t + |1 A ) e 47,

(2.25)

where n € C(R, R), m(«) is an uncertainties function which has the same

properties as the function m(«) in the Example 2.4.

Let r(a) = SIS 0, « € S C R The set A(r) is determined as follows:

m(a)
A(r) = {m, y: (22 +yH)Y? = r(oz)} .
Take a function V' in the form
V=a?+y7
whose derivative, in view of the equations (2.25), is

av
dt

1 _
=2 {1 -3 m?(a)(z? + yQ)] (x? +y?)2.
(2.25)

Hence for ¢t > tg

av

yr <0 at (22 4+yH)Y? > r(a),
(2.25)

av

| =0 at @+ 1) =r(a),
(2.25)

av

E > 0 at ((EQ + y2)1/2 < r(a).
(2.25)

Thus all conditions of the Theorem 2.3 are satisfied, and the set A(r) is in-
variant for the system (2.25), and all its solutions are uniformly asymptotically

stable with respect to the set A(r).
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The asymptotic approximation of the solutions z(¢, ) of the system (2.1)
to the bound of the moving set can be determined by using two auxiliary
functions, with the conditions of the Theorem 2.4 duly modified.

Theorem 2.5 Assume that f(t,x,«) in the system (2.1) is continuous on
Ty x R™ x R and the following conditions are satisfied:

(1) for any a € S C R there exists a function r = r(a) > 0 such that the
set A(r) is not empty at all @ € S;

(2) There exist functions V(t,x) and W(t,x) and comparison functions
a, b belonging to the K-class, such that:

(a) Ve COND(Ty x R™, R™), V(t,x) is bounded with respect to x and
V(t,0) =0 at all t € To;

(b) W e C(TgxR"™ Tp) and b(||z|)) < W (t,z) < a(||z|) at all (t,2) €
To X R";

(3) There exists a comparison function ¢ belonging to the K-class, a locally
integrable function k(t) > 0 on 7T, = [r,00), k(t) & L*(I), and a
bounded function ®(t) such that:

(a) DV(t,2)] ) < @) = [e(W(t,2)) — r(a)]k(t) at ||lz] > r(),
(b) DV(t,z ‘(2 =0 at lz]| = r(e),
(¢) DV(t,z ‘(2 1 > 0(t) — [e(W(t,z)) — r(a)]k(t) at ||z| < r(a)

and for any T > 0 the following estimates hold true:

(d) hrginf(f‘@(s)ds/jk(s)ds) <0
ot (Jowas/ [ias) =0

(4) For any r(«) > 0 there exists » = »(r) > 0 such that a(r) = 3 = b(r)
and ¢(b(r)) = r = c(a(r)).

Then any bounded solution x(t,a) of the system (2.1), for which there

exists tlim W(t, z(t,«)), asymptotically approzimates the bound of the domain

A(r) at t — oco.
For the proof we will need the following statement.

Lemma 2.1 If the absolutely continuous and bounded below function ®:
[1,00) — R satisfies the inequality ®'(t) < —p(t) almost all over I = [1,00),
where p(t) is a function locally integrable on I, then

t—o0

t
limsup/p(s) ds < 4o0.
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Proof From the absolute continuity of the function ®(¢) it follows that at all
t € [r, )

Let m = [inf )‘b(t), then, integrating the inequality ®'(t) < —p(¢) within
te[T,+oo

the bounds from 7 to t,

lim sup/p(s) ds < 4o0.

t—oo
T

If tlim W (t,z(t,a)) = 2, then the statement of the Theorem 2.5 follows

from the conditions (2)(b) and (4). If any bounded solution x(¢,«) of the
system (2.1) does not satisfy the condition tlim W (t,z(t,a)) = 3, then the

two cases are possible:

(a) there exists a solution x(t, ) for which W (¢, z(t,a)) > »>+n at t > 7,
or

(b) there exists a solution z(t,«) for which W (t,z(t,a)) < x—mn at t > 7.

Here 7 is sufficiently large, and 1 > 0.
According to the condition (4) of the Theorem 2.5 for the given 0 <
M, N2 < n one can find €1 > 0, e2 > 0 such that

b(r(a) +¢€1) = 3¢+ n1, c(b(r(a) + 1)) =r(a) +e1,
b(r(a) — eq) = 2 — 19, c(b(r(a) —e2)) = r(a) — .

Consider the case (a). According to the condition (3)(a) of the Theorem
2.5,
DV (t,2)] 5 ) < @(t) = [e(b(r(e) +e1)) — r(o)]k(t)

at ||z|| > r(a).

Denote p(t) = —®(t) + [c(b(r(e) + €1)) — r(a)], then p(t) = —D(t) +
[r(a) + &1 — r(@)]k(t) = —®(t) + e1k(t) at all t € To. Obviously, p(t) is a
locally integrable functlon on 7y. According to the condition (2)(a) of the
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Theorem 2.5, on any bounded solution x(¢,«) the function V(¢ z(t,«)) is
limited, therefore the function (t) = V (¢, z(t,a)) is bounded below.
From the condition ¢’(¢t) < —p(t) and the Lemma 2.1 it follows that
t

lim sup/p(s) ds < +o0. (2.26)

t—o00
-

From the condition (3)(d) of the Theorem 2.5 it follows that there exists
a sequence t; — oo such that

ti

/cp(s) ds < %qik(s) ds.

Hence
ts 1 ti
/p(s) ds > 3 61/k(s) ds

and at i — oo the integral diverges to +oo, since k(t) ¢ L'(I). This contra-
dicts the inequality (2.26).
Now consider the case (b). From the condition (3)(c) of the Theorem 2.5
obtain
DV (t,2)] ) > B(1) — [ela(r(@) — £2)) — r(@)](1)

at ||z < r(a).

Denote q(t) = () [c(a(r(@) —e2)) —r(a) (), then q(t) = B(t)—[r(a) —
g9 — r(@)]k(t) = D(t) + e2k(t) at all t € Tp.

Obviously, ¢(t) is a locally integrable function on 7j. Like above,
V(t,z(t, a)) is a bounded function, therefore x(t) = —V (¢, z(t, «)) is bounded
below. From the condition x/(t) < —q(t) and the Lemma 2.1 it follows that

t

limsup/q(s) ds < +o0. (2.27)

t—o0
T

On the other hand, according to the condition (3)(e) of the Theorem 2.5,
there exists a sequence t; — oo such that at all ¢ the following estimate holds

true:
t t;

/<I>(s) ds > %52/]€(S) ds.

T T

t tq
/q(s) ds > %52/k(5) ds,

and at i — oo divergence occurs, since k(t) ¢ L'(I). This contradicts the
condition (2.27) and proves the statement of the Theorem 2.5, i.e., ||z(t, z)|| —
r(«) uniformly with respect to t at t — +o0.

Hence
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2.4 Exponential Convergence of Motions to a Moving
Invariant Set

Continue the analysis of solutions of the uncertain system (2.1) with re-
spect to the moving invariant set (2.2). Taking into account some results of the
article by Corless and Leitmann [1996], one can give the following definition.

Definition 2.13 The motion z(¢,«) of the uncertain system (2.1) is exzpo-
nentially stable with respect to the moving invariant set A(r) with the index
v, if there exist constants ($; > 0, B2 > 0 such that:

(1) for each tg € R, o € S C R? there exists J > 0 such that the solution
z(t,a): [to,t1) — R™ of the system (2.1) is determined at all ¢y < t;
and xo: r(a) —§ < ||zo| < r(a) + 6;

(2) any solution z(t,«): [to,t1) — R™ of the system (2.1) with the initial
value zg has the extension T(t,a): [tg,00) — R",i.e., T(t,a) = x(t, @)
at all t € [to,t1) and ZT(¢, ) is a solution of the system (2.1);

(3) any solution x(t,a): [to,t1) — R™ of the system (2.1) with the initial
value zo satisfies the estimate

r(a) = Bulzol| exp[=y(t —to)] < [lz(t, a)|| <
< () + Ballzol| exp[—7(t —to)] at all ¢ > to.

Thus, the purpose of our analysis is to find the conditions under which the
solutions of the system (2.1) will be exponentially stable with respect to the
moving invariant set A(r).

The next theorem contains the conditions which guarantee the exponential

convergence of motions of the uncertain system (2.1) to the moving invariant
set A(r).

Theorem 2.6 Assume that f(t,x,«) in the system (2.1) is continuous on
R, x R" x R? and the following conditions are satisfied:

(1) for any o € S C R? there exists a function © = r(a) > 0 such that the
set A(r) is not empty at all @ € S;

(2) there exists a matriz-valued function U € C(Ry x R™, R¥*®), U(t,x)
continuously differentiable with respect to t, x, a vector n € R%, n >0,
and constants q¢ > 0, aj(a) > 0, az(a) >0 Va € S C R? such that
the function

Vi(t,z,n) = ﬁTU(ta )

satisfies the estimates:
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(a) a1()||z]|? <V (t,2,n) < az(a)||z||? at all (t,z) € Ty X R™,

(b) for any a € S C RY there exist constants §1(a) and d2(a), 0 <
01(a) < d2(a) < +00, such that

S1(a) <V(t,x,n) < da(a) VYaeSCRY

1/q 1/q
(6l(a)> — (M) , w, = Hleigal(a), Wy = In€i‘15‘1a2(a);

wy w2

(3) for the full derivative DV (t,x,n) of the function V(t,z,n) along the
solutions of the uncertain system (2.1) the following inequalities are true:

(a) Dv(tvmvn)‘(zl) < _QV[V(tvmvn) - 51(a)] at ”mll > r(a), a €
S C R4,
(b) DV(t,z,n)|21)=0 at [z|=r(a), a€SC R,

(C) Dv(tvmﬂﬁ‘(zl) > —CIW’[V(@%U) - 52(0‘)] at ”mll <rla), ac
S g Rd}.

(4) for any r(a) > 0 the following relation holds true:

Then:
(a) the moving set
A(ryc{z € R™: V(t,z,n) < da()}
is tnvariant with respect to the solutions of the system (2.1);

(b) motions of the system (2.1) exponentially converge to the moving invari-
ant set A(r) with the indez .

Proof First, prove the invariance of the moving set A(r). Let to € R and let
xo € R™ satisfy the condition ||z¢|| = r(a). According to the condition (2)
(a), (b) of the Theorem 2.6

A(ryc{xz € R": V(t,z,n) < d2(a)},
where A(r) = {z € R™: ||z| = ()}, () is determined below.

Assume that the set A(r) is not invariant. Then one can find time values
to > 11 > to such that at all ¢ € [t17t2]

) =r(a)
(A) etz ) > r(a),
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or

B)  la(t2, )

From the conditions (2) (b) and (3) (a) it follows that if
S1(a) <V (t,z,n) < d(a) VaeSCRY,

then
DV (t,z,n)l1y < [V (t,2,m) — 01 ()]

at [|z| > r(«) and therefore
V(t,z(t,a),n) < V(t1,z(t1,a),n) at t1 <t <ty and || >r(a).
Similarly,
DV(t,a,m)l 1) >~V 2,m) —6a(@)] 20 at ]l < r(a).
and therefore
Vt,z(t,o),n) > V(t1,z(t1,0),n) at & <t <ts.
According to the condition (2)(a) the inequality

(
ar(@)[r(a)]” < ai(a)llz(tz, )[|! <V (b2, x(t2, @), n)
)

2 (2.28)
< V(ty,z(ty, o), n) < ax(a)||z(ts, o) || = az(a)[r(a)]?, .
contradicts the condition (4) of the Theorem 2.6.
In the case (B) obtain the sequence of inequalities
az(a)[r()]? > az(@)|[z(tz, )[|* = V(t2, (b2, ), 1) (2.20)

> V(tlﬂx(tlﬂa)ﬂn) 2 al(a)llx(tlﬂa)nq = al(a)[r(a)]qv

which also contradicts the condition (4) of the Theorem 2.6. The inequalities
(2.28), (2.29) together with the condition (3)(a) of the Theorem 2.6 prove its
statement.

Now prove the exponential stability of the solutions x(¢, ) of the system
(2.1) with respect to the moving invariant set A(r). Let 2y be such that

r(a) = < ||zo] < r(a) + 0,

where 6 > 0 is some constant.
Consider the case (A), where at ||z|| > r(«) the condition (3)(a) of the
Theorem 2.6 is satisfied. Denote
@(t) = V(ta €L, 77) - 51(04), aeSC Rd7

¢ =065 — 07, (2.30)
5y = glelgél(a), 85 = rgggég(a).
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It is clear that ¢(tp) > 0 and ¢(t) < @ at all ¢ > to.
Since

dy
=DV(t
o (t,x,m),

taking into account the inequalities ¢(¢) < @ and the condition (3)(a) of the
Theorem 2.6,
de(t)

T < —qyp(t) atall t>t.

Hence
©(t) < ¢(to) exp[—qy(t —to)] atall &> t.

Taking into account the notation (2.30),
V(t,x(t, ), n) < 01(a) + [V (to,z0,n) — 01(c)] exp[—gy(t —t0)].  (2.31)

If the condition (2)(b) of the Theorem 2.6 is satisfied, V (¢, z9,7)—3d1 >0
and therefore there exists a constant k; > 0 such that

k1V (to, wo,n) = V (to, z0,m) — 01. (2.32)

Taking into account the inequality (2.32), the inequality (2.31) transforms to
the form

V(t, z(t,a),n) < di(a) + k1V (to, zo,n) exp[—q7(t —to)]. (2.33)
In conformity with the condition (2)(a),
[zt )| < [V(t,z(t,),n)/a1(a ] < [V(t,z(t,a),n /w]l/q,

where wy = migal(a). Hence, taking into account (2.33),
(¢S

lw(t.0)|| < [61(er) /w1 + (k1V (to, w0, m)/w1) exp[—q(t — to)]]"/*
< (61 () Jw1) Y9 + (k1 V (to, w0, n) /w1 ) ? exp[—y(t — to)] (2.34)
< ri(@) + Bul|zoll exp[—y(t — to)],
1/q 1/q
T — M (12 (o) = 0(a)
where (1 = k; <w1> , ri(a@) o .

Consider the case (B) where at ||z|| < r(«) the condition (3)(c) in the
Theorem 2.6 is satisfied. Denote

Y(t) =V (t,z,m) — (), acSC R (2.35)

From the condition (2)(b) of the Theorem 2.6 it follows that (¢o) < 0 and
Y(t) < @ at all t > tg. From

ay

T =DV (t,z,n)
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and @ >(t) >0 at all t >t

dqfh(e ) —gy(t) atall t>tp.
Hence
Y(t) > P(to) exp[—qy(t —to)] at all t> . (2.36)

From (2.36), taking into account (2.35), we obtain
V(t, 2(t, a),n) > da() + [V (to, 70, 1) — d2(a)] exp[—qy(t —to)].  (2.37)

Since V(t,2,m) — d2(a) < 0 at all t > t; and o € S C R?, there exists a
constant ko < 0 such that

—kaV (to, z0,n) =V (to, z0,n) — 5. (2.38)

Taking into account the equality (2.38), represent the inequality (2.37) in the
form

V(t,z(t,a),n) > d2(a) — k2V (to, To, n) exp[—q7(t — to)]. (2.39)

According to the condition (2)(a) we obtain
l2(t, )| > [V(t,z(t, @), n)/as( ] > [V(t,z(t,a),n)/ws ]1/q, (2.40)

where we = max az(a). From the inequality (2.40), taking into account (2.39),
aE

lx(t.a)l| > [82(cr) /wa — (K2V (to, w0, 1) /w2) exp[—qy(t — to)]]/?
> (6a(a) Jw2) Y9 = (kaV (to, o, ) /wa) ! exp[—y(t — to)]  (2.41)
> ra() — Bal|zoll exp[—(t — to)],

5 1/q 1/q
where ro(a) = (M> and [y = k;/q
wa w2

Taking into account the condition (2)(b) of the Theorem 2.6, the estimates
(2.34), (2.41) imply the statement (b) of the Theorem 2.6 with the function
r(a) = min {r (), r2(a)}.

Remark 2.7 If in the system (2.1) f(¢,0,«) =0 and r(a) = 0 at |laf| — 0
or r(a) — oo at |la]| — 400, then the Theorem 2.6 contains the conditions

for the exponential stability of the zero solution of the uncertain system (2.1)
or the exponential stability in large of its zero solution.

Remark 2.8 If f(t,r,a) = P(t)r atall « € S C R4, where P(t) is an (n x n)-
matrix with continuous real elements on R, then the Definition 2.13 implies
the definition of the exponential stability of the condition x = 0 of the system
& = P(t)x, based on the estimate (Zubov [1994])

are” "0 zo || < |2t to, mo)|| < aze™ P20 ||
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where a1, b1, as, by are some positive constants.

The Theorem 2.6 implies the result of the article by Corless and Leitmann
[1996], which is given below.

Corollary 2.1 Assume that f(t,z,a) in the system (2.1) is continuous on
R, x R™ x R? and the following conditions are satisfied:

(1) there exists a scalar function V : Ry x R™ — Ry and constants ¢ > 1,
w1 >0, wy > 0 such that

wiflz| < V(t, z) < w2l
at all x € R™;

(2) for any o € S C R? there exist constants §1(a) and 52(a), 0 < §1(a) <
82(a) < 400, such that §1(a) < V(t,7) < da(a) at all a € S C RY;

(3) there exists a constant v > 0 such that
DV ()] ) < ~1V(t,2) — 61(a)]
at all t € R4.
Then:

(a) the set A={x € R": V(t,x) < da()} is invariant for the solutions of
the system (2.1);

(b) the solutions of the system (2.1) uniformly with respect to t exponentially
converge to the surface of the sphere B(r) = {x € R™: ||z| = r}, where
r = (61(a)/w)"/ 9, with the estimate

[zt )| < 7+ Bl (to) || exp[—(t = to)],
where f = (wo/wi)'/9.
Example 2.6 Consider the scalar equation

dz +a(t)
— = —z+at),
dt
where «(t) is an unknown external perturbation with the known boundary e?,
0<p<1, |a(t)] <er atall t>t.

Let V(x) = |z|, then

DTV (x)[-z + a(t)] < — (|| - €”).

We now study the behavior of solutions of the scalar equation with respect
to the moving set
A(p) ={z € R: |z|=¢€"}.
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Note that at p — 0 the set A(p) becomes a two-point set A(p) =
{z: |z| = 1} on the line z € R.
It is obvious that

DYV (z)[—z +a(t)] <0 at |z| > e,
DYV (z)[—z+a(t)] =0 at |z| = e”,
DYV (z)[-z +a(t)] >0 at |z] < e”.

Hence follows the convergence of solutions to the invariant moving set
|z] =e”, 0 <p <1, with the estimate

()] < €” + |xo| exp(—(t — to))

at all ¢t > tg.

2.5 Instability of Solutions with Respect to a Given
Moving Set

In this section we will consider the problem of the instability of solutions
of the uncertain system (2.1) with respect to the given moving set A(r).

Definition 2.14 The motions z(t,«) of the system (2.1) are unstable with
respect to the moving set A(r), if with the given function r(a) > 0 there exist
€ >0, tg € 7; and with any § > 0 there exist g and t* € 7; such that if

r(a) — & < |lzo|| < r(a) + 9,
the norm of the solution z(t,a) = z(t; o, g, ) satisfies one of the inequalities
|z(t*, )| > r(a) + e (2.42)

or
lz(t*, )| < r(a) —e. (2.43)

The sufficient conditions for the instability of solutions of the system (2.1)
in the sense of the Definition 2.14 are contained in the following statement.

Theorem 2.7 Assume that f(t,x,a) in the system (2.1) is continuous on
Ty x R" x R, and the following conditions are satisfied:

(1) for any o € S C R4 there exists a function r = r(a) >0 such that the
set A(r) is not empty at all « € S;

(2) there exists a matriz-valued function U € C(Ty x R™, R**®), U(t,x)
locally Lipshitz with respect to x, a vector y € R® and (s X s)-matrices
Q1(r) and Q2(r) such that:
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(a) 0<V(t,z,y) <b(|z|]) at ||z|| > r(a) for some function b belong-
ing to the KR-class,

b)) a(||lz]) <V (t,z,y) < c(||z]]) at ||z|]| < r(a), where a and ¢ belong
to the K -class,

(©) DTV(ta,y)| 4, > e (leD@i(m)elzl) at 2] > r(e), a €S,

where

S (el = (A aal), 2 sl)) i€ K,

(d) DTV (t,x )|(2 =0 at lz]| = r(a), €S,
©) DVt < 6T (l2)Qami(lzl) at [l < (@), a €S,
where

T (llzl) = (932 aal)s -0t} o s €
(3) there ewist symmetrical constant (s x s)-matrices Q,, Qo such that:
(a)
(b)

(Ql( )+Q1(r) >Q, YaeSCRY,

N = N =

(Q2(r) +QF(r)) <Qy YVaeSCRY,

Q, is positive-semidefinite, and Q. is negative-definite.

Then the solutions of the uncertain system (2.1) are unstable with respect
to the given moving set A(r).

Proof At first consider the case of the instability of the solution z(t, ) of the
system (2.1), which is realized on the basis of the inequality (2.42). From the
conditions (1) and (2)(a) of the Theorem 2.7 it follows that for each § > 0
one can find zg such that ||zg|] < r(a) +d and V(to,zo,y) > 0. While the
solution z(¢, o) € {z: r(a) —e < |jz| < r(a) + &} from the conditions (2)(a),
(c) for any ¢t € J C R4 one can find

V(t x(t),y) = V(to, o,y /D+V 7,2(7),y) dr (2.44)

> V(to, xo,y) + E(llxoll) m(Q1)(t — to),

where \,,(Q;) > 0 is the minimum eigenvalue of the matrix Q,; and &(||z|) >
o (|z])e(||z]]), ¢ € K-class. From the condition (2)(a) of the Theorem 2.7 it
follows that the function V (¢, x,y) is bounded, i. e., [V (t,z,y)| < M at t >t
and ||z|| > r(a), a € S C R4, M is some positive constant.

From the estimate (2.44) it follows that the function V (¢, z,y) in the do-
main t > to and |z| > r(a), « € S C R? is unbounded. Therefore the
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solution x(¢,«) must leave the domain ||z| > () + ¢ upon some point of
time tg < t* < co.

If r(a) — 1o at ||a|| — 0, then the instability of solutions of the system
(2.1) with respect to the set A(r) is proved.

Now consider the case when the function r(«) is given and does not vanish
at any o € S C R?. The instability of the solutions of the system (2.1) with
respect to the set A(r) can occur when the inequality (2.43) is true.

With the given function r(«), denote

Vit r(a)) = {z: V(t,2,y) < alr(a))},

where a € K is chosen so that V~l(¢,7(a)) C A(r) for each t € R, at
any o € S. Let to € Ry and zo: [|zo] < r(a) + 8, 2o € V71(t,r()). Then
according to the conditions (2)(c), (e) and (3)(b) find that z(¢t,a) € V~1(tg, @)
and, since

V=t r(a)) C A(r) C R™,

the motion z(¢,a) cannot reach the boundary of the set A(r). Then for any
€ > 0 choose 1 > 0 so that

er(e) —=m) <a(r(a) —e) atall aeS,

and take T'(¢) larger than c(r(a) + 6)/Am(Q2)¥(r(a) — ). Now |z(t, )|
cannot exceed the value r(«) —n for all ¢ € [to,to + T'(¢)] because in that
case we would obtain for ¢t = tg + T'(¢)

toJrT(E)
Vit a(t)y) < Vitoo,) = 2u@) [ Wllals.a)l)ds
to
< cr(a) +6) = A (@)Y (r(a) —m)T(e) <0,
which contradicts the condition (2)(b).
Therefore one can find ¢ € [to,to + T'(¢)] such that c(||z(t1,a)|)
rot

e(r(e) = n) < a(r(a) —e) and since V(¢,2(t, «),y) is decreasing, fo
to + T'(e) we obtain

<
>

a(||m(t7a)||) < V(tvm(tva)vy) < V(tl,x(tl,a),y)
< c([lz(ty, )]) < e(r(e) —n) <alr(a) —e).

Hence, for ¢t > to+T(e) ||z(t, )| < r(a)—e. According to the Definition 2.14,
this means the instability of the solutions of the system (2.1) with respect to
the given moving set A(r).

The Theorem 2.7 is proved.

Remark 2.9 If © = 0 is the only equilibrium state of the system (2.1) at all
a €S C RY and f(t,0,a) = 0, then the conditions (1), (2)(b), (d) and (3)(b)
of the Theorem 2.7 guarantee the uniform asymptotic stability of solutions
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of the system (2.1) with respect to B, C V~1(t,r(a)), and the set A(r) is
an unstable limit cycle for such solutions, from which they tend to zero at
t — +4o00.

Below is a variant of the Theorem 2.7, which is based on the scalar Lya-
punov function.

Theorem 2.8 Assume that the following conditions are satisfied:

(1) for any o € S C R? there exists a function © = r(a) > 0 such that the
set A(r) is not empty at all « € S;

(2) there exists a function V€ CD(Tyx R™, Ry) and functions Hy: R™x
R* - R and Hy: R™ x RY — R such that:

(a) 0<V(t,z) <b(||z]]) at ||z|| > r(a) for some function b belonging
to the KR-class,

) a(||lz]) <V (t,z) <c(l|z|]) at ||z] < r(a), where a and ¢ belong to
the K-class,

(c) DTV (t,z)|
(d) DYV (t, )|
(e) DYV(t )|

(2.1) = Hy(z,0) at [|z]| >r(a), a €S,

(21) = 0 at |z|| =r(a), a €S,

(o1) < Ha(w,0) at 2] <r(a), a €S C R

(3) there emist sign-definite functions H,(x) and Ho(x) such that:

(a) Hi(z,a) > H,;(x)>0 atal a €S,
(b) Ho(z,a) < Ho(z) <0 at all a €S.

Then the motions x(t,a) of the system (2.1) are unstable with respect to
the given moving set A(r),

Example 2.7 Let the equations of the motion of the uncertain system have
the form

dx 1

S =0y~ |1 ) )] ale? 4+ 42)
p 1 (2.45)
Y
W=t~ |1 @)+ 0 +42)

a

where p € C(R4+,Ry) is a single-valued function ¢ > tp > 0, m(«) is a
function which characterizes the uncertainties, with the same properties as in
the Example 2.2.

The function r(«) will be chosen as follows: r(«) = @) aeS CR,

r(a) > 0, and therefore

A(r) =A{z, y: [lz[l = r(a)}, (2.46)
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where ||z = (22 + y?)V/2.

To investigate the instability of the solutions (z(t, ), y(¢, &) of the system
(2.45) with respect to the given moving set (2.46), apply the function V' of
the form

V =22+
This function is positive-definite and satisfies the conditions (2)(a), (b) of the
Theorem 2.8. Its derivative, in view of the equations (2.45), is determined by
the formula

av
dt

1
- [1 _ L)@+ @ 1)
((2.45)) a

It is easy to prove that for o € S C R?

dVv

o >0 at fzf > ——, (2.47)
dt (2.45) m(a)

dVv

— =0 at |z]] = a ,

dt (2.45) m(a)

dVv

il <0 at |z < —2_. (2.48)
dt (2.45) m(a)

Thus, if the function m(«a) satisfies the above conditions, then the condi-
tions (2)(c), (d) of the Theorem 2.8 are satisfied. So, according to the The-
orem 2.8, any motion (z(¢,«),y(t,«)) of the system (2.45), which begins in
the domain

r(a) — 8 < (22 + y2)Y? < r(a) + 9,

at arbitrarily small § > 0 will leave the domain
rla) —e > (22 + )2 > r(a) 4 ¢ (2.49)

at some point t* > tg.

The motion (x(¢, «),y(t,@)) can leave the domain (2.49) in two ways:
either under the condition (2.47) the solutions (z(¢, ), y(t,a)) leave the e-
neighbourhood of the set (2.46) through the external boundary of the e-
neighbourhood, or under the condition (2.48), they leave it through its internal
boundary.

Example 2.8 Let the equations of the motion of the uncertain system have
the form

dx

—=—(x-p 1—m?(a)(z? + 92 )

jt ( y) ( (@) (z* + %)) (2.50)
=~y +72) (1 - m (@) +17),

where 7, B, v < [, are positive constants, the function of the uncertainties
parameter m(«) satisfies the same conditions as in the Example 2.5.
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Determine the moving set A(r) by the formula

A(r) = {2, y: 2] =r(@)}, r(a) = @ >0,

For the system (2.50) the positive-definite function
V = ya® + By’
satisfies the conditions (2)(a), (b) of the Theorem 2.8. Its derivative

dav

e = =2 (y2* + By?) (1 — m*(a)(2® + ¢?))
(2.50)

satisfies the conditions (2)(c), (d):

dv

— <0 at |z| <r(a),
dt {5 50

dVv

— =0 at |z|| =r(a),
dt {5 50

dv

— >0 at |z|| > r(e),
dt {5 50

where ||z|| = (22 +y*)'/?, a € S C R%.
Thus, the solutions (x(t,«),y(t,«)) of the system (2.50), outgoing from
an arbitrary point xg,yo located in the moving ring

r(e) =0 < (a5 +y3)"? < r(a) +6,

for an arbitrarily small § > 0, will be unstable with respect to the given
moving set A(r).

2.6 Stability with Respect to a Conditionally Invariant
Moving Set

In this section we will describe the approach which gives the opportunity
to reduce the analysis of the stability of moving conditionally invariant sets to
the study of the external part of the phase space with respect to the boundary
of the moving set. This is attained by the inverse transformation of the initial
dynamic system, which is used in the next chapter for the synthesis of controls
of motions of an uncertain system.

Along with the concept of stability of the equilibrium state x = 0 of the
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system (2.1) in the sense of the Definitions 2.1-2.4, it is interesting to consider
other concepts of stability of solutions of that system.

Let 0 < po(a) < ro(a) < p(a) be some known functions of parameter «,
determining the moving sets

Bt ={z € R": ||z = po(e)},
B™ ={zeR": [lz]| <pola)},
AT ={z e R": |z[| = ro(a)},
A ={x e R": ||z|| < ro(a)},
B=B"TNnB™, A=AtNnA".

Let M denote one of the sets BY, B~ or B, and let N denote one of the
sets AT, A= or A.

Definition 2.15 The pair of moving sets (M, N) is called conditionally in-
variant and uniformly asymptotically stable with respect to the solutions of
the system (2.1) if the following conditions are satisfied:

(a) at any (to,zo) € R+ x N the motion of the system (2.1) z(¢, &) belongs
to M at all t > tg;

(b) at any € >0 and to € Ry there exists § = d(¢) > 0 such that motions
of the system (2.1) beginning in the §-neighborhood of the set N at all
t > to stay in the e-neighborhood of the set M, i.e., for any zy such
that d(N,zg) < 0, the inequality d(M,z(¢,a)) < e holds at all ¢ > to;

(c) there exist 09 > 0 and T = T'(¢) > 0 such that at all zy such that
d(N,z0) < do the estimate d(M,z(t,«)) < e holds at all ¢ > to+T'(e).

Here d(M,x) = inf ||z —y||.
ere d(M,x) = inf |lo =y

Later along with the system (2.1) we will consider the scalar comparison

equation
du

dt
where u € R, g € C(R?,R) and p = p(a) > 0 is some function of uncertain-
ties parameter a € S.
Assume that solutions of the equation (2.51) exist at all ¢ > ¢, and they
are unique for the given initial conditions (tg,ug) € Ry X Ry.
We introduce the sets

QN (H)={ue Ry: u< H},
Q7 (H) ={u € Ry: u = Ho},
Q(H, Ho) = QF(H)N Q™ (Hp), 0<Hy<H < +0o0,

=g(t,z,p), ul(to) =uo >0, (2.51)

and formulate the following definition.
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Definition 2.16 The set QT (H) is invariant and uniformly asymptotically
stable with respect to solutions of the equation (2.51) if the following condi-
tions are satisfied:

(a) from the condition ug < H it follows that wu(t,to,ug) < H at all t > tg;

(b) for the given ¢ > 0 and ¢y € Ry there exists § = d(¢) > 0 such that
from the condition ug < H + § it follows that wu(t,to,ug) < H + ¢ at
all ¢ > to;

(c) there exist values 6o > 0 and T'= T'(e) > 0 such that from uy < H+do
it follows that u(t,to,uo) < H +¢ at all t > to + T'(e).

We now determine the conditions under which the motions of the system
(2.1) are conditionally invariant and uniformly asymptotically stable with re-
spect to the pairs of sets (4, B), (A", B™), (A=, B™).

The correctness of the following statement can easily be verified.

Proposition 2.7 The pair of moving sets (A4, B) is invariant and uniformly
asymptotically stable with respect to solutions of the system (2.1) if, and only
if, the pairs of moving sets (A*, BT) and (A=, B) are conditionally invariant
and uniformly asymptotically stable with respect to the system (2.1).

In the terms of the existence of a relevant Lyapunov function, the sign of
the conditional invariance and the uniform asymptotic stability of the pair of
moving sets (AT, B") is formulated as follows.

Theorem 2.9 Assume that the equations of perturbed motion (2.1) are such
that:

(1) for any a € S C R4 there exist functions r(a) and p(a), p(a) > r() at
all o € S, such that r(a) — g—const > 0 at ||a|| — 0 and p(a) — 400
at |la]| — +oo;

(2) there exists a function V € C(Ry x R™, Ry), V(t,x) locally Liptshitz
with respect to x at each t € Ry, and the functions a,b belonging to the
KR-class, such that:

(a) b([=]]) < V(t z) <allzl) at [zf| =r(a),
(b) D+V(t,$)‘(2_1) < g(tv V(t,a:), r(a)) at ||$|| > r(a),

where g € C(R3, R), g(t,0,r(a)) =0 at all t € Ry;

(3) the set QT (H), where H = a(r) = b(p), is invariant and uniformly
asymptotically stable with respect to solutions of the comparison equa-
tion (2.51).

Then the pair of moving sets (AT, BT) is conditionally invariant and umni-
formly asymptotically stable with respect to solutions of the system (2.1).
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Proof First, prove the conditional invariance of the pair of moving sets
(AT, BT). Assume that under the conditions of the Theorem 2.9 the pair
of sets (AT, BT) is not conditionally invariant. In this case there exists a solu-
tion z(t, ) of the system (2.1) with the initial conditions (g, x¢) € Ry x AT
and points of time o > t; > tg such that

et )| = r(@),  [z(t2, @) > p(a) and

2.52
lz(t, )| > r(a) at t€ [t1,ta]. (2:52)

In consequence of the condition 2 (c¢) and the comparison principle,
Vtz(t,a)) <ut(t,t, V(ty,z(t,a))) at t € [ti,ta], (2.53)

where u*(¢,-) is the upper solution of the comparison equation (2.51) with
the initial conditions (t1, V(t1,x(¢1, @))).

Taking into account the condition 2 (a) of the theorem and the relation
(2.52), from the inequality (2.53) we obtain

b(p) < b(l|z(tz; @)l|) < V(t2, 2(t2, ) < w'(t2,t1,a(||z(tr, ))))
=ut(ty, t1,a(r)) < H = a(r) = b(p).

The obtained contradiction proves that under the conditions of the Theo-
rem 2.9 the relations (2.52) are impossible, i.e., the pair of sets (A", BT) is
conditionally invariant with respect to solutions of the system (2.1).

Now we prove that solutions of the system (2.1) are asymptotically stable
with respect to the pair of sets (A1, BT).

According to the condition (3) of the Theorem 2.9, for arbitrary & > 0
and ty € R, there exists § = 5(5) > 0 such that the condition ug < H + 0
implies u(t) < H + ¢ at all t > ty. Now for an arbitrary ¢ > 0 determine
& =b(p+e)—b(p) > 0 and choose d(¢) = a™(H+0)—r > 0. Let |lzol| < r+d,
then ||zo|| < a='(H + §). According to the condition (2) of the Theorem 2.9,

uy = V(to, o) < a(a " (H +6)) = H + 9,

and for u(t) the estimate u(t) < H +¢ holds at all ¢ > ¢y. From the condition
2(a) obtain b(||z(t,a)|) < V(t,z(t)) < ut(t,uo) < H+E = b(p+¢) at all
t > to. Therefore ||z(t, )| < b~ (b(p+e)) = p+e at all t > ty. The stability
of the pair of moving sets (A1, BT) is proved.

Show that the stability will be asymptotic. From the condition (3) of the
Theorem 2.9 it follows that for any & > 0 there exist 6 > 0 and T'(&) > 0
such that at all uy < H + 8y the estimate u(t) < H + ¢ holds at all ¢ >
to+T(&). Assume 6y = a~'(H+89)—r > 0 and for an arbitrary £ > 0 choose
T(e) = T(), where & = b(p+¢) —b(p) > 0. In this case, under the condition
|20l < H + 8o we obtain ug = v(tg, z0) < a(||zo|) < a(H +8) = r = &y and
u(t) < H+¢ at t > to+ T(8) = to + T(e).
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From the condition (2)(a) we obtain
b(llx(t, a)l)) < V(t,2(t) < u'(t to,u0) < H+E=b(p+e).
Hence, at all ¢t >ty +T(e) ||z(t, @)|| < p+ ¢, which proves the Theorem 2.9.

Definition 2.17 A function f(t,z), givenin Ry X R™, is called homogeneous

of order p = Z , (p and ¢ are natural numbers, ¢ is odd), if the following
equality is true

FE AT, Ax,) = M f(E oz, .. )
at all (t,z) € Ry X R™.

Now make the following assumption with respect to the system (2.1)
The vector-function f € C(Ry x R™ x R?, R™) in the system (2.1) can
be represented in the form

f(t, z, ) Zfltacl,.. Ly Q)

where f;(t,z1,...,2,,@) are homogeneous functions of order p;, i =
1,2,....n
Let g =maxy; and v > max (u — 1, v). In the system (2.1) perform the
change of variables by the formula
= llall £ 0 (2:54)
= — x . .
I el

As a result of the change (2.54) we obtain the system

d
d—ff — f*(t,y, @), ylto) =yo, o> 0. (2.55)

Here at ||y|]| #0 f*(¢,y,«) is determined by the formula

) (1+v)ny(t7 ‘{+l7a>
f*<t,y,a>:f<t Y a> ly| 5 - Wl 7

) 1410 1—1
lly[I**> gl

Y

and f*(t,y, ) =0 at [jy[| =0.
We now prove the following statement.

Proposition 2.8 If in the system (2.1) the vector-function f € C(R4 x
R™ x R% R™) has homogeneous functions of order su;, as its components
fitt, 1, ..., 2, @), © = 1,2,...,n. Then through the nonlinear transforma-
tion (2.54) it is reducible to the form (2.55) and the vector-function f*(¢,y, «)
is continuous on R, x R™ x R
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Proof The system (2.55) is obtained directly from the system (2.1) by us-
ing the nonlinear transformation (2.54). To verify the continuity of the func-
tion f*(t,y,a) on Ry x R™ x R? it is sufficient to show that the relation
Ilf*(t,y,a)|] — 0 holds at ||y|]| — O uniformly with respect to t € R .

Theorem 2.10 Assume that the pair of moving sets (AT, B%) is condition-
ally invariant and uniformly asymptotically stable with respect to the motions
of the system (2.1). Then the pair of moving sets (A], B ), where

AT ={y e R": |yl = r ()},
By ={y e R": |lyll = p ()},

s conditionally invariant and uniformly asymptotically stable with respect to
the motions of the system (2.55).

Proof From (2.54) it follows that
ly(t:to, yo)ll = lx(t;to, o) 77 atall tel, (2.56)

where I = I NI and I is the maximal interval of existence of solutions
of the systems (2.1) and (2.55) respectively. Therefore if yo € A;', then
lxoll = ||y0||7% <r(a) and z(t,tg,z9) € BT at all t > ty. From the relation
(2.56) if follows that ||y(;to, yo)|l = l|z(t;to, x0)|| ™7 > p~ () at all ¢t > to,
i.e., y(t;to,yo0) € By . From the conditions of the Theorem 2.10 it follows that
for an arbitrary & > 0 and to € Ry there exists § = S(é) > 0 such that

@ (t; to, xo)| < p+& atall > to,

if |lzo|| < 7+9. Then for an arbitrary small € > 0 we choose & = (p’”—a)_%—
p >0 so that §(&) > 0. According to the given € we choose d(¢) in the form
6(g) =r~7—(r+0)"" > 0 and show that from the condition |yo|| > 7 — &
it follows that [|y(¢;t0.yo)|| > p~7 —e at all t > tp. Indeed, from the condition
llyoll >~ — ¢ it follows that |lzo| = ||y0||_% < (r77 — 5)_% =r+0. But
then ||x(t;to,z0)|| < p+ € at all ¢ > ty. According to the relation (2.56) we
obtain |ly(¢;to,z0)|| > (p+&) Y =p 7 —e at all ¢t > to.

Now prove the asymptotic properties of solutions of the system (2.55).
From the conditions of the Theorem 2.10 it follows that there exist dp > 0 and
T(£) > 0 such that ||z(¢;to, )| < p+€ at all t > to+T'(€), if ||xo|| < ro+do-
For an arbitrarily small £ > 0 we choose & = (p™7 —5)7% —p>0,00=1r""—
(r+080)™" >0, T(e) = T(é). It is not difficult to see that from the condition
llyoll > r=7 — ¢ it follows that ||zo| = |lyol < (r=7— 5)_% =744, and
therefore ||z(t; o, z0)|| < p+& at t > to+T(£) = to+ T (). From the relation
(2.56) it follows that ||z(t;t0,x0)||~Y = |yt to,yo)l| > (p+&E) 7V =p™7 —¢
at all ¢ > to+T(e).

The Theorem 2.10 is proved.
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We now continue the study of the behavior of the solutions of the uncer-
tain system (2.1) on the basis of the principle of comparison with the scalar
Lyapunov function.

Let 0 < po(a) < ro(a) < r(a) < p(ar) be some known functions of param-
eter « € S C R4,

Definition 2.18 The moving set B = {x € R™: po(a) < ||z|]| < p(a)} is
conditionally invariant with respect to the set A = {z € R™: ro(a) < [Jz|| <
r(a)} and wuniformly asymptotically stable with respect to solutions of the
system (2.1) if the following conditions are satisfied:

(1) From ro(a) < [|zo|| < r(«) follows the estimate po(a) < ||z(t, )| < p(«)
at all £ > tg;

(2) for the given ¢ > 0 and ¢y € R4:

(a) there exists 6 = d(g) > 0 such that the condition ro(a)—3d < |Jzo]] <
r(a) + & implies the estimate po(a) — e < ||z(t, )| < p(a) + ¢ at
all t > to;

(b) there exist dg > 0 and 7 = 7(&) such that the condition ro(«)—dp <
lzol] < r(a) + dp implies the estimate po(a) — e < ||z(t, )| <
pla)+e at all ¢ < to+ 7, where z(t, o) = x(t; to, zo, @) is a solution
of the system (2.1).

Definition 2.19 The set K = {u € R: >y < u < »} is is invariant and
uniformly asymptotically stable for solutions of the system (2.51), if:

€ condition sy S up S ¥ 1unplies € estimate 3y S U S 7 atl a
1) th diti < < implies th timat <u(t) < t all
to € Ry;

(2) for the given £* >0 and to € Ry
(a) there exists 0* = 6*(¢) > 0 such that the condition 3¢ —0* < ug <
»+ 6" implies the estimate s —e* < u(t) < se+¢* at all t > to,

(b) there exist 65 > 0 and 7 = 7(¢*) > 0 such that the condition
7y —0* < ug < x+0* implies the estimate s9—e* < u(t) < »+e*
at all ¢t > t9 + 7, where w(t) = u(t;to,uo) is a solution of the
equation (2.51).

Now we prove the following statement.

Theorem 2.11 Assume that the equations (2.1) are such that:

(1) for any a € S C R? there exist functions po(a) < ro(a) < r(a) < pla
at all o € S such that r(a) — g—const >0 at |a| — 0 and ro(a) —
+oo at |laf| = +oo;
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(2) there exists a function V € C(Ry x R"™, Ry), V(t,z) locally Lipshitz
with respect to x at each t € Ry, and comparison functions a;, b; be-
longing to the K-class, such that:

(@) bu(llzl) < V(t 2) < ar(llzl]) at all [lz]| > (),
(b) ba([lll) < V(t,2) < as(llzl]) at all ||z]] <ro(a);
(3) there exists a function G(t, V(t,z), p()), G € C(R%, R), such that:
(a) D*V(t,m)’(m) < G(t, V(t,z), ple)) at all ||z]| > r(a),
(b) DV (t,2)] ) =0 at [lall = roa) = r(a),
(c) D*V(t,m)’(m) > G(t, V(t,z), pla)) at all ||z]| < ro(a);
(4) for each ro(a) < r(a) there exists 9 < s such that » = a1(r) = b1(p),

7y = ba(ro) = az(po), where po < 1o <71 <p and » -0 at r — 0
and »xy — +00 at rg — +00;

(5) the set K is invariant and uniformly asymptotically stable.

Then the set B is conditionally invariant with respect to the set A and
uniformly asymptotically stable for the solutions of the system (2.1).

Proof Let the set B be not conditionally invariant with respect to the set A
for the system (2.1). Then for the solution z(¢,a) with the initial conditions
ro(a) < |lzol] < r(«) one can find a value of time t2 > to such that the
following conditions are satisfied:

(a) ||z(t2, )] > p(a) and ro(a) < ||z(t, )| at all ¢ € [to,to]
or
(b) lz(te, )| < po(e) and ||z(t, )| < r(a) at all ¢ € [to,ta].

According to the conditions (3) (a)-(c) of the Theorem 2.11, from the
comparison principle it follows that at all ¢ € [ty, o]

V(t,z(t, @) < up(t;to, V(to, z(tg, a))
V(t, z(t, @) > um(t; to, V(to, z(to, ),

where wups(t,to,u0) and ., (¢, to,ug) are the maximal and the minimal
solutions of the comparison equation (2.51) with the initial condition

(tl, V(tl, x(tl, Oé)))
Then in the case (a) we have the inequalities
bi(p(a)) <bi(l[z(tz, a)l]) < V(t2, z(t2, a))
< unm(tz, to, a1([|z(to, @) = un(t2;to, a1 (r(e)))

< a(r(a)) = bi(p(e)),
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or in the case (c), the opposite inequalities

az(po(a)) > az(|lz(t2, @)||) = V(t2, x(t2, )
> U (ta, t1, ba([|z(to, @) = u(ta; to, ba(ro(a)))
> ba(ro(a)) = az(po(a)).

In both cases we obtained the contradictions which prove the first part of
the statement of the Theorem 2.11, i.e., the set B is conditionally invariant
with respect to the set A.

Let € > 0, tg € R+ be given, and the set K be uniformly stable. Then,
since a1(r(a)) = b1 (p(a)) = 3 and 3¢ = ba(ro(a)) = az(po(a)), for the given
as(po(a) —€), bi(p(a) + €) there exist values €1,d1,d > 0 such as that under
the conditions

sy + 01 = ar(r(e) +90) <bi(p(e) +¢€) =x+e1

and

g +€E1 = ag(po(a) — 6) < bQ(To(O() — 5) = 3y — (51

the condition sy — 87 < wp < 2> + 1 implies the estimate 2y — &1 < u(t) <
»x+e1 at all t > tg, where u(t) is any solution of the comparison equation
(2.51).

Show that with the chosen value é > 0 the set B is uniformly stable with
respect to the set A, i.e., the condition rq(a) —§ < ||zg|| < 7(a) + implies
the estimate po(a) —e < [J(t, )| < p(a) +¢e at all ¢ >ty and at all o € S.

If this is not so, then there should exist a solution z(¢,«) of the system
(2.1) with the initial conditions xg, ro(a) — ¢ < ||zo| < r(a) + d, and points
of time to > t1 > to such that at all ¢ € [to, tQ]

(&) [lz(t2, )| = p(e) + & and [lz(t, @)|| = ro(a)
or
(b) Jz(tz, )| < pla) —e and [z(t, a)|| < r(a).

Consider the case (a). From the condition (3)(a) of the Theorem 2.11 we
obtain

V(t, z(t, ) < up(t;to, V(to, x(to,))) atall ¢ € [to,ta].
Hence, according to the condition (2)(a),

bi(p(a) +¢e) < bi([lx(tz, a)l]) < V(te, z(t2, @) < un(ta,to, V(to, 7o)
< un(tz, to, ar(r(a) +9)) < bi(p(a) +¢),

which is a contradiction.
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In the case (b) we obtain V (¢, z(t,a)) > wum(t;t0, V(to, z(to,a))) at all
t € [to, t2] and according to the condition (2)(c) of the Theorem 2.11 obtain

az(po(a) =€) > az([|z(t2, )||) > V(t2, 2(t2, )
> um (t2, to, V(to, 70)) > um(t2;t1, ba2(r(a) — 6))
> ba(ro(a)) = az(po() —€),

which is a contradiction, too. This proves that the set B is uniformly stable.

Now show that under the conditions of the Theorem 2.11 the set B is
uniformly asymptotically stable with respect to the set A.

Let € = po(a), do = d(po(ew)) > 0 and the set K be uniformly asymp-
totically stable. Then for the given as(po(a) — €), b1(p(«) + €) there exists
7 = 7(¢) > 0 such that the condition ba(ro(c) — do) < uo < a1(r(a) + do)
implies the estimate as(po(a) —€) < u(t) < bi(p(a) +¢) at all ¢ >t + 7.

Show that with the given choice of dp = J(po(e)) > 0 under the initial
conditions ro(a) — dp < [|zo|| < r(a) + do for the solution (¢, ) the estimate
po(a) —e < ||z(t, @)|| < p(a) + ¢ follows at all t > to + 7.

If this is not so, then there should exist a solution z(t, «) of the system
(2.1) and a value t3 > to such that:

(a) lz(t2, )| = p(a) +e at t2 >to + 7,
(b) z(ta, )| < pla) —e at ta >to+ 7.

Similarly to the analysis of the uniform stability of the set B with respect
to A, we obtain

(a) bl(p(Oé) + E) < V(t27$(t27 a)) < uM(t27t07a1(r(a) + 50)) < bl(p(Oé) + E)
and

(b) as(po(a) —e) > V(ta, z(t2, ) > um(t2,to, ba(ro(e) —do)) > az(po(a) —
€).

The contradictions (a) and (b) prove the statement of the Theorem 2.11.

Thus, the Theorems 2.1-2.11 form the basis for a new generalization of the
direct Lyapunov method for finite-dimensional dynamic systems with uncer-
tain values of their parameters. Those theorems have wide potential for the
further development and applications at the analysis of specific problems of
mechanics.






Chapter 3

Stability of Uncertain
Controlled Systems

In this chapter the construction of controls in the system (3.1) will be made,
which ensure the conditional invariance and the uniform asymptotic stability
of solutions of the system (3.1) with respect to the pair of moving sets (A, B).
As follows from the previous chapter, this problem can be reduced to the
study of the conditional invariance and the uniform asymptotic stability of the
solutions of the system (3.1) with respect to the pairs (A*, BT) and (A=, B™).
In its turn, the study of the conditional invariance and the uniform asymptotic
stability of the pair (A=, B™) is reduced to the analysis of the pair (A}, Bf")
for an inverse system corresponding to the system (3.1).

3.1 Problem Setting

Consider the class of controlled uncertain systems in the form
dz
i ft,z) + Af(t,z,a) + [B(t,z) + AB(t, z, a)u(t), (3.1)
where t € Ry, x(t) € R", u(t) € R™ is the control, a € R? is the uncertain-
ties parameter, f € C(R x R*,R"™), f=>_ fi(t,z), fi(t,x) € C(R x R", R)
i=1
are homogeneous functions of order p;, B € C(Ry xR™*™, R™*™), B,(t,x) =

S
> Bij(t,x), and B;; are homogeneous functions of degree s,
j=1

Af € C(Rx R" x RY R"), Af(t,0,0) =0,
AB € C(R x R" x R, R™™),  AB(t,0,a) =0
To calculate the value o = max{u;, s;}, we will call it the homogeneity

degree of the system (3.1).
For the given functions ro(a), r(a), p(«), po(e) and the parameter « €

95
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S C R we will consider the moving sets

B(po,p) ={x € R": po < [|z|| < p},
A(rg,r) ={z € R™: ro <|z| < r}

and the problem of the synthesis of controls in the system (3.1).

3.2 Synthesis of Controls

From the system (3.1) separate the nominal controlled system

c;_ats = f(t,xz) + B(t,z)u

and assume that there exists a control u; € C(R x R™, R™) which stabilizes
the equilibrium state x = 0 of the uncontrollable nominal system

dx
N :f<ta'r)a x(to) = X0, tO 207
dt
to the uniform asymptotically stable condition.
We denote

fo(t,z) = f(t,x) + B(t, x)us (¢, x),
Afo(t,x, ) = Af(t,z,a) + AB(t, z, @)ui (t, ).

The system (3.1) with the control w(t,x) = u1(t, z) + ua(t,x) will take the
form

d
d—f = folt, ) + Afolt,z,a) + [B(t,z) + AB(t, z,0)us,  (3.2)
where fo(¢,0) =0 at all ¢ € Ry. The equilibrium state x = 0 of the system
dx
E = fo(tl‘)7 l'(to) = X, (33)

is uniformly asymptotically stable according to the assumption.
Then we will need some assumptions on the systems (3.2), (3.3).

Assumption 3.1 There exist functions V € CVY(Ry x R, R,), a, b€ KR-
class and a comparison function g € C(R4+ x R4, R) such that:

(a) b([z])) < V(t,z) <a(lz]]) at [lz]| > r(a) and t € Ry;
(b) DV (t,)]

g(t, 0) =

33) < —g(t,V(t,x)) at ||z|| > r(e) and all t € Ry,
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Assumption 3.2 There exist a matrix-valued function E: R x R" x R —
R™ ™ and a constant p, > —1 such that

AB(t,z,a) = B(t, z2)E(t, z, «),
mig Ain (E+ETY>2p, at ||z]| > 7(a).
(¢S

aV(t, :
Assumption 3.3 Let 3(t,z) = BT (¢, ) ovit, x) and let there exist:
v
(a) continuous functions ¥;: Rx R*x Ry — Ry, i =1,2,...,s, such that

at ||z|| = r(a)

max

aeS T

T s
(P552) At < 3 witea 1)

i=1
(b) for any ¢ v;(t,2,0) =0 at all t € Ry and ||z| > ro(a);
(¢) for any €; >0 there exist continuous functions k; (¢, x,e;)= ¢; such that
itz k) =¢e;  at x| > ro(a)

and
milt, @, Biyes) = Bt ) [kilt, m,6,)]

are continuous on Ry x ext A(r) X Rj.

Following the article by Chen [1996], assume

~ _ Wtz B)

t,x, , > —1
1/’1( 5) 1+p1_-: PE

at [lz]| = ().
For the given ¢; > 0, i = 1,2,...,s, and the function r(«) choose the
control us(t, z) in the form

S

u?(tVT) = sz(taxaﬂ)a (34)
=1
where R
_ (t7£L') i(t7m275) , ,(Zz > e,
it ) = 18t )]
B (71') z(t 1‘75) ,(Z‘<€<
HOPE R

and (14 p,) 252 <r(a) atall a € S.

Now show that the controls (3.4) ensure the conditional invariance and the



58 Uncertain Dynamical Systems: Stability and Motion Control

uniform asymptotic stability of solutions of the system (3.1) with respect to
the pair of sets (AT, B*). To construct the controls u}(¢, ) which ensure the
conditional invariance and the uniform asymptotic stability of the pair of sets
(A=, B™) with respect to solutions of the system (3.1), apply the nonlinear
transformation of the system (3.1)

xT

Y= at  |[|zf| # 0.

The system (3.1) takes the form

dy * * * * *
7 =Gy + Ay 0) +[BY(y) + ABT(Ey e)lut,  (3.5)
T
where G(7,, |ly]]) = ([||y||1+% — %), I is a unit matrix n x n and
y Y

at [lyl # 0

Fty) = G, IIyII)f(L& W)

Af*(ty,0) = Clry. IIyII)Af<t v a)7

ylte

B'(t,y) = G(1,y, ||y||>B(t, W)

* Y
AB*(t,y,0) = Gy, ||y||>AB(t, —+a)
llyll™~
Obviously, at y = 0 we obtain f*(¢,0) = Af*(t,0,a) = 0 and B*(¢,0) =
AB*(t,0,a) =0 at all t € R;.
Assume that for the nominal system
dy . . .
there exists a control uj(¢,y) which ensures the uniform asymptotic stability
of the equilibrium state y = 0 of the system (3.1). Now represent the system
(3.5) in the form
dy * * * * *
5 = Jo&y) + Afo(ty,e) +[B7(ty) + AB"(t,y, a)]uz,  (3.6)
where i i . i
fO (t’ y) = f (ta y) +B (ta y)ul(t7 y)a
Afg(ty) = Af*(ty, a) + AB*(t,y, a)uj(t, y).

Assume that the equilibrium state y =0 of the system

Y~ Jitw). wlt0) = uo (37)
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is uniformly asymptotically stable.
Now we will need the following assumptions.

Assumption 3.4 There exist functions V* € C’(171)(R+ x R™" Ry), a*, b* €
KR-class and a majorizing function g*(¢, V*(¢,y)) such that:

@) b (llyll) < V*(t.y) < a*(llyll) at [lyll = rg7(e) and at all a € S and
te Ry;

(2) DV(t,y)‘(g_n < —g*(t,V*(t,y)) at |ly|| > 7, () and at all @ € S and
te Ry.

Assumption 3.5 There exist a function E: R x R" x R — R™™ and a
constant p,. > —1 such that

AB*(t,y,a) = B*(t,y) E*(t, y, o),
. * *T
g A (B4 ) = 20,

oV (t,y)
oy

Assumption 3.6 Let 5*(t,y) = B*'(t,y) and there exist functions

Y Ry x R™ x Ry such that:

awvit,y)\" s
(1) ma (%) Afi (.00 < 3207 (0. 5°):

(2) in the domain ||y|| > r, (), o € S the following condition is satisfied:

Uity 00=0, =125

(3) for any e > 0 in the domain |y| > r, 7 (a), a € S, there exist
functions kf € C(Ry x ext A(r, ") x R4+, Ry) such that

Ui (ty, ki (t,y,€7)) = €f

and the functions

B (t, )

* * %
™y, 07 67) = ——————
(K (t,y,€7))
are continuous on Ry x ext A(ry ") X Ry.

Now consider the functions

=, oy Yy, B7)
ta ’ = ) . > _]-7
Gy ) = T,

in the domain ||y|| > 757 («) at all a € S.
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For the given &} >0, [ =1,2,...,s, and the function ;" («) choose the
controls u} (¢, z) in the form

y) = Zzbl*(t,y,ﬂ*(t,y)),

=1

where ~
IO CY 0 B S
o R
/(/)l (ta Y, ﬁ ) - « Tk *
_ﬁ (ta y)/lz[}l (t’ Y, ﬂ ) at 1;/[}\2 < €

(k; (t,y,€7))?
and (14 px) > ef <7y "(a).
i=1

The stabilization of motions of the uncertain system (3.1) with respect to
the given manifold is effected by using controls synthesized on the basis of the
initial and the inverse systems.

The Theorems 2.9 and 2.10 along with the Assumptions 3.1-3.6 allow

to prove that the controls us(t,z) and wui(t,y) = u} (t, HHLHV) ensure the
x

conditional invariance and the uniform asymptotic stability of solutions of the
system (3.1) with respect to the pair of moving sets (A, B).

Theorem 3.1 Assume that:

(1) for the system (3.1) all the conditions of the Assumptions 3.1-3.3 are
satisfied;

(2) for the system (3.6) all the conditions of the Assumptions 3.4 3.6 are
satisfied;

(3) under the given functions V (t,z), V*(t,x) and ro(a), r(a) the following
inequalities hold true:

(a) DV(t.)|y, < —9(t.V(t.2)) +7(0) at [lz] > r(a) t € Ry,

(1) DV (t,)]010) 2 —0° (6 V*(0,0)) + 737 (@) at gl 2 757 (@),
te Ry,

(4) solutions of the comparison equations

d
gt + (), ulto) = o 20,
d
_dl: = —g*(t,w) +ry " (a), w(to) = wo > 0,

exist at all t € Ry, and they are invariant and uniform asymptotically
stable with respect to the sets

Qf ={ueRy: u< H=a(r)=0b(p)},
0 ={ueRy: u<H =a(r™")=bp7")}
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respectively.

Then the controls

U:U1(t,$)+’t£2(t75€)7 ||'T|| ZT(O{),
X X
ut = UT (t7 7) +U§ <t7 7)7 ||.73|| S To(a)a o€ Sa
[t o]+

stabilize the motions of the uncertain system (3.1) with respect to the condi-
tionally invariant set B(po, p).

Proof At first consider the dynamics of the uncertain system (3.1) in the

domain of the values z: ||z| > r(a). With this purpose, apply the Lyapunov

function V (¢, z) indicated in the Assumption 3.1. For any admissible o € S C
R? we obtain

v (ovitz)\"

DV < Gy + (242 a(ta) + At o)

T
. (%) B(t, 2)[I + E(t,, a)]us.

i

(3.8)

Taking into account the conditions of the Assumptions 3.2, 3.3, from (3.8) we
obtain

DV (1,0)] 3, < ~a(t.V(t:2)+ 3 (1 = 57t 0300 (1,
=1 (3.9)

1
= 67 (t0) 5 (Bt ,0) + Bttt (e 1) ).
where the functions h;(¢,z, ||8||) are determined by the relation
¢l(tu Z, /8) = _/B(ta (E)hl(t, z, ||/8||)a l= ]-7 23 sy S
From the inequality (3.9) it follows that

DV (t, x)|(3'2) < —g(t,V(t,z))

s 3.10
+ 3 [ = 18 @) PRty 2, |1 8]) = 18 @)1 p s hat, 2, [1B]])] 310

=1
If &l(tﬂu IBI) > e, 1=1,2,...,s, then

v = 1Bt @) = 18t ) *p 1

e - (3.11)
=t — Y — ppthr =Y —Yi(1+p,) = 0.
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If &l(tgm 18) <&, 1=1,2,...,s, then

v = 1B, ) 2R = [|B(t, @) pg hu

= — IIﬂ(tax)IIQkI%(l +pi) (3.12)
< '(Z 1 ||ﬂ(t,l‘)||2 (1 < - 1 < 1
= Y kZQ +pE)—¢l( +pE)—€l( +pE)'

Taking into account (3.4), and also (3.11), (3.12), from (3.10) we find

DV(t,x)‘ < —g(t,V(t,z)) +r(a), «a€S, (3.13)

(3.2)
in the range z: ||z| > r(«).

When the condition (1) of the Theorem 3.1 and the inequality (3.13) are
satisfied, all the conditions of the Theorem 2.9 are satisfied as well, therefore
the motions of the controlled system (3.1) are conditionally invariant and uni-
formly asymptotically stable with respect to the pair of moving sets (A™, BT).

The conditions for the conditional invariance and the uniform asymptotic
stability of the pair of moving sets (A~, B™) with respect to the solutions
of the system (3.6) follow from the conditional invariance and the uniform
asymptotic stability of the pair (A~, B™), where

By ={yeR": |lyll>py"},
AT ={yeR": |yl >ry"}

with respect to solutions of the system (3.6).
As above, we obtain the inequality

DV(t,y)| e < —9" &, V*(ty) +157, a€S.

(3.6)
This inequality, together with the Assumptions 3.4-3.6, is sufficient for the
application of the Theorems 2.9 and 2.10.

The Theorem 3.1 is proved.

3.3 Convergence of Controlled Motions to a Moving Set

As an example of application of the Theorem 2.11, consider a controlled
uncertain system of the form

d
d—f = folt,x,a) + B(t,2)F(t,z,u), a(to) =0, to > 0. (3.14)
Make the following assumptions about the components of the right-hand part

of the system (3.14):
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H;. The vector-function fy belongs to C(R4+ x R™ x S, R"™), (m X n)-
matrix B to C(Ry x R™, R"*™) and the vector-function F to C(R4 X R™ x
R™ x S, R"™), where u € R™.

H,. There exists a function V € C1(Ry x R", R;) and comparison func-
tions a,b € KR-class, such that:

(@) b(llz]) <V(tz) at |z} > r(a),

(b) V(t,2) <a(llz]]) at [lz]] < ro(a).

Hj3. There exist comparison functions C7,Cy € KR-class, such that:

(a) DV(t, =) < —C1(V(t,x)) at ||z > r(a),

f

(b) DV(t,ac)’ =0 at ||z] = r(«a),

fo
(c) DV(t,2)|, =-Cao(V(t,2)) at |z] <ro(a),
where ro(a) <r(a) at all a € S.

H,. There exist functions 3,82 € C(Ry x R™, Ry) and 34, 35 € C(R; x
R", Ry) such that u"F(t,z,u,0) > —p1(t, x)|ul + Ba2(t, z)|ul® at [z]| >
7"(04) and 31 < 328, B1 < Bs.

H;. There exist functions 71,72 € C(R4+ X R™, Ry) such that
ulF(ta,u,a) < =t o) |ull + 20t 2)|[ul? at 2] < ro(a)
and v > 728, 11 > Ba, 72 > By

Hg. There exists aset P = {p, € C(Ry xR", R"), u > 0} which satisfies
the conditions:

(@) [Vt 2)lpu = =llpullV(t,z), where

v oyt
Ory’ Oz, )

V(t,z) = BT (t,z) (

n(t,x) =B,V (t,@), and if [« > r(a), then [[p.] > B, (1 - 7ap);

K]

(b) if flafl < ro(@) and [p(t, )] >0, then |p, || < By (1 - 4Sy) at al
a€es.

Prove the following statement.
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Theorem 3.2 Assume that for the uncertain controlled system (3.14) all the
conditions of the Assumptions Hy—Hg are satisfied, and in addition, C{l(u) <
Crl(u).

Then the set B is conditionally invariant with respect to the set A, and the
motions of the system (3.14) are uniformly asymptotically stable with respect
to the set B.

Proof At first consider the dynamics of the system (3.14) in the domain
lz|| > r(a) at all @ € S. According to the conditions Hz(a) and Hy, obtain
the estimates

DV(t,x)|, < -Ci(V(t )

and

V(¢ )]
7F(t7 '1:7p 7a)p
[Pyt )| e

< |Vt 2)||[ Bo(t, ) — Ba(t, ) ||pult, )| ]
< |Vt 2)] m(um)—ﬁg(t,x)ﬁla,x)(l r(a) )}

it
77’(0[) T«
Tt ="

at all @ € S. Hence in the domain ||z| > r(«) the estimate

V(t, .I)F(t,l‘,p#, Oé) = -

< V(& 2) |51 (2, )

DV (t < O (V(t2)) + r(a) (3.15)

|(3 14)=
is true at all a € S.

Similarly to the above, in the domain ||z|| < ro(e) the following inequali-
ties hold true:

DV(t, .73) ’fo Z _OQ(V(ta .73))
and
V(t,x)F(t, x,pu, ) = HZ(( ’Z))|||| F(t,z,pu, a)p,

> V() [71(t2) = 72t 2) |pu(t, 2)]l]

= V()| () — (tvx)ﬁl(t’m)(l_%ﬂ
ro(@)

In(t, )|

at all o € S. Therefore in the domain ||z|| < ro(«) we obtain the estimate

> IV )|t o) | > ro()

DV (t,2)| 14y = —Ca(V (t2)) + 70(0) (3.16)

at all o € S.
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Along with the inequalities (3.15), (3.16), consider the comparison equa-
tions

C(li—qz = _Cl(u) —+ 7’(0&), u(to) = Uo 2 07
d
d_“t’ — —Cy(w) +ro(a),  w(ty) =wp > 0.

According to the Theorem 2.11, obtain u = C;{'(r) = » and w =
Cy'(ro) = 5. Taking into account the conditions Hy, the conditions of the
Theorem 3.2 and the properties of the functions a, b, C7, C3, and also the
fact that po(a) < ro(a) < p(a) at all a € S, we find s = a(r) = b(p),
7y = b(rg) = a(po) and 3¢ < s. Then, repeating the reasoning of the proof of
the Theorem 2.11, we conclude that the set K = {u € Ry : 39 < u < 5} is
invariant, and the motions of the system (3.14) are uniformly asymptotically
stable with respect to that set.

3.4 Stabilization of Rotary Motions of a Rigid Body in
an Environment with Indefinite Resistance

Consider the problem of stabilization of rotary motions of a rigid body in
an environment with incomplete information about the resistance forces. It is
assumed that the rigid body is controlled by three bounded forces at three
unknown components (but with known boundaries of change) of the resistance
forces. It is necessary to construct controls under which the motions will be
stabilized to the surface of a moving ellipsoid whose surface is an invariant set
for the motions of the considered system.

Let 517 1327 bs be orthogonal unit vectors fixed in the rigid body in the centre
of gravity and parallel to the main axes of inertia. The control forces and the
resistances have the form u1b17 ugbg7 u3b3 and elbl7 62b27 63b3, respectively.
Let the angular velocity of the rotary motion of the rigid body be determined
by the expression

w = xli)l + 1'282 + xgi)g.

Then the rotary motion of the rigid body is described by the dynamic Euler
equations in the following form (see Corless and Leitmann [1996]):

d I —1I 1(t
£:<2 3)23+_+ ()’

dt I I I

dxzo Is - 1) ea(t)

— = R 3.17
ar ( A )5033514- T + I, ( )

% (IQ_I?,) us eg(t)

dt 13 T1T2 + I_g + 13 ’
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where Iy, I3, I3 > 0 are the principal moments of inertia of the body with
respect to its centre of gravity. If 1 = 29 = x3 = 0, then the body does not
rotate.

Assume that at all ¢ € Ry the function which describes the unknown
resistance of the environment satisfies the condition

lex(®) < p, fe2®) < p, les(t) <p, 0<p<l (3.18)

The controls wui(t), ua(t), us(t) will be sought in the class of bounded func-
tions for which the following inequalities hold true:

lua(®)] <1, Ju2(t)| <1, |ug(t)]<1 atall teR;.
Using the change of variables
Yi = I»L‘l/?xia 1= ]-7 23 37

reduce the system (3.17) to the form

d Iy — I U et
ﬂ:(u>y2y3+_1+ (1)

dt VIRVALYE vILi VI

dy2 I3 -1, up  ea(t)

dy> _ U2 , 3.19
dt (wﬁ)y“ VB Vh (319)
dys (L —I> uz  e3(t)

e (I3v1112)y1y2 " Vi3 " Vis

Use the canonical Lyapunov function

V(y) == +v5+v3), yeR,

N =

and show that the controls
u; = —sign y;(|lyll —r(p)), i=1,2,3, (3.20)

stabilize the motion of the system (3.19) with respect to the moving surface
of the ellipsoid

A(r) ={y € B*: iy} + Loy3 + Isys = r*(p)}- (3.21)
Estimate the change of the function V' (y):

v L (g + ex(®n) + —— (s + ea(t)ya)+
- = —F— (U1Y1 €1(l)y1 — (U2Y2 €2(7)Y2
dt |30 VI VT,

1

+ VL (us3ys + e3(t)ys).

(3.22)
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Taking into account the condition (3.18) and the control (3.20), for the ex-
pression (3.22) obtain

av
dt

1 1 1
<(p—1 (—+—+—) <0
wo - INE TR
in the domain ext A(r): ||y| > r(p),

av
di

(3.19)

On the surface of the ellipsoid A(r): |ly|| = r(p),

av
dt

1 1 1
>1—p<—+—+—)>0
P ANV Y ) »

in the domain int A(r): ||yl < r(p).
Therefore, for the system (3.19) and the function V(y) all the conditions
of the Theorem 2.4 are satisfied, and the controls

ui(z) = —sign z; (I3 + Las + Iz — r%(p)) (3.23)

stabilize the motion of the rigid body with respect to the surface of the ellipsoid
(3.21), i.e., at yo € ext A(r) solutions of the system (3.19) are attracted to
the surface A(r), and at yo € int A(r) they are repelled from the equilibrium
state y; = y2 =y3 =0.

A special case of the problem (3.17) is the problem of the exponential
convergence of the motions of the system (3.17) to the surface of a stationary
sphere (see Corless and Leitmann [1996]).

Construct the function V(z) = 2T Pz, where

L 0 O
P=10 I, 0
0 0 I3

It is known that
Inlz|* < &¥ Pa < In|z?

at all @ € R3, where Ip; = max{Iy, Is, I3}, I, = min{ly, I5, I3}.

Let g be the index of the exponential convergence of motions of the system
(3.17). Select v > qIn; and calculate the constants 7 and e according to the
results obtained by Corless and Leitmann [1996]:

F=11-p"",
0<e<e*=(1-p)>2L,(3plia)~t.

Recall the notation of the function

lyll=y at yll > 1.



68 Uncertain Dynamical Systems: Stability and Motion Control
According to the results of Corless and Leitmann [1996], the controls
ui(z) = —psat (e 'w;) — (1 — p)sat (Yai), i=1,2,3, (3.24)

guarantee the exponential convergence of the motions of the system (3.17) to
the surface of the sphere of radius

e = <3ﬁ)% (3.25)

aIM

for all initial values z;(0), ¢ = 1,2, 3 located in the sphere of radius
r* = (1 - p) I} . (3.26)

Tt is not difficult to show that the sphere of radius (3.25) is inscribed into
the moving ellipsoid (3.21), while the sphere of radius (3.26) is circumscribed
around it.

Thus, the controls (3.23) and (3.24) solve the problem of the stabilization
of the motion of a rigid body under the condition of an uncertain value of
resistance of the environment in the two cases: the convergence of the motions
to the moving ellipsoid (3.21) and their convergence to the stationary surface
of a sphere of radius (3.25).

3.5 Stability of an Uncertain Linear System with
Neuron Control

Consider the linear approximation of the controlled uncertain system

d

d_:‘ = f('r’ u7 a)7
where x € R*, ue R™, f € C(R" x R™ xS, R") and f(0,0,a) =0 at any
a € S, in the form

d
d—f = (Ao + al)x + Bu. (3.27)

Here Ag € R™*™, B € R™™ ™ are constant nominal matrices, A € R"*" is a
matrix of uncertainties, and o € S: |a] < p € Ry, p > 0 is a constant.

Tt is assumed that the pair (Ap, B) is controlled.

Let W; and Wy be some weight matrices characterizing respectively the
closed and the output layers of the continual neuron net.

The control vector-function wu(t) is chosen in the form

u(t) = WaF(Wiz(t)) = WaF(h), (3.28)
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where F'(h) is a vector-function describing the continuous activation of neu-
rons, with the components f;(h;), i = 1,2,...,n. In the theory of neuron nets,
functions of the form

(1) fi(hi) =1/(1+ exp(—hi));
(2) fi(hi) = tanh(h;);
(3) fi(h;) = arctg(h;) and other functions are applied .

Further in this section, components of the vector-function F'(h) are functions
of the form (2).

We now determine the conditions for the stability of the zero solution of
the uncertain system (3.27) with the neuron control (3.28). At first, we prove
the following statement.

Lemma 3.1 Let the constant (n x n)-matrix A and the positive-definite sym-
metrical (n X n)-matric P be given. Then in R™ the matriz inequality

ATP+PA<ATPA+ P (3.29)
holds true.

Proof Denote M = ATPA+ P — ATP — PA and consider the quadratic form
xTMz at any (x #0) € R". Since the relation

2T[A"PA+ P~ ATP — PAJz = ||P/? Az — P'?z|> > 0,

holds true, then T Mz >0 at all (x # 0) € R™. Hence follows the inequality
(3.29).

Theorem 3.3 Assume that for the uncertain system (3.27) there ewist
positive-definite symmetrical matrices P € R™™™ and @ € R™", a matrix
S € R™*P and a constant 0 < 3 < 1 such that

(Ag + BBWoW1)T P + P(Ag + BBW2 W)
= —Q—SST — u(ATPA+ P), (3.30)
PBW, = W — /28I,

where I is a unit matriz of dimension p X p.

Then the neuron control (3.28) ensures the stability of the equilibrium state
x =0 of the system (3.27).

Proof Let for the nominal system corresponding to (3.27) a quadratic form
V(z) = TPz be constructed with the matrix P satisfying the conditions
indicated in the Theorem 3.3. Having calculated the full derivative of this
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function along the solutions of the system (3.27) with the control (3.28), we
obtain
DV ()| = [(Ao + aA)z + BWo F(Wyz)]" Px
+ 2T P[(Ag + aA)x + BWoF(Wyz)]
= [(Ag + BBWoW; + aA)x + BWoF(h)|* Px
+ 2T P[(Ao + BBWoW, + aA)xz + BW,F(h))],

(3.27)

(3.31)

where h = Wiz and F(h) = F(h) — (h.
Denote A = Ag+BBW,W; and, taking into account the matrix inequality
from the lemma 3.1, transform the expression (3.31) to the form

DV = [(A+ aA)z + BWoF(h)]" Pz
+ 2T P[(A + aA)x + BW,F(h)]
= 2T (A + aA) TPz + FT (W)W BT Px
+2TP(A+ aA)z + 2T PBTW, F(h)
= 2T(AYP + PA)z + oz (ATP 4+ PA)x + 22T PBW,F(h)
tT(ATP + PA)z + axz™ (AT P + P)x 4 22T PBW,F(h)
< 2T (ATP + PA)x + u(ATP 4 P)x + 22T PBW,F(h).

(@) .7

Hence, taking into account the conditions (3.30), we obtain the estimate
DV (2)] 5 47) < —2"Qz — 2755 2 — 20T F(h) — 2v/22" SF(h)

= —2TQu — 7S + VZET(m)||? — [hTF<h> —FTWEM] g )

= —a'Qu — ]z + V2FT (h)|* — 22]& )(hi = fi(ha)).-

Note that the first two summands in the right-hand part of the inequality
(3.32) are not positive. Consider the third summand. The values h; € R and
therefore h; >0 or h; < 0. Let h; >0, then h; — f;(h;) = (h; — tanh(h;)) +
Bh; > 0. Since 0 < 8 < 1, then fi(h;) = tanh(h;) — Bh; > 0 for all 0 < h; <
h*, where h* = minhj, h; is the root of the equations tanh(h;) —3h; =0 at
any i =1,2,...,p. Hence it follows that f;(hs)(hi—fi(hi)) > 0at 0 < h; < hE.

The case h; < 0 is analyzed in a similar way. As a result we obtain

Z fihi)(hi — fi(hi)) <0, if max |hi| = [Whz| < h*.
Thus there exists € > 0 such that

DV (z)| (321 < 0

at all z: ||z|| < e. This condition, together with the condition for the positive
definiteness of the matrix P, is sufficient for the stability by Lyapunov of the
equilibrium state = 0 of the system (3.27).
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3.6 Conditions for Parametric Quadratic Stabilizability

Consider the nonlinear system of differential equations
& =[A+ AA(a)]z + BO(u), (3.33)

where z(t) € R™ is the system status, u(t) € R™ is a control at a time ¢,
a € R!is a vector-parameter. The constant matrices A € R**"™ and B €
R"™™ ™ represent the known part of the system, AA(a) € R"™*™ denotes the
indefinite members and is a continuous matrix-valued function o, ®: R™ —
R™ is a nonlinear continuous function. Assume that at any given initial state
xo = x(to), the fixed value of parameter a € R' and the continuous control
u the system of equations (3.33) has a unique solution z(t; zg, o, u).

The control u is considered to be linear with respect to the state vector
x(t), i.e. u= Kz +r, where K € R™*" is a constant matrix and r € R™ is
a correction function.

With regard to the system (3.33) make the following assumption.

Assumption 3.7 The system of equations (3.33) is such that:
(1) the function ®(u) = (P1(u),...,Pm(u)) is determined and continuous
on some open set I' C R™ together with the partial derivatives @ ,
,7=1,...,m; U]

(2) the point u = 0 belongs to the set I, and

B 0D (u) )
BO)=0 and 5 £
(3) the matrix
c—a4p22W| &
ou u=0

is stable;

(4) for all p from the domain P C R! the following estimate is true:

1
[AAP) <1 < 57—
2le=1
(5) there exists a value of the parameter o*, belonging to the domain P,
such that AA(a*) = 0.

Under the conditions of the Assumption 3.7 the system (3.33) for the values
of parameters o*, r* = 0 has the equilibrium state «* = 0, which is stable.

According to Ohta, Siljak [1] give the definition of the global PQ-stabili-
zability.
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Definition 3.1 The system (3.33) is called globally PQ-stabilizable by the
control u = Kx—+r, if there exists a matrix K € R™*"™ a symmetrical positive-
definite matrix P € R™ ™ and a number § > 0 such that for all («a,r) €
P x RC R'x R™ the following conditions are satisfied:

(1) there exists a unique equilibrium state z°(«,r) of the system

& =[A+ AA(a)lz + B®(Kx +1); (3.34)

(2) the derivative of the quadratic Lyapunov function
V(z,z%(a, 7)) = (x — 2°(a, 7)) " Pz — 2°(a, 7))

along the solutions of the system (3.34) satisfies the inequality

DV(m7xe(a,r))|(3‘34) < =Bz = 2(a,7)|?
for all (z,a,r) € R x P x R.

Taking into account the conditions of the Assumption 3.7, find the domain
Qu x Q, C R' x R™, for all values of parameters, from which the condition
(1) of the Definition 3.1 is satisfied, and determine the sufficient conditions for
the global PQ-stabilizability of the system (3.33) with respect to the found
domain by the control v = Kx + r, i.e., the conditions under which the
condition (2) of the Definition 3.1 is satisfied.

Let r = (r1,...,7rs), where r;, ¢ = 1,... s, are some subvectors of the
vector 7 with dimensions n; respectively. The domain

I = {(m,a,r) | 2l <a, Q=P Q4 =]]2.,
i=1
Qri: ||T2|| < bia 1= 17"'a8}
such that for all (a,r) from Q, x Q, there exists z¢(a,r) — the unique
equilibrium state of the system (3.34), which belongs to €2, can be determined
by using the approach indicated in Appendix.

The equation
[A+ AA(a)]z + BO(Kxz +r) =0, (3.35)

from which the desired equilibrium state is determined, appears in the form
r=C"Cx —[A+ AA(a)]lr — BO(Kx +7))
and considers the iterative process
Tpy1 = C H(Cxy — [A+ AA(a)|z, — BO(Kxzy +7)). (3.36)

Applying the theorem of convergence of the general iterative process in pseu-
dometric space (see Collatz [1]) to (3.36), we ascertain that the equation (3.35)
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has a unique solution if the iterative process (3.36) converges. For this it is
sufficient that the following conditions be satisfied:

0P (u) 0D (u) 1

B — < -

e el I I [ e
where Q, = {u: |Ui]| <¢y i=1,...,s8}, U;, i =1,...,s, are subvectors of
the vector u, and

a
e < si==rra7 - (3.37)
2lC-1 1B
Since
Koytootni 1 +1
U=|.............. T+ rg,

Kn1+---+ni

where Kj is the j-th row of the matrix K, i =1,...,s, j =1,...,m, using
the inequalities

n1+ +nio1+1
n1+ +n;

and the estimate (3.37), we can estimate the boundary of the domain II. Note
the spectral norm of the matrix.

Let for the equation (3.35) the domain IT be determined. The following
statements should be proved.

Theorem 3.4 Let the vector-function ®(u) in the system (3.33) satisfy the
imequality

d®(u)
 du

H 4o (u)
du

1 Amin(cz) _
NE] ||K||( 27 ”)' (3.38)

u u=0

For all w € R™, where Apin(Q) is the minimum eigenvalue of the matriz Q,
Q is an arbitrary symmetrical positive-definite matriz of dimensions n X n,
P is a symmetrical positive-definite matriz which is a solution of the matrix
Lyapunov equation

CTpP+PC=-Q. (3.39)

Then the system (3.33) is globally PQ-stabilizable by the control w = Kz +r.
Remark 3.1 The domain of change of the parameters of the system (3.33)

is the domain 2, x €,., where €, is determined by the method indicated in
Appendix for the equation (3.35), and

_ )\min(Q)
Qa = {OZ € RZH|AA(OZ)|| < n < W}
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1
Since, according to the condition (4) of the Assumption 3.7, n < W,
such a domain can be determined.

Proof Let the function ®(u) satisfy the inequality (3.38). Determine the do-
main §, x €, for each value of parameter, from which the equation (3.35)
has a unique solution, and the domain {2, to which it belongs. With respect
to the domain of change of parameters of the system 2, x €0, the condition
(1) of the Definition 3.1 is satisfied. By the change of variables

z=x—x%a,r)

we reduce the system (3.33) to the form

d
d—‘z = [A+ AA(Q)](z + 2°(, 7)) + BO(Kz + Kz(,7) +7).  (3.40)
and show that the derivative of the quadratic function
V(z) = 2TPz, (3.41)

where P is determined from the equation (3.39), along the solutions of the
system (3.40) is negative for the values (a,r) € Q, x Q, at all z € R™.
In other words, (3.41) is a Lyapunov function which allows determining the
global asymptotic stability of the zero equilibrium state of the system (3.40),
i.e., the equilibrium state z¢(a, ) of the system (3.33). Calculate

dl;_(z) = 2TP([A+ AA(Q)](z + 2°(a, 1))
t 1 (3.40)
+ B®(Kz+ Kaf(a,7) + 1)) + ([A + AA()](z + 2°(e, 7))
+ BO(Kz+ Kx(a, 1) + r))TPz
0P (u)

=Tp <[A + AA(a)]+ B

K)z

ou

+ 27T <[A + AA(Q)] + Baq(;_iu) ~K)T Pz

=2T(CTP + PC)z '

42T (AA(a) +B (acgi“) - acgi“) ) K)T Pz
a =0

+2Tp (AA(a) +B (agi“) - 8‘22“) u_()) K) -,

where @ is some point of the space R™. Hence obtain the estimate

DO < (= rwmi@+ 2070
dt |5 .40
0 0
LI I I D) [ERE IR
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Taking into account the inequality (3.38), find
afa) <0

for all @ € R™. Thus, the condition (2) of the Definition 3.1 is satisfied, and
the system (3.33) is globally PQ-stabilizable by the control v = Kx + r.
The Theorem 3.4 is proved.

Theorem 3.5 Let the function ®(u) in the system (3.33) satisfy the inequal-

1ty

_ 02(u)
ou

H 0% (u)
ou

1 Amin(cg) _
— Bl <4||P|| ICIIC] n) (3.42)

for all w € R™. Then the system (3.33) is globally PQ-stabilizable by the
control uw = Kx +r, the domain of change of parameters of the system (3.33)
is the domain P x Q,, Q. = {r € R™: ||r|| < b}, where b is an arbitrarily
large predetermined positive number,

u u=0

Amin(Q) }
P= R IAA .
{0‘ € lAd@l <n < FrErieTieT

Proof Let the function ®(u) satisfy the inequality (3.42), and b be an arbitrary
positive number. Since |C||||C~!|| > 1, then

1 Amin(Q) _ )< 1 (Amin(Q) _ )
IBIIK]] (4||P|| ienie= ") = iBrEy \aep

1 )\min(Q) o >
= T3] ||K||( op "

and the condition (6) of the Theorem 3.5 is satisfied. Then under the condition
(3.42) the system (3.33) is globally PQ-stabilizable by the control u = Kx+r.

Show that the domain of change of the system parameters is the domain
P x Q,. Let

I={(z,a,7) | Qz: ||z|| <a, Qu=P, Q.: |r]| <b},

where

2)lC b ( Amin (Q) > . Hd@(u)
‘= —n)+21C7Y 1B | ==
& \apepenie ) e B,

u=0

According to the method used for the estimation of the domain II, at all
(a, 1) € Q4 X ;. the condition for the existence of the unique solution of the
equation (3.35), belonging to ), is the correctness of the inequalities

0P(u)
 u

_ 0P (u)
1
o= (n-+ 1115 |25

) < % (3.43)

u u=0
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for all u € Qy, Q, ={u e R™: |Jul]| <c}, and

[ (r)]| < (3.44)

_
2(|lC=HHIB
for all r € Q,. Having estimated the value ¢ using the inequality (3.43), from
the inequalities (3.44) and

IK|la+b<c (3.45)

we can estimate the domain II. However, under the condition (3.42) the in-
equality (3.43) is true at all w € R™, i.e., with an arbitrarily large c. So the
chosen values a and b satisfy the inequality (3.45) and can be applied for the
estimation of the domain II. The inequality (3.45) is satisfied for all r € £,

0P (u) 0P (u)
= _— < _—
T O I i
|| 0®(u) ~0%(u) 0P (u b
B ou u=r ou u=0 ou u=0
< 0D (u) ~02(u) n 0D (u) b
ou u=r u u=0 ou u=0
< —n)+ b
1B K]l <4I|P|| Iicie-H Ou |,
_ 1 (2||0_1||b ( Amin(@) 77)
2lC=HHIBIN K \4lPHICh e
_ 0P (u) a
Lole B H ) S —

Therefore the condition (3.44) is satisfied for all r € Q,, and for all (a,r) €
Q. x Q, there exists a unique solution of the equation

[A+ AA(a)]z + B®(Kz+ 1) =0,

belonging to €2,. That is, the domain of change of the system parameters is
P x Q,.
The Theorem 3.5 is proved.

Example 3.1 Let an airplane have a bicycle scheme of the landing gear with
the controlled forewheel (see Letov [1964], Neimark and Fufaev [1967]).

Let © denote the angle of deflection of the longitudinal plane of the airplane
from the vertical, ¥ denote the angle of rotation of the forewheel with respect
to the line connecting the points M; and Ms, where M7 and My are the points
of contact of the wheels with the plane of rolling motion.

Then assume that the plane of rolling motion is absolutely coarse and the
equation of the motion of the airplane with respect to the line M M> has the

form o )
5 mI =GV (W VI e
e = oy © (Cd\IJ+Cd\I/ LO. (3.46)
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If the mass of the airplane is m = 1000 kg, the velocity is V =5 m/s,
the distance from the centre of gravity G of the airplane to the line MM,
d = 1 m, the distance of the projection of the point G onto the line M; M,
from the point M; of contact of the rear wheel b = 5 m, the distance between
the points M; and My ¢ = 10 m, the coefficient responsible for the bearing
strength, Cj = 100, and the coefficient meeting the damping moment, L =
0.1, then the equation (3.46) takes the form

© =730 — 250 4 2.5¥ — 0.10. (3.47)

Let the forewheel be automatically controlled by the actuating motor, the
equations of its motions being as follows:

U = wo + f(o),
.1 (3.48)
oc=a0 + FO — 7\11

Here w = kV > 0 (k = const), a > 0, E > 0, | > 0 are parameters of the
control system. Choose k = 1. Performing the change of variables © = 7,
© =12, ¥ = n3, reduce the equations (3.47), (3.48) to the form

7;}1 =12,
772 = 737’}1 - 126772 - 25773 - 25f((')')7
13 = 5m2 + f(0),

1
o=an + Eny — 778

or in the matrix form

) = An + Bf(o),
0= An+ Bf(o) (3.49)
o= Kn,
where n= (,’717/’72’ 773)T7
0 1 0 0 .
A= |73 -126 -25|, B=|-25|, K= (a E ——) .
0 5 0 1 l

Assuming that in the system (3.49) there are some uncertainties due both
to the system parameters and to the control, the system (3.49) can be repre-
sented in the form

i =[A+AA(@)]n + Bf (o),

(3.50)
oc=Kn+r,

where AA(a) € R¥*3, r € R'. The essence of the problem is to choose the
parameters of the control system a, F, [, with the given function f(o), so that
the control 0 = Kn + r, where K = (a E —%) , would ensure the global
PQ-stabilizability of the system (3.50), and also to obtain the estimates of
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the domain of values of the parameters o and 7, at which the stability of the
system (3.50) will remain.

Let f(o) = —o0+ 200 sino. According to the conditions for the function
f(o) obtain f(0) =0 and f/(0) =1 # 0. For the stable matrix
0 1 0
C=[-12.7 -12.85 —-2.25
8 5.1 —0.1

According to the equation from the condition (3) of the Assumption 3.7,
calculate the matrix K = (8 0.1 —0.1) , i.e., the parameters of the control
system a =8, E = 0.1, [ = 10. For the matrix

0
Q= 0
1

o O =
o = O

the matrix P has the form

2.776 0.446 0.646
P =10446 0.154 0.202
0.646 0.202 0.454

Let the domain €, be such that for all a from €2, the following estimate
would hold true:

JAA@)]] < = < min (Amm@) 1 )

20 2P| 2le (3.51)
= min(0.165, 0.208) = 0.165.
Applying the approach from the Appendix, calculate the domain
I={(z,a,7r)]: ||z 0362, a€Qq, |r] <0.03}. (3.52)

According to the Theorem 3.5, the sufficient condition for the global PQ-
stabiliziability of the system (3.50) by the control ¢ = Kn+r is satisfied. The
estimates of uncertainties (3.51), (3.52) secure the stability of the considered
system.



Chapter 4

Stability of Quasilinear
Uncertain Systems

Quasilinear systems with uncertain values of parameters are typical models of
many events and processes in technical applications. In this chapter we will
analyze the problem of the stability of solutions of a quasilinear uncertain sys-
tem consisting of two subsystems. It is assumed that the linear approximation
of each of the subsystems is reducible to the diagonal form or to the Jordan
form. The conditions for the stability of solutions with respect to a moving
invariant set are determined on the basis of the results of Chapter 2 in such a
form that for their actual verification, the sign-definiteness of special matrices
is analyzed.

Along with the matrix-valued Lyapunov function, the vector Lyapunov
function is also used in this chapter as a particular case of the matrix-valued
function. Several results are illustrated by specific examples.

4.1 Uncertain Quasilinear System and
Its Transformation

Consider a perturbed motion described by the quasilinear equations

= _ Pz +Q(z,w, ),
dcg (4.1)
i Hw+ G(z,w, a).

Here z € R", w € R™, a € S C R% is the uncertainness parameter of
the system (4.1), P, H are constant matrices of the respective dimensions,
Q: R" X R™ x R* - R" and G: R® x R™ x R* — R™ have as their
components power series of integer positive powers of z and w, beginning
from terms of not lower than the second order and converging absolutely in
the product of the arbitrarily large open connected neighbourhoods A, and

N, of the states z = 0 and w = 0 at any values of the uncertainness
parameter o € S C RY.
Using the linear nonsingular transformations z = T2 and w = Ry

79
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(det T # 0, det R # 0) reduce the linear part of the system (4.1) to the

diagonal form

d
o = At fi(e.y.0),
t (4.2)

d
d_?z = By+f2('ray7a)7

where x € R™ y € R™, A = diag{\1,...,\n}, B = diag{f1,...,0m},
fl(xu Y, O[) = Q(TZ7 Rwa Oé), f2(£[:7 Y, Oé) = G(T'Zv va O[).
For the components x5 and y of the vectors x and y consider the variables

s =15 exp(ibs), Ty = 15 exp(—ifs),
Yr = pr exp(ipr), T = pr exp(—ipr),

s=1,2,...,n, k=1,2,...,m,
6s € (0, m), vk € (0, 7).

Hence obtain

3rs = x5 exp(—ibs), rs=7Ts exp(ibs), s=1,2,...,n,
Pk = Yk exp(—ipk), pr =T explivs), k=1,2,...,m,

and therefore

d;ts :%(djts ei95+%ei9°‘>, s=1,2,...,n,
%:%(%e—i%+%ei%), k=1,2,...,m.
Taking into account the systems of equations (4.2), obtain
ddrts =Re \s7s + % (f1567i95 + 71861‘95) , s=1,2,...,n, w3
%:Re gkp,mu%(f%e*wur?%ewk), k=1,2,...,m. .

In the systems (4.3) the equations corresponding to the complex conjugate
roots will repeat because the respective variables have the same absolute val-
ues. Therefore the number of different equations in the systems (4.3) will be
ny <n and my < m, respectively.

Remark 4.1 If in the system (4.2) the functions f; and fo are represented
in the form

fl(xa%a) = ff(1'7y,0) +Af1('va)v
f2($,y701) = f;‘(%y,O) + Af2('7a)v

where Afl - fl(xvyaa)_fl*(x7ya0)7 Af? - fQ(xay7a)_f§('T7yaO)7 aeS g
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R?, then the system (4.3) is transformed to the following one:

drs 1 0. 1 , -
2= Re At + 5 (Flae T + Tre® ) + 5 (B free™% + AT ),

d 1 , — 1 _ _
% = Re [ Pk + 5 (f;ke—ztpk 4 kae’LSPk) + §<Af2ke—ztpk +Af2k6“'9k).

In this system the impact of the uncertainties o € S C R? is “concentrated”
in the last summands of the right-hand parts of the equations. Sometimes such
a transformation of the system can facilitate the estimation of the impact of
the “uncertainness” upon the dynamics of the system (4.1).

For the system (4.3) we will consider the moving set A*(5) determined by
the formula

A%(x) = {re R", pe R™: [Ir| +|lpll = »(a)}.

Here it is assumed that s¢(a) > 0 and, in addition, »(«) — 3¢ (31 = const >
0) at |laf| = 0 and s(a) — o0 at ||a|| — .

4.2 Application of the Canonical
Matrix-Valued Function

We will analyze the system (4.3), using the matrix-valued function

U(r,p) = ( ui(r) - un(r, p)> : (4.4)

uz1(r,p)  u22(p)

whose elements u;;(-), i, j = 1,2, are determined by the variables r and p of
the system (4.3):

ni
2
uu(r)zg vsts, s=1,2,...,n1,
s=1

m1
UQQ(p) :Z/wkpia k= 172,...,77?,17 (45)
k=1
min(ni,m1)
'LL12(7"7 p) = 'LL21(7", P) =7 Z TsPk,
s=k

where vg, 1), are some positive constants and v is an arbitrary constant.
The function (4.4) with the elements (4.5) will be called canonical, taking

into account that its elements are constructed on the basis of the transforma-
tion of the linear approximation of the system (4.2) to the canonical form.
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Denote vy, = min(vy), v,, = max(vs), Ym, = mkin(wk), b, = mkax(wk).
S S
Tt is easy to verify that for the functions (4.5) the following estimates are
true:

U |7]1? < unn(r) < vy, ||7|? at all re R™,
U llpll* < u2(p) < v, l10lI> at all peR™,
=ArlHlpll < wiz(r, p) < Allrlllloll atall (r,p) € R™ x R™.
Now apply the function
V(r,p)=n"U(r,p)n, neRL, n>0, (4.6)
for which the following estimates hold true:
(a)  WTHTAIHv<V(rp) at |Irll+[pll = (),

4.7
(b)  V(r,p) v H " AzHv at 7] +lp]l < s<(c), o

where v = (||r|], [lpll), H = diag(n1,72),

Vm =7 Vi Y
A = A = .
' (—7 wm> b ( Y lﬁM)
To apply the direct Lyapunov’s method generalized in Chapter 2 to the
analysis of solutions of the system (4.3) on the basis of the function (4.6), at

first determine the structure of its full derivative in view of the system (4.3).
For that we introduce some assumptions.

Assumption 4.1 There exist constants uj;, j = 1,2, [ = 1,2, 3,4, such that
at ||r]| + ||lpll > »#(«) the following inequalities are true:

1

(@) D v (frse 4 Fra€®) mo < pullr)? + pazlpll 7]

s=1

my
(b) > vk (fawe ™ + Fore™*) pr < pan || plI* + paallpll 17,
k=1

(© Doy (free™ + 1€ pr < pasllpll 7]l + paallpl?,
s=k
(d) Dy (fare P+ Fope™ ) rg < pzalpl lIrll + pzalir]®.
s=k
Assumption 4.2 There exist constants 1, 7 = 1,2, [ = 1,2,3,4, such that
at ||r]| + ||pll < »(c) the inequalities (a)—(d) from the Assumption 4.1 with
the sign “>” instead of “<” hold true.
Denote a = max(Re \), b = max (Re Bx), @ = min(Re \,), b =
mkin (Re Bx). If all the conditions of the Assumptions 4.1 and 4.2 are satis-

fied, then for the fully derived elements of the matrix-valued function (4.4)
along the solutions of the system (4.3) the following estimates hold true:
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(a) at all ||7]| + ||lp|]| > »#(a), a € S C R?

1 (r) < 2y a+ pan)|lr)]? 4 pazlrll el
G2 (p) < (20,6 + pan) | plI” + paz Il [loll,

. 1 1 1
ina(rop) < pallr P+ [t 0)+ G+ )| I+l

(b) at all ||7]| + ||pl| < #(a), a € S C R?

in1(r) > (2vm@ + TP 1?4 Tyll7ll oIl
t2(p) = (20mb + Tay) |1 pll* + Taall7(| 1 21l,

. 1_ _ o= 1, _ 1_
ina(rop) > Tl P+ @+ B+ G +70) I o+ malo

Lemma 4.1 Let all the conditions of the Assumptions 4.1 and 4.2 be satisfied.
Then for the full derivative of the function (4.6) in view of the system (4.3)
the following estimates hold true:

(a) at ||r|| + ||lpl| > »(a) and at all « € S C R?

dV(r, p)

<ot .
L < v Cu, (4.8)

(4.3)

where v = (el Ipl), C = ( )

Co1  Ca2

C12 = €21,
c11 =07 (2v,,a + pa1) + Mmnapios,
C2 = 15 (20, b+ p21) + Mm72paa,

1 1 1
Cl2 = 5”%#12 + 577§H22 + e {’y(a +b)+ 5(“13 +h23)|

(b) at ||r]| + ||pl| < #(a) and at all o € S C R?

dv(r,p)

o > vT Do, (4.9)

(4.3)

_ f(di1 di2
where D = <d21 d22),

dy2 = da1,
diy = 73 (2Um@ + iy;) + MN2Tlag
das = 15 (200mb + Tia1) + Mmn2Ping,

1., 1. 1,
dia = 517?#12 + 5?73@ + M2 {v(a +0) + 5 (s + Fis)
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The proof is made by the substitution of estimates for the components of the
matrix-valued function into the expression (4.6).

The estimates (4.7) and the inequalities (4.8), (4.9) allow to determine the
sufficient conditions for the uniform asymptotic stability of solutions of the
system (4.1) with respect to the moving invariant set A* ().

Theorem 4.1 Assume that in the system (4.2) the functions f1(z,w,a) and
fo(z,w, @) are continuous on R™ x R™ x R? and

(1) for any o € S C R there exists a function (o) >0 such that the set
A*(3) is not empty at all a« € S C R%;

(2) for the transformed system (4.3) the matriz-valued function (4.4) with
the elements (4.5) is constructed;

(3) all the conditions of the Assumptions 4.1 and 4.2 are satisfied;

(4) in the inequalities (4.7)(a), (b) the matrices A1 and Ay are positive-
definite;

(5) the following conditions are satisfied:

dv(r,p
@ YD o ) > ),
(4.3)
dv(r,p
o) T —o ar i+ ol = e,
(4.3)
dv(r,p
© PO S0 a4 ol < o)
(4.3)

(6) for the functions a(|[rl|+|lp) = /\m(HTTAlH)(IITIL eIl loll) - and
b(lIrll =+ llpll) = Ay (H A2 H)([[7[] o)™ Uil llpll) - the relation

is true at any »(a) > 0.

Then the solutions (z(t,a),y(t,a)) of the system (4.2) are uniformly
asymptotically stable with respect to the invariant moving set A* ().

The proof is similar to that of the Theorem 2.2 and is not given here.
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4.3 Isolated Quasilinear Systems

Let the perturbed motion be described by the system

dz
i Pz+ Q(z, ), (4.10)

where z € R", P is a constant real (n x n)-matrix and Q: R" x § — R",
S C R%
As in Section 4.2, reduce the system (4.10) to the form

dr _ Pz + Q" (z,q). (4.11)
dt
Here z € R", P* = A7'PA = [65p M\ + Os—10ptr), + 8,7 =1,2,...,n, Ais
an (n x n)-matrix of nonsingular transformation z = Az (i.e. det A # 0),
Q* = A71Q(Az,a), A\, — are eigenvalues of the matrix P, yu, are sufficiently
small positive numbers.
Determine the moving set

w0 ={oen Z — o)}, (4.12)

where »(a) — s at ||af] — 0.
The analysis of the behavior of solutions of the system (4.11) with respect
to the set (4.12) will be conducted, using the positive-definite function

V=af =) lad =D re (4.13)
s=1 s=1

Since

drs
dt

1 , 4 1 , _ .
=Re \srs+ 3 ps—1(zs 17 47, 1)+ §(Q:e*’9°‘ +Qre), (4.14)

the estimates for the time derivative of the function V in the domains
ext A*(»r) and int A*(5r) will be as follows:

(a) at ||z|| > x(a), a €S C RY,

dv

it <A+pV+f(V.a), (4.15)
where A = max{Re As}, u > pr, r=1,2,...,n; f(V,) is a polyno-
mial with respect to V, estimating the last summand in the right-hand
part of the expression (4.14), f(0,a) =0 at any «a € S;



86 Uncertain Dynamical Systems: Stability and Motion Control

(b) at ||z|| < »#(a), a € S C R?, obtain

d
> (8 )V (V). (116)
where A* =min{Re A}, p* < p,, r=1,2,...,n.

On the basis of the estimates (4.15) and (4.16) one can formulate the
following statement.

Theorem 4.2 Assume that in the system (4.10) the function Q(z,«) is con-
tinuous on R™ x § and the following conditions are satisfied:

(1) for any o € S C R there exists a function »(a) > 0 at any o € S
such that the set (4.12) is not empty at all o« € S;

(2) there exist functions Wi(z) and Wa(x) such that at all « € S C R?
(@) (A+p)V+[f(V,a)<Wi(z) at [lz]| > »(a),
(b) (A" =p )V = f(V,a) 2 Wa(x), at [lz]| < s(a),
(c) Re Agrs + 5 prs—1(zs—1670 +2_1") + L(Qre " + Q™) =0
at |z]] = »();
(3) the following inequalities are true
(a) Wi(z) <0 at ||z| > (),
(b) Wa(z) >0 at ||z|| < s(a).
Then the motions of the system (4.10) are uniformly asymptotically stable
with respect to the moving set A*().

The proof of this theorem will not be given here as it is the corollary of the
proof of the Theorem 4.1.

Example 4.1 Consider the system of equations of perturbed motion

d
d—f =pz+y—g(z,y, a)z(@® +y?),
(4.17)

dy
= = - T —g(@y,ay@® +y), acs,

where p = const > 0 and g(z,y,a) > 0 is a function characterizing the
“uncertainties” of the system (4.17).
In the system (4.17) perform the change of variables

x = —rcosf, y=rsinf

and reduce it to the form

d de
r 3 _1

E = pr —g(néha)?" ) E -5 (418)
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where
g™ < g(r,0,a) < g™ (4.19)

at all (r,0,a) € Ry x [0,27] x S and g™ < gM are given constants.
Note that the solution r = 0 of the equations of the first approximation

dr
(4.18) is unstable in the Lyapunov sense, since the linear approximation — =

dt
pr has an eigenvalue A = pu > 0.

Along with the system (4.18) consider the function V = r2.
For the derivative dV/dt, in view of the system (4.18),

av

o dr 9
rr —QTE—QT [w—g(r,0,0)r7], a€S.

(4.18)

Hence at any function g(r, 0, ) satisfying the condition (4.19) at all ¢t > 0,
the following inequalities hold true

d

—V <0 at r*> s ,
dt | 415 g9(r,0,a)
av

— =0 at r’= K ,
dt |(4.18) g(r, 0, a)
d

N T
dt | 415 g9(r,0,a)

then the moving set

is uniformly asymptotically stable.
Now consider the motion of the system (4.18) with respect to the domains:

1/2

Sy = {r: 1* <4}, :(LM> 7
g

1/2

Sy ={r: r*>n}, nz(g%) ,

under the limitations (4.19).
Let the motion of the system (4.18) begin outside the ring of radius ¢ +o,

1/2
where rg = (—m> , o is an arbitrarily small constant. Since

av
o =2uV —4g(r,0,a)V?,

(4.18)
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then the estimate of the time interval within which the solutions of the system
(4.18) will reach the moving surface

r2 — H
g(r,0,a)
is obtained from the inequality
[ dc
<) —), 4.20
= / 2uc — 4gmc? (4.20)
P
where ¢ < 5, 5 = 7% and 3 = 1 (ro 4+ 0)%. From the estimate (4.20) it
follows that s o o
;< 1 I (ro+0)* (r*—=rg) .
201 r2 2roo + o2
In a similar way we estimate the time interval sufficient for the solutions
1/2
beginning in the domain r*—o¢ > 0, where r* = (%) , to reach the moving
g
I
surface r? = —— .

Note that the function g(r,0,a), a € S C R? is not assumed to be
continuously differentiable, therefore the equation (4.18) can effectively be
analyzed by the qualitative method, while its direct integration is difficult.

4.4 Quasilinear Systems with
Nonautonomous Uncertainties

Consider the system (4.10) whose uncertainties o = «(t) are time-variable,
and the vector-function ®(z, a(t)) at all a(t) € S can be represented in the
form

D(z,a(t)) = D(2) + R(z, a(t)),

where the components of ®(z) are power-series of z, beginning from the terms
not lower than the second order and converging absolutely in the neighborhood
D(a) C R™ of the equilibrium state z = 0; the vector-function R(z,«(t)) has
the sense of uncertain nonautonomous continuously acting perturbations.
Assume that R(z,a(t)) # 0, t > 0, and for the components R; the es-
timates |R;(z,a(t))| < &;(t) hold at all (z,a) € D(a) x S, where &;(t) €

C(R,Ry+), i =1,2,...,n, are positive bounded functions on any finite inter-
val.
In this case the system (4.10) takes the form
dz
— = Pz+ ®(2) + R(z, a(t)). (4.21)

dt
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Analyze the behavior of the solutions of this system in the neighbourhood of
the state z = 0.

As above, using the transformation = Tz (det T # 0), reduce the system
(4.21) to the diagonal form

dxs
;’"t = Ny + X (21, -y 20) + (@1, ..., 2n, (t)), (4.22)
where X, and Il are components of the vector-functions 7T~ 1®(T~1z) and
T—1R(t, T 'z,a(t)) respectively.
Represent the variables x; in the form
Ts = Ps exp(iHS), Ts = Ps eXP(—ies)7
and obtain
dps 1, . . ~ .
CZ = 5(565 exp(—ifs) + Tsexp(ibs)), s=1,2,...,n. (4.23)

Taking into account the equations (4.22), write the relations (4.23) in the form

dps 1 ) - . 1 , _
Ps _ asps + —(Xse_zes + Xsems) + —(Hse_ws + Hsems), (4.24)
dt 2 2
where as =Re A;, s =1,2,...,n.

For the derivative of the function

n’ n’
/
V:Z‘xs‘zzpsv n’ < n,
s=1 s=1

along the solutions of the system (4.24) one can easily obtain the expression

= Zasps + % Z (Xoe 0 4 X et + Z e=i0 1 T, ei)
s=1 s=1 =1

and the estimate

N =

av
E<aV+ﬁV2+H() te Ry, (4.25)

’
n

in the domain D(a) C R™. Here o = maxag and = > s, 05 are some
S s=1
'I’L n
positive constants, II(t) = Z Z [tsi| Gi(¢).
s=11=1
To the inequality (4.25) the following comparison equation corresponds

du

prialel + Bu? +T0(t), u(te) =uo >0, (4.26)
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which is not integrable in quadratures.
By an appropriate choice of the constants b > 0, ¢ > 0 we can secure

au+ fu? —ble™ —1)<0 (4.27)

in the domain D(a*) C D(a).
Then, taking into account (4.27), determine the solution of the comparison
equation (4.26) by the solution of the equation

dw

i ble™ — 1) +1I(t), w(to) =wo > 0. (4.28)

This equation has a solution of the form

w(t) =u(t) + éln{ exp(cwp) + bc/exp[—c¢(s)] ds },

0

t
where ¢(t) = [II(s)ds — bt at all t € R.
0

From the inequalities (4.25) and (4.27) it follows that at the initial values
to =0 and wp < V) the estimate V(z(t)) < w(t) holds true in the domain
D(a*) at all ¢t > 0.

Hence the unperturbed motion of the uncertain system (4.21) has a certain
type of stability in the domain D(a*), if at |Vy| < §, 6 = §(a™) the inequality
holds true:

Cc

»(t) + 1ln{exp(cwo) + bc/exp[—cw(s)] ds} < a, (4.29)
0

where a* = min{a, —g—g} and a is a predefined quantity determining the open
domain D(a) C R".

Now analyze the dynamic behavior of solutions of the system (4.21) under
some concrete assumptions.

Case A. Assume that in the system (4.21) the vector-function
R(z,a(t)) = 0 at all ¢ > 0. In this case the function II(¢) = 0 and the
condition (4.29) take the form

1
—bt + p In{exp(cwp) + exp(cbt) — 1} < a*.

Hence any solution of the system (4.21) with initial conditions from the domain
wo < Vp asymptotically approximates the equilibrium state z = 0 with the
estimate V(z(t)) < w(t,wp), where

1
w(t,wp) = - In{exp[c(wo — bt)] — exp(—cbt) + 1}— 0 at t— +ooc.



Stability of Quasilinear Uncertain Systems 91

In fact this case corresponds to the absence of uncertainties in the system
(4.21).

Case B. Let the uncertainties be “small” in the system (4.21), and the
estimating function II(¢) be bound by some constant g > 0. If TI(¢) < g at
all ¢ > 0, then from the estimate (4.29) obtain

exp[—c(b — g)t] [exp(cwo) — b/ (b — g)] < exp(ca™) —b/(b— g). (4.30)
Let the uncertainties «(t) € S be such that
exp(ca®) —b/(b—g) > 0.

Then the inequality
9 < b[l — exp(—ca”)]

’

n

is the estimate of uncertainties in the domain v = ) 22| < wp, under which
s=1

the inequality (4.30) holds true at all ¢ > 0.

Thus, if the uncertainties «(t) € S in the system (4.21) are such that

() = > > [tal [Ri(z, a(t)] < g

s=1i=1

at all ¢ > 0, then any solution z(t, zg), remaining in the domain v < a*, at all
t > 0 will asymptotically approximate the equilibrium state z = 0 according
to the estimate v(t,vg) < w(t,wp), where

w(t,wo) = % In{exp[—c(a — g)t](exp(cwo) — b/(b—g)) +b/(b—g)}

and tlim w(t,wo) = L In(b/(b— g)).

Case C. Let the motion of the system (4.21) begin from the zero state, i.e.,
at to = 0 the initial values z(tp) = 0 and wp = 0 for the comparison equa-
tion (4.28). The solution of the system (4.21) is estimated by the inequality
v(z(t)) <w(t) at all t > 0, where

w(t) =P(t) + lln{l + bc/exp[—c¢(s)] ds}.

c
0

In the system (4.21) such uncertainties «(t) € S, are admissible that w(t) <
a® at all t > 0, where a* < a*.
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4.5 Synchronizing of Motions in Uncertain
Quasilinear Systems

The problem of synchronizing of motions of uncertain systems is connected
with the requirements for engineering applications in such areas as safe infor-
mation transfer, the modeling of neuron nets, the description of processes in
laser dynamics, etc.

In the general context of the qualitative analysis of solutions of uncertain
systems, in this paragraph the direct Lyapunov’s method based on the simplest
auxiliary function is applied to the above mentioned problem.

Consider two uncertain systems of the form

d
= = (A+ D)+ f(t,2) + (D), (4.31)
where x € R™, A is an (n x n)-constant matrix, AA;(t) is an (n X n)-matrix
of uncertainties, satisfying the condition ||[AA;(¢)]] < 01, 61 —const > 0, 71(¢)
is an external perturbation with the estimate ||r1(¢)|] < di, d1 = const > 0
at all t >ty and
dx _ _ _
— =(A+AA)T+ f(t,T) +r2(t) + BO—y) +o,

dt (4.32)

y=Kzx, 7y=K=2.

Here T € R, AAs(t) is an (n X n)-matrix of uncertainties with the estimate
|AAs(t)]] < 2, d1 = const > 0, ro(t) is an external perturbation with the
estimate ||ra(t)|| < da2, da = const > 0 at all t > tg, K € RY*™ is the vector
coefficient of the strengthening of feedback, B € R™*! the control vector such
that the pair (A, B) is controlled, o € R™*! is a nonlinear input vector.

Assumption 4.3 The reference (master) (4.31) and the operative (slave)
(4.32) systems are such that:

(1) the vector-function f(¢,x) is continuous in the domain Ry x D, D C
R", and satisfies the Lipshitz condition

1f(t2) = £, 9|l < Lllz - yl|,
at all (z,y) € D with the constant L > 0;
(2) there exist positive constants d3 and d such that

(a) |[AA;(t) — AAs(t)]| < 03 at any AA(t) €S, i=1,2,
(b) |Ir1(t) —r2(t)]] < d at all t > to.
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Now let e =7 —x, e € R™ denote the mismatch between the state vectors
of the systems (4.31), and upon simple transformations obtain

9 (At BK)e+ f(t7) — f(t.2) +

dt (4.33)
+ra(t) —r1(t) + AAx(£)T — AAL(t)x + o(e).

Set limitations for the vectors K, B and the nonlinear input o, under which
the solutions of the operative system (4.32) asymptotically approximate the
solutions of the reference system (4.31), i.e., there occurs synchronization of
motions in the sense of the limit relation

thm ||6(t,t0,60)|| =0 at (to,(io) € int (R+ X D)
Now we will need the following Cauchy inequality with e.

Lemma 4.2 (Ladyzhenskaya [1973]) Let x and y be vectors whose dimensions
are matched with those of the matrices P and Q(t), ||Q(®)|| <r, r = const >
0, at all t > to. Then for the bilinear form 2xT PTQ(t)y the following estimate
holds true

2
20T PTQ(t)y < ex" PT Pz + %yTy,

where € > 0 is an arbitrary constant.

Proof From

i

(wsz - %Q(t)y)T(ﬁpx -

NG

the required estimate follows:

Q(t)y> >0,

PTQU)y + " QT () Pr < ca” PTPr + 1y QT (HQNy

2
<ex'PTPz+ r—yTy.
€

We now show that the following statement is true.
Theorem 4.3 Let the system (4.32) be such that:
(1) the pair (A, B) is controllable;

(2) all the conditions of the Assumption 4.3 are satisfied;
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(3) there exist positive constants €;, i =1,2,3,4, and 1> 0 such that

4
P(A+BK) + (A+BEK)"P+> " &;P? + (7103 + e5 ' L) + 29P < 0,
=1
(4.34)

1 132
ole) = —(e ‘53;' ”|”|2+€4 &) p1e, (4.35)

where P is a positive-definite symmetrical matriz, and I is a unit matriz.

Then the solution e(t,to,x0) of the system (4.33) exponentially decreases,
and the motions of the pair of systems (4.31) and (4.32) are exponentially
synchronized.

Proof For the matrix P satisfying the inequality (4.34) consider the quadratic
form V(e) = eT Pe and calculate its full derivative in view of the system (4.33)
av _ -
= = ((A+ BK)e+ f(t,T) — f(t,x) +r2(t) — r1(t)+ AAs ()T
(4.33)
— AA(t)x +0)" Pe+e"P((A+ BK)e + f(1,T) — f(t,z)
+ra(t) — r1(t) + AA ()T — AAy (t)z + o)
=e"(P(A+ BK)+ (A+ BK)"P)+AA; P + PAAs(t)e
+2(f(t,T) — f(t,x))" Pe + 2T Po
+2eTP(AAy(t) — AAL (1) + 2eTP(ro(t) — r1(2)).
(4.36)
Then, applying the estimate from the Lemma 4.2, for the summands of the
right-hand part of the relation (4.36) obtain
2eTPAAs(t)e < e1eTPPe + e 03¢ e,
2eTP(AAy(t) — Ay (t)x < egeT P?e + 51022
2(f(t, %) — f(t,2))"Pe < e3eT P?e + e5 ' L%eTe,
2eTP(ra(t) — r1(t)) < eqe™P?e 4, d>.

(4.37)

Taking into account the inequalities (4.37), obtain the estimate of the full
derivative of the function V(e):

4
av
o <e"(P(A+BK)+(A+BK)"P+) &P’
(4.33) i=1

+ (e7'05 +e5 ' L) )e < —2neT Pe = —2nV (e) < 0.

Hence
V(e(t)) < V(eo) exp(=2n(t —to)), t = to.
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W’ (P)

7 ¢ the estimate
N (P)

Thus, for any € > 0 and d(e) =

le(t,to, eo)l| < e exp(—n(t — to)), ¢ > to, (4.38)

is true if ||eo|| < d(e).
The estimate (4.38) proves the statement of the Theorem 4.3.

Remark 4.2  From the expression (4.35) it follows that o(e) — oo at
e(t,to,e0) — oo. However, if for the error e(t) some lower boundary f is
taken, then the expression o(e) can be substituted by o*(t):

(ot at [le]| = 8.
o (t) = —(5515§me+5Z1d2)

5,2 P~le at|le] < B

The Theorem 4.3 implies the following statement.

Corollary 4.1 Let for the system (4.33) the conditions of the 4.3 be satisfied,
and

(1) the pair (A, B) be controllable;

(2) there exist positive constants e;, i =1,2,3,4, and matrices X >0 and
W of the respective dimensions, such that

4
AX + XAT+ BWT+WBT + 20X + Y ;1 65X LX

=1
52 X et 0 |0

LX 0 —63]

Then the solution e(t,to,eo) of the system (4.33) with the feedback K =
WTX~1 and the nonlinear input o*(e) exponentially decrease and the mo-
tions of the pair of the systems (4.31) and (4.32) are exponentially synchro-
nized.

Example 4.2 Consider the uncertain Lorenz system (see Lorenz [1963])

dr (y1 — x1)
> _
i 1Y 1)
d
—;/tl = "% — 121 — Y1, (4.39)
le
= r1y1 — b121,

dt
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where the parameters o1, r1, by take on values from some compact sets. Along
with the system (4.39), consider the system

@_O—( — )

dt = 02(Y2 2)s

d

% =roxe — 2121 — Y2 + u(z2 — 1), (4.40)
%—x —byz

dt = T1Y2 222,

where o3, 9 and bs are the uncertainties parameters of the system.

Let 6 =09 —01, T =12 —1r1 and b= bo — by be the uncertainties in the
determination of parameters of the Lorenz system, and e; = 2o — z1 and let
e = Y2 — Y1, €3 = zo — 21 be the mismatch between the state vectors of the
systems (4.39) and (4.40). It is not difficult to obtain the system

d
% =oa(e2 —e1) +a(y1 — x1),
d
% =r9e; +7r] — T1€3 — €2 + uey, (4.41)
d ~
% = T1€1 — b2€3 — bZl.
Let the system
o _ —(y1 —x1)e
ar 1 1)€1,
P
d—: = —z1e3, (4.42)
d—é = z1€e
o Aes

describe the variation of fluctuations in the values of parameters of the systems
(4.39) and (4.40). Along with the system (4.41) consider the function V(e) =

—(e?+e2+e2 462+ 72 +b?) and its full derivative, taking into account the

equations (4.42), in the form

av _ 2 _ 2 3.2
= —o9e] + 02e2e1 +Toe1eg — €5 + uejes — boes.
dt | (441
If the control parameter w is chosen in the form w = —(o9 + r2), then
av
— = —09e] — €3 — byes. (4.43)
dt {441y

The function V(e) is positive-definite, while the function (4.43) at g2 > 0
and by > 0 is negative-definite. Therefore lim ||e(t,?o,e0)|| = 0 at ¢ — oo
and motions of the systems (4.39) and (4.40) are asymptotically synchronized
under the above mentioned conditions.
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Example 4.3 Consider an uncertain system of the form (see Chen [1996],
Ming-Chung, Ho et al. [2007])

dx

E - a(y - 'T)7

(L% =(c—a)r —zz+ cy, (4.44)
dz

pria bz,

where ¢ >0, b>0, ¢>0 and ¢ < a < 2c.
Then for the system (4.44) consider two systems: the reference system

dxl ( )
— =a — 1),
i 141 1
d
% = (c1 —a1)r1 — 2121 + 1y, (4.45)
le b
— =x1y1 — b121,
dt 191 121
where the parameters a1, b1, ¢1 are uncertain, and the operative system
2 — sl — 22)
— =a — T2),
dt 2(Y2 2
dya 4.46
i = (c2 — ag)w2 — 122 + oy + u(y2 — Y1), (4.46)
dZQ b
— =21Y2 — bazy,
dt 1Y2 222

where the parameters as, b, co also are uncertain, and the control u € R.
Denote a =as — a1, b=0by — by, c=cy —c1; €1 = X2 — 1, €2 = Y2 — Y1,
es = zo — 21 and, using simple calculation, obtain the system

d

% = ag(ez —e1) + a(yr — x1),

d . ~

% = (c2 —az)er + (¢ — a)x1 — x1e3 + caex + Cy1 + uea, (4.47)
d -

% = T1€9 — b263 — bZl.

The system of equations describing the parameter variation in the systems
(4.45) and (4.46) has the form

da _ xier — (y1 — x1)e
at 1€1 W 1)€1,
db
E = Z1€s3, (448)
dc
= —ea(x1 +y1).

dt
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1 .
For the function V(e) = 3 (€2 +e3+ €% +a%+ b2+ ¢?), taking into account
the equations (4.48),

av

s = —(126% + coereg + (co + u)eg — b2e§.

(4.47)

2
4

If we choose u = —%—l@(k > 0), then —aze?+caerea+(catu)ed <0

and therefore dV/dt|(4.47) < 0. Since V(e) > 0, lim|e(t, tg,e0)|]] = 0 at

t — oo and the motions of the systems (4.45) and (4.46) are asymptotically
synchronized.



Chapter 5

Stability of Large-Scale
Uncertain Systems

Different engineering systems with branched and flexible structures, such as
aerospace systems, power networks, economic and ecological systems, are de-
scribed by systems of equations of large dimensions, whose parameters are de-
fined uncertainly. The presence of “uncertainties” in the mathematical model
of a system of such kind essentially complicates the analysis of the stability
of its operation.

In this chapter we will discuss some approaches to the solution of the above
mentioned problem. They are based on the results of Chapter 2 and use the
ideas of hierarchical and vector Lyapunov functions.

5.1 Description of a Large-Scale System

Assume that the system (2.1) has all criteria of a large-scale system, among
which there is the high dimension of the system of equations of perturbed
motion and the presence of subsystems interacting with each other. Let the
system (2.1) be decomposed in some way into s interacting subsystems

diL‘i
dt

= filt,x;) + gi(t, 1, ... x5,), i=1,2,...s, (5.1)

where z; € R", t € Ry, f; € C(Ry x R™ R™), g; € C(Ry x R™ x ... X
R™ xS, R™), and n1+mng+---+ns =n. As in the case of the system (2.1),
assume that f;(¢,0) =0 and ¢;(¢,0,...,0,a) =0 at z; =0, i =1,2,...,s,
and at any « € S.

From the general form of the system (5.1) it follows that its nonlinear
approximation (at g;(¢,x1,...,2s,a) = 0) does not contain the uncertainties
parameter a € S C R?, whereas the functions g;(t,z1,...,zs,a) are defined
uncertainly. For example,

gi(taxla"'axsaa): Z C’L](a)x]7 72:1,27"'5‘% (52)
J=Li#j

99
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where Cj;(a) are n; x nj-matrices whose nonzero elements depend on the
parameter o € S C R or

S

gi(t,x1,...,xs,0) = Z gij(t,zj, o), i=1,2,...,s, (5.3)
j=1,i#j

where g;; € C(Ry x R™ x S, R™). The system (5.1), taking into account
(5.2) and (5.3), takes the form

S

dz;
dtl = fi(t,z;) + Z Cij(a)rj, a€S8SCRY
J=L1i#j
or
dl‘i s d
a fit,x;) + Z 9ij(t,zj,), a €S CRY
J=L1i#j
respectively.

We now determine the sufficient conditions of the uniform asymptotic sta-
bility of solutions of the system (5.1) with respect to the moving invariant set
A(r).

These conditions are connected with the existence of the auxiliary func-
tions v;(t,z;) for the subsystems

dx; .

dt2 :f2<ta'rl)7 Z:1a27"'587 (54)
with special properties, and qualitative properties of the functions
gi(t,z1,...,zs,0), i =1,2,..., s, defined uncertainly.

Remark 5.1 The procedure of the mathematical decomposition of the sys-
tem (2.1) into s interrelated subsystems (5.1) is a nontrivial problem. For its
solution (in the case when the uncertainties parameter « in the system (2.1)
is missing) special approaches have been developed (see Gruijé, Martynyuk,
Ribbens-Pavella [1984]). Those approaches, though slightly modified, can be
applied in the analysis of the uncertain systems (5.1).

Assume that for each of the subsystems (5.4) an auxiliary function v; (¢, x;),
1=1,2,...,sis constructed. The function

V(t,z,c) = cTL(t,x), (5.5)

where ¢; € R% and L = [vi(t,21),...,vs(t,25)]T, v; € C(Ry x R™,Ry).
Under the known assumptions on the functions v; (see Michel and Miller [1977,
p. 26]) the function (5.5) is positive-definite and decreasing. Note that as a
function L(t, x) we can take the matrix-valued function, where v;; (¢, z;, z;) =
0 at all (i #j)€[l,s],ie.,

L(t,z) = diag[v11 (¢, x1), . - ., vss(t, T5)].
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The set A(r) for the system (5.1) will be determined as follows:
A(r) = A1(r) U Ag(r) U -+ - U Ag(r).

The properties of the motion of the subsystems (5.4) and the limitations
on the change of the functions g;(t,z1,...,7s,a), a €S C R?, are the main
factors influencing the dynamics of the uncertain system (5.1).

5.2 Stability of Solutions with Respect to a Moving Set
To solve the problem we will utilize the following statements.
Theorem 5.1 Let the following conditions be satisfied:

(1) for each a € S C R? there exists a function r = r(a) > 0 such that
the set A(r) is not empty at all « € S C RY;

(2) for each isolated subsystem (5.4) there exist continuously differentiable
functions v;: Ry x R™ — Ry, functions 1, Ve, V3 € KR-class, and
constants (g;,7;) € R such that:

@) vaallld) S vit.) at il > - r(e),

(6) wilt, 20) < iallal) at ] < < (e

(©) Duiltsa1)| g4y < Ttialanl) at ] > 5 r(e), a €S CRY
(@) Duilt,0) .4 > astis(ll) ot il < = r(a), a €5 C R

(3) at the given functions v; and ;3 there exist constants (a;;,@ij) € R
such that:

O (t, ;) * 1/2 —~_
(a) (T) gi(t, w1, w5, ) < [Yis([|a]])] Zaij
1 =1

1
x [yl DIY? - at ) > S @),

1
at ol = < r(a),

S

© (ZHED) tiarem0) > Wl S,

=1

1
X [yl D)2 at sl < < r(a);
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(4) for the given constants (a;,7;) there exists a vector ¢t = (c1,...,cs5) >0
such that:

(a) the matriz Q = [q;;] with the elements
7. = Ci(Ei-l-ﬁij) at 1 =7,
*J (Ciai]‘ + Cjaij)/Q at i #£j
s negative-definite,

(b) the matriz Q = [qij] with the elements

q

_ Jailo; +ay;) at i =j,
i

(CiQij + C]Qij)/Q at i #j
18 positive-definite;

(5) for the given function r(a) >0 and the functions

Gillel) <Y ewpa(al)  and  o(llal) =Y ein(fla])
=1 =1

the following relation is true:
P1(r) = Ya(r).

Then the set A(r) is invariant for the solutions of the system (5.1), and
the motions xz(t,«) of the system (5.1) are uniformly asymptotically stable
with respect to A(r).

Proof Consider the motion of the system (5.1), beginning at tp € R4+ and
lzoll < r(a) + 0.
For the system (5.1) apply the Lyapunov function (5.5):

V(t,z,c)= Z%w(tm% (5.6)

where v;(t, ;) satisfies the conditions (2) (a), (b) of the Theorem 5.1, and
c¢i>0atall i =1,2,...,s. Hence the function V (¢, z, ¢) satisfies the estimates

() Y ewallzl) < Vitao) at |z >r()
i=1

(b) V(t,z,0) <Y eipun(llzill) at |zl < r(a).

=1
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Since according to the Theorem 5.1 the functions 1, ;2 belong to the KR-
class, it is possible to select functions 1 (||z||) and ¥2(||z||) of the KR-class,
such that

i 1
wl(llxll)ézcmu(llxill) at IIxi||>;r(a),
=1

- 1
vallel) = Y carlllzll) at il < < r(a)
=1

and therefore

@) u(llzl)) <V(t2,c) at |zl > r(a),
(b) V(t,z,¢) <da(llzl]) at [lz] <r(a).

Now show that under the conditions (2)(c), (3)(a), and (4)(a) of the Theo-
rem 5.1 the function (5.6) along the solutions of the system (5.1) is monotone
decreasing at all t € Ry and at ||z] > r(«).

Indeed,

_ - 4 ov;(t, x;) v, (t, ;) T | |
(5.1)_;{(%[ ot +( o ) fl(t,xz):|

I (D

> ovi(t,z)\ "
= Z {ciDvi(twi)‘(sA) + ¢ {(T@) gi(t,x1,..., s, a)} }

av
dt

i=1

< el + el (D2 S s s (g ]2
i=1 j=1
(5.7)
at [|z;]| > L r(a) and a € S.
Denote wT = [¢13([|lz1])'/2, ..., ¥sa(||2s])/?] and let K = [k;;] be an
(s x s)-matrix with the elements

l

)G [Ei+aii] at 1 =7,
" Ciai]‘ at ¢ 7é j
From (5.7) obtain

av
dt

T lf FT> .
(5.1)<w <2[ + ] w=w Qw (5:8)

at ||z >r(a) and «€S.

Since the matrix Q is symmetrical, all its eigenvalues are real. According
to the condition (4) (a) the matrix @ is negative-definite, and therefore all its
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eigenvalues are negative, so A,,(Q) < 0. Taking this into account, from the
inequality (5.8) obtain the estimate

% <A, (@QuwTw =\, (Q) Z%S(Hmin)
(5.1) i=1 (5.9)

1
at ||zi]| > —r(a) and a€S.
s

Since ;3 belongs to the KR-class, one can find a function Ws(]|z||) of the
class KR such that

: 1
q/3(||x||)§z¢i3(”$i”) at [|z]| > r(a) and IIxi||>;r(a),
=1

which gives the possibility to transform the estimate (5.9) to the following
one:

av

— L@Us(z]) atall |lz] >r(a) and aeS. (5.10)

(5.1)

Now show that under the conditions (2)(d), (3)(b) and (4)(b) of the Theo-
rem 5.1 along any solution of the system (5.1) the function V (¢, z, ¢) increases,
and therefore the motion of the system (5.1) verges to the boundary of the
set A(r) from within.

Indeed, obtain

av

at > 3 el + () WZ_U sl D1/2

(5.1) =1

at [|z;]] < L1r(a) and a € S.
Similarly to (5.8) we obtain

av
dt (51

> (G I+ KT Ju=uTQu at ol <rle) and a€s.

(5.11)

From the fact that the matrix @), according to the condition (4)(b) of the

Theorem 5.1, is positive-definite it follows that all its eigenvalues are positive,

and the minimum eigenvalue \,,(Q) > 0. Therefore the inequality (5.11) is
true subsequent to the inequality

av

dt (5.1) (5.12)



Stability of Large-Scale Uncertain Systems 105

Owing to the fact that the functions ;3(]|z;]|) at all i € [1, s] belong to the

S

KR-class, one can find a function ®3([|z])) > 3 vis(||as]]) at [Jz]] < 1r(a)
such that the inequality (5.12) will take the form

av

Z Am (@) @3([|]) (5.13)

(5.1)

at all ||z|| < r(a) and « € S.

The inequality (5.13) is sufficient for the condition (3)(b) of the Theo-
rem 2.3 to be satisfied. Along with the other conditions of the Theorem 5.1,
the inequalities (5.10), (5.13) allow to apply the reasoning of the proof of the
Theorem 2.3 (Case (b)).

Thus, the motions z(t,«) of the system (5.1) uniformly asymptotically
approximate the set A(r) from within, which completes the proof of the The-
orem 5.1.

To estimate the impact of the uncertain value of the functions g;(t, z1, .. .,
rs,a), a €S C R? upon the dynamics of the system (5.1), in the inequal-
ities (3)(a), (b) some constants (a@;;,a,;) € R were used. A small generaliza-
tion of the Theorem 5.1 is the statement in which instead of the constants
(@ij,a;;) € R some functions are used: @;;(t,z,a): Ry X ext A(r) x S — R,
a;;(t,r,a): Ry xint A(r) x § — R.

Theorem 5.2 Let the following conditions be satisfied:
(1) the conditions (1), (2), (5) of the Theorem 5.1;

(2) at the given functions v; and ;3 there exist functions @;;(t,x,a): Ry X
ext A(r) x R* — R and a;;(t,x,a): Ry xint A(r)x R* — R such that:

N .
@) (%) gilt, w1, s, 0) < [¢i3(||$i||)]1/2Z@j(h:&a)

j=1
< [ys(llz;IDIV? at |z > r(e), aeSCRY,

O, (t, ;) T
(b) DUi(ty-Ti)|(5,4) + <sz) gi(t7x17~--,$s,a) =0
at ]| = (),
8vi(t,mi) T s
© (T) gilty 1, T, 0) > [wm(nmin)}l”;%ma)

[yl DIV? a2l <r(a) a€SC R

(3) for the given constants (c;,;) there exists a vector ¢¥ = (c1,...,¢s) >
0 and constants (A, A) > 0 such that:
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(a) the matriz Q(t,r,a) + AE negative-definite at all ||z|| > r(a),
a € S C RY where E is a unit (s x s)-matriz and the matriz

Q(t,x, ) has the elements

_ Ci(3i+aij(t7l'7a)) at 1 =7,
Yo eai(t @, ) + ¢jai(t @, a)]/2 at i # g,

(b) the matriz Q(t,z,a) — AE positively-definite at all ||z|| < r(a),
a €S C R4, where the matriz Q(t,x, ) has the elements

_ Jaile; +ay5(t, 2, a)) at i =j,
S [eiay (t @, 0) + ag (t2,0)]/2 at i # j;

(4) the condition (5) of the Theorem 5.1.

Then the set A(r) is invariant for the solutions of the system (5.1), and the
motions x(t,«) of the system (5.1) are uniformly asymptotically stable with
respect to the set A(r).

Proof At first prove the uniform asymptotic stability of the motions of the
system (5.1) beginning from the outside of the set A(r).

As in the proof of the Theorem 5.1, we will apply the function (5.6) which
under the condition (1) of the Theorem 5.2 is the Lyapunov function. Denote
an (s x s)-matrix with the elements

lij(t,x,0) = cloi +ai;(t, )] at i =4,
o citij(t, z, @) at i+ j

by L(t,z,a) = [l;;(t,z,)] and keep the value of the vector wT from the
previous proof.
Similarly to the inequality (5.7) find the estimate

dv — 1, —
— <w'L(t,z,0)w =w" |- (L(t,z,0) + LT(t, z,a)) (w
dt | 5., 2

s (5.14)
=w'Q(t,z,a)w < —Aw"w=—-A Z¢13(||m]||)

j=1

at [|z;|| > Lr(a), a €S C R
Since the functions ;3(]|z;||) belong to the KR-class at all I € [1,s],

there exists a function Ws(||z]]) < Y ¢us(ai) at [zl > Lr(a), a €S,
i=1

and the inequality (5.14) takes the form

av

T <Rl (5.15)

(5.1)



Stability of Large-Scale Uncertain Systems 107

at all t € Ry and |z]| > r(a), a € S.

Along with the other conditions of the Theorem 5.2, the inequality (5.15)
secures the asymptotic stability of motions with respect to the moving set
A(r), beginning from the outside of this set.

Now consider the case of stability of motions of the system (5.1), beginning
from within the set A(r).

Under the conditions (2)(d) of the Theorem 5.1 and (2)(b) and (3)(b) of
the Theorem 5.2 obtain

av 1
— >w'L(t,z,a)w =w" | = (L(t,z,0) + L' (t,z, @) |w
dt |51 2
] (5.16)
=w'Q(t,z,a)w > —AwTw =AY Pis(|lz;])
j=1
at ||lz;|| < ir(a), a€S.
The inequality (5.16) will hold true subsequent to the inequality
dv
W > avy(e (5.17)
(5.1)

at all ||z]] < r(a), a € S, where ® belonging to the KR-class was determined
above.

The increase of the function V (¢, x,«) along the solutions of the system
(5.1), beginning within the set A(r), means that at ¢t — +oo the motion z(¢, )
asymptotically approximates the boundary of the set A(r) from within.

The Theorem 5.2 is proved.

5.3 Application of the Hierarchical Lyapunov Function

In this section we give the conditions for the stability of solutions of the
uncertain system (2.1) with respect to a moving invariant set on the basis of
the hierarchical Lyapunov function. This function is constructed on the basis
of the two-level decomposition of the system (2.1).

Assume that the system (2.1) tolerates mathematical decomposition into
m interacting subsystems

-~ dml

7 dt :fi(t7xi)+gi(t7x1a"'7mm7a)7 (518)

where x; € R", fi € C(Ry xR"™,R™), g; € C(RyXR™ x...x R" xS, R™),

m
Sni=n, SC R
i=1
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The transformation of the system (2.1) to the form (5.18) will be called
the first level mathematical decomposition of the system (2.1).

Along with the system (5.18) consider (i,j)-pairs (i # j) € [1,m] of the
independent subsystems

dl‘i
g dt :’LUi(t7.§L‘i,$j)7 ( )
i 5.19
I dz;
d_t] = wj(t7xi7xj)a

where w; € C(Ry x R™ x R™,R"), w; € C(Ry x R™ x R",R™).
It is easy to see that if (x;,2;) = (0,... 70,%?,07...,071'JT,07...,0)T at
all (i # j) € [1,m], then

w; = fi(t,0,...,0,2},0,...,0,27,0,...,0,0),

" S o (5.20)
wj = fj(taow"aO?xi 70,-”70,13]‘ 70a'~'70’0) V(Z 75.]) € [1,77’2;}
Now denote
Hi(t,$17...7wm,a) :fi(tamla"'axmva)_wi(tuxia‘rj)u (5 21)
Hj(t,l’h...,xm,a):fj(t7$17...7xm,a)—Wj(t7$i7xj)~ .

Taking into account (5.19)—(5.21), write the system (2.1) in the form

dx;
- dx :U)i(t7l'i71'j)+Hi(t71'17...,$m,04),
” ¢ (5.22)

dx;
%:wj(tuxivmj)+Hj(t,$17...7mm’a)’ 7’#]~

N
<

The transformation of the system (2.1) to the form (5.22) will be called the
second level mathematical decomposition of the system (2.1).

If g; =0, Hi(t,-) =0, H;j(t,-) =0 At all i =1,2,...,m in the system
(2.1), then the subsystems

d.’Ei

dt = fi(t,l‘i), JL‘i(to) = Z;0, 1= 1, 2, e, MM, (523)

Sii

together with (4, j)-pairs (5.22) of second-level independent subsystems are
some nonlinear approximation of the uncertain system (2.1), obtained as a
result of hierarchical decomposition.

Construct the two-index system of functions

Ult,z) = [v(t,)], 4, 7=12,...,m,
in which the elements

U'Lz(taml)ec(R-‘r XRniaR+)7 i:172a"'am7
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are constructed on the basis of the S;-subsystems (5.23), and the elements
vij(t,aci,acj)GC’(R+><R"iXR"%R), i#j€1,27...7m

are constructed on the basis of S;;-pairs of the subsystems (5.19).
The function
V(t,x,d) =d"U(t,x)d, de RT, (5.24)
is hierarchical and under certain conditions can be the Lyapunov function for

the analysis of the behavior of the solutions of the uncertain system (2.1).

Assumption 5.1 There exist:

(1) open time-invariant neighbourhoods N; C R™ of the equilibrium states
z;=0,1=1,2,...,m

(2) the functions (¢;,v;) € KR at all i =1,2,...,m and (¢;j,¢i;) € KR
at all (i # j) € [1,m] such that the following inequalities are true:
(@) willlzil]) < vii(t,zi) < illlal]), @ = 1,2,...,m, at all (t,2;) €
R, x R™,
(®) wijllzil) < vij (¢, i, 25) < ([l ||) at all (@ # j) € [1,m] and
(t,x;,x;) € Ry x R™ x R, where w;; = (z],2])T € Rt

Lemma 5.1 If all the conditions of the Assumption 5.1 are satisfied, then the
function (5.24) is locally Lipshitz with respect to x, positive-definite, decreas-
ing, and radially unbounded.

This follows from the fact that for the function
V(t,z,e) =e U(t,z)e, e=(1,...,1)T € RT,

it is possible to indicate functions (v1,72) € KR-class, such that the following
bilateral inequality is true:

n(llzl) <Vt ze) <vlel) V() e Ry x R™ (5.25)

Now represent the function (5.24) in the form

Vt,xz,d) = Z[d v (t, ;) +devqt$u$])}

= j=1
i#j

and note that v;;(t,-) = wv;(t,-) at all (i # j) € [1,m]. Calculate
DTV (t,z,d) as follows:

m

D+V(t, Z, d) = Z |:Ciz2_D—"_’()ii(t7 l'i) ‘ (5.18) + Z dide+'Uij (t, T, $j)’(5.22):| 5
i=1 j=
i#]



110 Uncertain Dynamical Systems: Stability and Motion Control

where D+Uii(t71'i)‘(5_18) and D+'Uij(t71'i,$j)‘(5_22) are determined by the
known rules of calculation of the upper right Dini derivative.

The behavior of solutions of isolated subsystems will be analyzed with
respect to the moving sets

1
Ai(r) = {xz eER™: || = Er(a)}, i=1,2,...,m.

Denote the internal and the external parts of the spaces R™ with respect to
the moving sets A;(r) by int A;(r) and ext A;(r).

Assumption 5.2 The independent subsystems (5.23) of the first level of
decomposition and the functions g;(t,x1,...,2m), ¢ =1,2,...,m, such that:

(1) there exist functions v;; (¢, z;) satisfying the conditions 2(a) of the As-
sumption 5.1;

(2) there exist functions ¢ (||z;||) € KR-class and constants pi, pix(a),
i, k=1,2,...,m, such that:

(a) D+'Uii(t71'i)‘(5_23) < ps(lzs|) at all (¢,2;) € Ry x ext A;(r),
1=1,2,...,m,

1/2 UL
(b) D+’Uii(t7f£i)‘(5_18) — D+’Uii(t,$i)‘(5_23) < %i/ (||ch||)]€2_:1 pir (@) x
%,1/2(||m;€||) at all (t,2;,) € Ry xext A;(r) xS, i=1,2,...,m;
3) there exist constants 5%, vir(a), 4, k =1,2,...,m, such that:
( i Y

(a) D+7}ii(t7mi)‘(5_23) > B9 (||2i]]) at all (t,x;) € Ry x int A;(r),
1=1,2,...,m,

1/2 <
(b) D+Uii(tvmi)‘(5.18) - D+U“(t’xi)‘(5.23) z %i/ (Hmi”)kzlwk(a) X
%i/2(||m;€||) at all (t,2;,a) € Ry xint A;(r) xS, i=1,2,...,m.

Assumption 5.3 The independent S;;-pairs of the subsystems (5.19)
of the second order decomposition and the functions H;(t,z1,...,Zm,q),
Hj(t,x1,...,2m,«) such that:

(1) there exist functions v;;(t,-) (i # j) satisfying the conditions (2b) of
the Assumption 5.1;

(2) there exist functions s (||z:]|) € KR-class and constants pj;, p3;, o3,
V;‘;(Oé), i, 7, k,p=1,2,...,m, such that:

1/2 1/2
() DFvij(t,i,25)| g0y < Phzslllzl) + 20362 (Ll (1251 +
piizi(|lzill) at all (t,2;,2;) € Ry x ext Ai(r) x ext A;(r),
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(b) D+/Uij(ta'ria'rj)|(5'22) - D+Uij(t7xi7xj)|(5'19) < kzlyl,g)(a) X
y P=
a2 (lex )z (lzpl) at all (fzi,25,0) € Ry x ext Ai(r) x

ext A;(r) x S;

(3) there exist constants 6};, 67;, 67, 134 ( ), i,5,k,p = 1,2,...,m, such
that:

(a) D*oig(t, @i 3)] 519 = Ohyoallail) + 263,567 (sl (1) +

zgz

0% i (|lzsl|) at all (t,z4,2;) € Ry x int A;(r) x int A;(r),

(0a) = k%:ﬂfﬁ,(a) x

1/2(||ac D 1/2(||acp||) at all (t,z;,zj,a) € Ry X int A;(r) x
int A;(r) x S.

(b) D+Uij(t,$i,$j)‘(5_22) — D+U,‘j(t,$i,$]‘)‘

Now we can make the following statement.

Lemma 5.2 If all the conditions of the Assumptions 5.2 and 5.3 are satisfied,
then for the Dini derivative DVu(t,z,d) of the function v(t,z,d) with the
elements v;;(t, ) satisfying the conditions of the Assumption 5.1, the following
estimates hold true:
(a) at [lzf| > r(a)
DYV (t,x,d) < =" ([lz[)Q()(||z])), « €S C RY, (5.26)
(b) at [lz]| < r(e)
DYV (t,z,d) > 5" (||lz])R(a)s(|l2]), «€SC R (5.27)

Here Q(a) = 3(B(a) + BY(a)) and B(«a) = [bij ()], where

brr(a) = di (pRy, + pan (@) + dk(z d]pk] + Zd1p2k> + Z didvi (),

s i2k hi=l

br(@) = di i (@) + 2dpdiply + Y did;v (cv).
ij=1
i#j

Similarly R(a) = (C(a) + CT(a)) and C(a) = [e;j(a)], where

crr(a) = (5kk + Yk (0 +dk<Zd ok] +Zd9 )+ Z didjﬁfi(oz)

)
o z#k J

cri(a) = di’ykl(a) + Qdkdleil + Z didjg,Z ().
ii=1
]
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On the basis of the estimates (5.26) and (5.27) obtained for the hierarchical
Lyapunov function, the conditions for the stability of solutions of the system
(2.1) with respect to the moving invariant set

A(r) = A1(r) U Aa(r)U--- U A, (r)

are written in the form similar to the conditions of Lyapunov theorems of
stability of motion.

Theorem 5.3 Assume that the vector-function f(t,x,«) in the system (2.1)
is continuous on Ry x R™ x R% and the following conditions are satisfied:

(1) for each o € S C R? there exists a function r = r(a) > 0 such that
the set A(r) is not empty at all o € S;

(2) for the function (5.24) locally Lipshitz with respect to x all the conditions
of the Assumptions 5.1 5.3 are satisfied, as well as

(@) nllzl) <V(t,2,d) at [lz] >r(a),

(b) V(t,z,d) <y(lz]) at [[z] <r(a),
(c) DTV (t,z,d) < »"(|lz])Q(a)s(l|z]) at |z > r(a), a €S,
(d) DTV (t,z,d) =0 at ||z|| =r(a), a €S,

)

(e) DTV (t,z,d) > s (x| ) R(e)s(|2l]) at [|lz]| <r(a), a€S;

(3) there exist constant (m x m)-matrices 61, 02 such that:

(a) 3(Qa) +Q (@) <01 atall a€S,
(b) i(R(a)+ RT(a)) > 062 at all a €S, 60y is a negative-semidefinite
matriz and 02 is a positive-semidefinite matrix;
(4) for the given function r(a) > 0 and the functions (y1,72) € KR-class
the relation ~v1(r) = v2(r) is true.

Then the set A(r) is invariant for solutions of the system (2.1), and the
solutions x(t,a) of the system (2.1) are stable with respect to the set A(r).

Proof Under the conditions of the Theorem 5.3 its proof is analogous to that of
the Theorems 2.3 and 5.1. Therefore we will give some fragments of the proof.
In particular, under the conditions of the Assumption 5.1, one can find the
functions 71, 72 € KR-class in the estimate (5.25) of the function V (¢, z, e).

Since
m
ta:e E v“tacZ E th,a:]
oy

under the conditions of the Assumption 5.1,

m

> eilllzil) + Z eij(lziz ) SV (t, z,e) Z (sl + > il )
=1

i,j=1 i=1 i,j=1
i#j i#j
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at all (t,z;,x;) € Ry x R™ x R™. From the condition (2) of the Assump-
tion 5.1 it follows that there exist functions aq, as € KR-class, such that

m m

ar(fl=ll) Z (i) and — as([lz]]) Z (N1,

and functions 31, B2 € KR-class, such that

Bill=l) < Z ij([lzi]) and  Bao(flz[]) > Z bi (|-

i,j=1 i,j=1

i#j i#]
Then, since a1, a9, 1,02 belong to the KR-class, one can find functions
Y1, 72 € KR-class, for which

n(lzl) < ar(lzl)) + Bulllzl]) and  ya(llzl) = ez (llz]) + Ba(])-

The constructed functions 1 (||z]|) and y2(||z||) secure the estimates 2(a), (b)
from the Theorem 5.3.

From the conditions 2 (c), (e) and 3 (a), (b) of the Theorem 5.3 it follows
that Ap(01) < 0 and A, (62) > 0, where A\ps(+) and Ay, (+) are the maximal
and the minimal eigenvalues of the matrices 6; and 65 respectively. Therefore
for all @« € S C R? we obtain

DYV (t,x,d) <0 at |z|| > r(a),
DYV(t,x,d) =0 at |z||=r(a),
DYV(t,z,d) >0 at |z] <r(a).

These inequalities along with the condition (4) of the Theorem 5.3 enable
us to prove its statement.

5.4 Stability of a Class of Time Invariant
Uncertain Systems

Consider the class of large-scale systems of the form

dzx i
dt

K
= Az + Y0y ®i(2) + Gi(z), i=1,2,...,N, (5.28)
j=1

where z; € R", A; are constant (n; x n;)-matrices, ®;; € C(R",R"), G; €
C(R",R") and «;j € S are uncertainties parameters.

Assumption 5.4 The summands in the right-hand part of the system (5.28)
are such that
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(1) the equilibrium state z =0, z = (z1,...,zy)T, of the system (5.28) is
unique at any a4 €S, i =1,2,...,N, j=1,2,..., K;

(2) the independent subsystems (5.28) are asymptotically stable, i. e., for the
given positive-definite matrices P; there exist solutions of the Lyapunov
equations

ATQ, + QA = —P, i=1,2,...,N

in the form of the positive-definite matrices Q;, i =1,2,..., V;

(3) in the open domain E C R"™ the following expressions are determined:

O (x)f [ llail?, if 2 # 0,
Rij(x):{ s@al [N, it e #

0, if 2y =0,

Li(x) Gz(:v)ac::/||:vl||27 if z; #0,
i(z) =

0, if z; = 0;

(4) at all z € E the elements of (m x m)-matrix W = [w;;(z)] are deter-
mined, where m = max{K, N} and w;;(x) have the form

1_2£ij at Z':j7
—2§;  at i# 7,
1—2&]‘ atZ:],ZSN,

Q)HK:NJanM@:{

(b) if K> N, then wj;(z) = —2¢; at i #£j, 1 <N,
0 at N<i<K,
1-26; at i=j, j< K,

(c) if K < N, then wi(x) =1 —2¢; at i #£j, j <K,
i at K <j<N,

where

§ij = 0m {(Pi_%)TQi (e Rij(x) + K_lLi(m))Pi %}7
mi= K on (P %) QiLa() P 7],

1
Onm(-) is the maximal eigenvalue of the matrix (-) and P, ? denotes
the positive-definite symmetrical matrix Q; such that Q? = P;, i =
1,2,....N.

We now prove the following statement.

Theorem 5.4 Assume that the vector-functions

K
filr, i) = A + Y 0y ®i;(x) + Gi(x), i=1,2,...,N,
j=1
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are continuous on R™ x S, all the conditions of the Assumption 5.4 are sat-
isfied, and in addition, in the domain E C R™ there exists a diagonal matriz
D = diag(ds, . .., dm) with constant components d; >0, i =1,2,...,m, such
that the matric WTD + DW s positive-definite in the domain E.

Then the equilibrium state © = 0 of the system (5.28) is uniformly asymp-
totically stable.

Proof Apply the scalar approach in the method of vector Lyapunov functions.
Let K = N and V(z) = Z d;Vi(z;), where Vi(x;) = 21 Qx;, d; > 0 are

some constants. Under the COndlthD (3) of the Assumption 5.4 obtain the

relations
®4(x) = Rij(z)ws,

5.29
Gl(JC):Ll(JZ).TZ, i,j:LQ,...,N, ( )

in the domain F C R".
Taking into account the relations (5.29), obtain

N N T
= Z di |:(AZ$1 + Z&‘ij@ij (a:) + Gl($)> szz
j=1

(5.28) =1

av:
dt

+
8
s
O
N

N
=1
N
= Zdi [ — a2l P + (Z&] )+ G (x )) Qix;
N 1

+wT@z(Zew 50+ Gila))| Zdi[— |PEa?

- i—1
(Z‘?w i ( (@)Piépiéxi]
< —Zdz—{uP}min? ~2PEa|Poy

<[t aSesmio i)}

< - ZN: [d ||P2ml||2<1 —QZ%H

1 Jj=1

I\'J\)—‘
m\»—‘

= =[Pt @il Py ]| (WD + DW)

x [||P1§x1||7.-., [Bial] = YWD+ DW)Y,
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1 1 T
where Y = || PZz1]],....|[|PRan]| -

Note that the vector Y =0 if and only if z; =0, i =1,
are positive-definite matrices according to the condition (2
tion 5.4.

Since by the condition of the Theorem 5.4 the matrix WTD + DW is
positive-definite, the expression %(m)‘ (5.28) is negatively definite in the do-

2,..., N, since P;
) of the Assump-

main E. Therefore the equilibrium state = 0 of the system (5.28) is uni-
formly asymptotically stable in the domain £ C R".

Now consider the case K > N. For the system (5.28) we construct the
system

K
d(Ei .
at :A2$1+;61]¢)1]($)+G2($), 1=1,2,..., N,
drni1
N (5.30)
dLUK
=B = g,
dt K
where col (zn41,...,2Kx) € RE~N. Repeating the above reasoning written

for the case K = N, for the system (5.30) we obtain the statement of the
Theorem 5.4.
K < N represents the system (5.28) in the form

N
:A1$Z+Z€2]¢)1](JC)+GZ(JC), i=1,2,...,N,

Jj=1

dx i
dt

where ®;;(z) =0, at K < j < N. Therefore R;;(z) =0 at i =1,2,...,N
and j = K,..., N. Applying the reasoning written for the case K = N, to the
system, we obtain the statement of the Theorem 5.4. The theorem is proved.

Remark 5.2 &; and n; are functions of the uncertainties €;; € S and the
vector € E. The conditions of the Theorem 5.4 can be simplified, if instead
of &; and n; one applies

& (auy) = sup &ij(aiz,x) and 7 = sup n; ().
rclk zeE

Remark 5.5 The Theorem 5.4 will remain valid if §;; and &; are replaced by

§ij(w) = sup &j(auj,x) or & = sup & (ai)),
aiJ'ES Oéijes

i=1,2,...,K, j=1,2,...,N.
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Remark 5.4 The presence of uncertainties parameters in the expression of the
matrix WT + W provides the possibility to facilitate the process of choosing
the values d;, @ = 1,2,..., N, at which the matrix WTD + DW is positive-

definite.






Chapter 6

Interval and Parametric Stability of
Uncertain Systems

The concept of vector Lyapunov functions is adapted to many dynamic prob-
lems of nonlinear systems. In this chapter vector Lyapunov functions are used,
both canonical ones and those whose components are quadratic forms. Along
with differential inequalities, vector Lyapunov functions present efficient tools
for the analysis of stability of uncertain systems.

6.1 Conditions for the Stability of a Quasilinear System

(Continued)
Consider the equations of perturbed motion
dx
d—tl = Pix1 + Q1(21, 22, @),
doe (6.1)
d—t2 = Pyxay + Q2(71, 72, ),

where z; € R™, zo € R™, Py are constant real (ny X ny)-matrices,

Qr: R x R™ x R* - R™ and k=1,2, S C R? is a compact set in R®.
Using the linear nonsingular transformations zp = Agxy (det Ax # 0),

k = 1,2, one can reduce the linear part of the system (6.1) to the Jordan form

% = Apzk + Zi(21, 22, @), (6.2)

where A = A,:lPkAk = [6se A + 51 pk], s, 7 =1,2,. . nk, k=1,2.

It is known (see Tikhonov [1965a]) that in the equations (6.2) the variables
z;, s = 1,2,...,n4, of the vectors 2z, k = 1,2, corresponding to the real
proper numbers A}, will be real, and those corresponding to the complex
numbers will be complex. Assuming z; = 7} exp(if,), for real variables obtain
zp = =%}, 65 € (0, ).

Determine the norm of the vector z; by the formula

ng
lzell = D120l k=1,2,
s=1

119
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and the norm of the vector z = (21, 23)T as the sum of the norms

121l = Izl + ll22]l-
Determine the moving set A*(5¢) as follows:
A*(3e) = {z € ™Y |z] = x(a)}, (6.3)

where »(a) >0 atall a € S C R?, in addition, s(a) — 20 >0 at |jaf — 0
and s(a) — oo at ||a|| — +oo.

The objective of the further analysis is to obtain the conditions under
which the set A*(5) will be invariant for solutions of the system (6.1) and
uniformly asymptotically stable.

To analyze the behavior of solutions of the system (6.2) with respect to
the set (6.3), use the vector function V = (v1,v2)T with the components

ni ni
v =lall =) l2 =),
s=1 s=1

s s (6.4)
vy = [z =25 =) rs.
s=1 s=1
Transform the equations (6.2) to the form
drk _ s—1,—ifs | =s—1 i,
g oy + = Zu (ry e +r er)
(6.5)

+ S (Zi(rs s, 0)e ™0 + Zi(r5 15, a)e'?),
8217"'ank7 ]’(}:1’27

where oj = Re AL
For the full derivatives of the components (6.4) of the vector function
V = (v1,v2)T obtain the expressions

n n
d”k di : s s, L . s—1(,s—1_—if, | =s—1 b,
E E JkT‘k—‘riE py (e 4T e )

s=1 s=1

(6.6)
+35 ; (205,75, 0)e™"% + Z3(r, 15, 0)e™), k=12,
Note that
n
Zozr,i > ok, of =min{s}}, (6.7)
lnzk sfl(rs S_|_f5119)> kU < s—1 (68)
5 My k 2 M Vk, um <pp o, .

s=1
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ng
ZUZ?"Z <ok, ok = mgx{afc}, (6.9)
s=1
T . _
S e ) < e iz (610)
s=1

The estimates (6.7)—(6.10) will further be applied for the estimation of
the full derivatives of the functions v, k& = 1,2 along solutions of the full
system (6.1).

We now indicate the conditions under which the solutions of the system
(6.1) uniformly asymptotically tend to the moving invariant set (6.3).

Theorem 6.1 Let the equations of perturbed motion (6.1) be such that under
the given function () there exists a vector 3 = (B1,32)T, Bx # 0, and

2
(1) for the function V(ri,7m2,8) = > Bruk(rr) the following estimates are
k=1

a([[rll) < V(ri,re, 8) at - rafl + [Ir2ll > s(a),
V(ry,re, B) < o([[rl]) at rall + [Ir2ll < s<(e),

where the functions a,b belong to K-class and ||r|| = ||r1]| + ||r2]l;

(2) for the given function x(«) and functions vi, ve there exist constants
a;; € R and a;; € R such that:

(a) at [|r] < »(e)

1 ngk . B ) 2
oY (0 g a)e ™ 4 Zi(rt 5 00 %) > (]2 Y a2
s=1 j=1
at all o€ S C RY,

(b) at ||r|| = »(a)
2 - L
5,..8 s—1( s—1_—if, _s—1 _if.
Zﬁk ZU""‘T’“+§Z“1€ (rpte s e
k=1 =1 o—1
1 & _ ) _
t3 ; (Zi(r,r5,0)e ™ + Z3(ry,r5, a)e) | =0

at all aESQRd,

(¢) at [|Ir]| > »(a)

1 S S(p.S .8 —1 78 (.5 .8 % 2 —
52 (Z2(r},r5, @)™+ Zi(ry v, @)e'®) < [on]/2 Y ai[v]'/?
s=1 Jj=1

at all aESQRd;
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(3) the following conditions are satisfied:

(a) the matriz P = [py;] with the elements

e = Brl(okr + 1) + ;] at k=7,
! (/Bkak:j + ﬁjajk)/Q at k#j

s negative-definite,

(b) the matriz Q = [qx;] with the elements

g = JOllon F ) el at k=3,
! (519@]@]' + /Bijk)/Q at k 7&]

18 positive-definite;

(4) under the given functions s(«) the relation

is true at all a € S C RY.

Then for the system (6.1) the set A*(5¢) is invariant and uniformly asymp-
totically stable.

Proof From the components (6.4) of the vector-function V' = (v1,v3) con-
struct a scalar Lyapunov function

2
V(ri,72,8) =Y Brvk(rs), (6.11)
k=1

where B # 0, k = 1,2. Obviously, the function (6.11) is continuously differ-
entiable, positive-definite, and radially unbounded.

Taking into account (6.6), for the expression of the full derivative of the
function (6.11) find

2 ng 1 ni - 4
TN TR T
1 s=1

(6'2) k=1 s=

av
dt

1 & 0. | 5 :
+3 E (Zi(rs,r5,a)e™ ™ + Zﬁ(rf,r‘;,a)ewf)} atall ae€SC R
s=1

(6.12)

Now it is necessary to determine the conditions under which the function

(6.11) increases along solutions of the system (6.2) in the domain |z|| < s(«)
and decreases in the domain ||z|| > »(a) at all « € S C RY.
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Let |z]| < »(a) at all « € S C R%. According to the estimates (6.7), (6.8)
and the condition (2)(a) of the theorem, obtain

2
av 1/2 1/2
E( >;{ﬁka +,Um)vk+ﬁk’uk / Zalj‘vj|/

at all a €S C R%
Denote wT = (v1/%, v}/?) and Q* = (g5;], where
i = 1 Osllon ) tagl et k=
S Bray, at k#j.
For the estimate (6.12) obtain the following inequality:
d 1
_V >'LUTQ*’LU:'LUT _(Q*+Q*T) 'LU:'LUTQ’LU
dt |(6.2) 2

at all a €S C R%

By the condition (3)(a) of the Theorem 6.1 the matrix @ is positive-definite
and symmetrical, therefore all its eigenvalues are real and A,,(Q) > 0. Hence
av

S Am@ute = (@, (6.13)

(6.2)
since wTw = (v1 +v2) > 03,V and &y = max (Bk)-

Thus, in the domain ||7]] < »(«) the function (6.11) along solutions of the
system (6.2) increases at all a € S C R

The inequalities (6.9), (6.10) are true and with the condition (2) (b) of
the Theorem 6.1 satisfied, the reasoning similar to the above results in the
following expression for the estimation of the function dV/dt in the domain
12]] > 2():

v <A (P)wTw = Ay (P)EV, (6.14)
dt | g.0)

where &, = mkin (Bk), Am(P) < 0.

Hence, in the domain ||r|| > s(a) the function (6.11) along solutions of
the system (6.2) decreases at all @ € S C R%.

Taking into account the conditions (6.13) and (6.14) together with the
other conditions of the Theorem 6.1, one can make the conclusion about the
uniform asymptotic stability of the moving invariant set (6.3).

Note that the inequalities (2)(a), (c) and the relation (2)(b) contain the
uncertainties parameter o € S C R?. The actual check of these conditions
when solving specific problems is made by the method corresponding to the
specification of constraints for uncertainties parameters. The development of
new efficient procedures of checking those conditions, parallel with the existing
ones, is of separate interest.
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6.2 Interval Stability of a Linear Mechanical System

In this section a new approach to the analysis of the integral stability
is proposed, which is based on the idea of maximal expansion of the initial
system in combination with the method of vector Lyapunov functions.

Consider the linear system of differential equations

dz
i Az, x(tg) = w0, (6.15)
where z € R™, t € Ry = [0,00) and A is a constant (n x n)-matrix.

The system
dy ~
7 = Ay, ylto) = o, (6.16)
t
where y € R™, t € Ry, A is a constant (m x m)-matrix, m > n, is called
an expansion of the system (6.15) if the connection between solutions of the

systems (6.15) and (6.16) is determined by the relation
x(t;to, o) = TTy(t;to, yo) at all ¢ > to, (6.17)

as soon as yo = T'xg. Here T is some (m x n)-matrix and T is the generalized
inverse transformation, m > n.

Note that in the case n < m the sense of the relation (6.17) coincides with
that in the Definition 2.4 of the article by Tkeda and Siljak [1981], where the
concept of the generalized decomposition of a dynamic system is introduced.
The system (6.16) is decomposed, with crossing of the main diagonal blocks
of the matrix A.

The system (6.16) is an expansion of the system (6.15) if, and only if, for
the matrix M = A — TAT' one of the relations MT = 0 and T'M =0
holds true.

Now consider a system of equations of the form

dx
i (Ao +pAr)z, z(to) = o, (6.18)
where z € R", Ao and A; are constant (n x n)-matrices, p € [0,p] C Ry is
a constant scalar parameter.

Along with the system (6.18), consider the system

d

% = Aoy1 + pAiy2,  w1(to) = Yo,

b (6.19)
d_t2 = (p—DP)Awy1 + (Ao +DA)y2,  y2(to) = 20,

where y; € R™ and ys € R™, p > 0 are some fixed values of parameter.
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It is easy to check that the system (6.19) is an expansion of the system
(6.18), since the condition MT = 0 is satisfied, where T'= (I,1)T.

Assume that in the system (6.19) the matrices Ag + pA; are stable, ie.,
there exist symmetrical positive-definite matrices B; and Bo which satisfy the
matrix Lyapunov equations

Aj B1 + BiAg = —2Q1, (6.20)
(Ao +PA1)" By + Ba(Ao + PA1) = —2Q2 (6.21)

for some symmetrical positive-definite matrices @1, Q2.

Definition 6.1 The system (6.18) is intervally stable, if the equilibrium state
x = 0 is asymptotically stable in the sense of Lyapunov at any p € [0,D].

The conditions for the interval stability of the system (6.18) are contained
in the following statement.

Theorem 6.2 Let the system (6.18) be such that:
(1) the matrices Ag and Ag + DAy at some D € S are stable;
(2) the value D satisfies the inequality

pQ < 4>‘m(Q1)>‘M(Q2)

, 6.22
| B1 A1 || B2 A (6.22)

where A (+) are minimal proper numbers of the matrices Q1 and Q2
from the equations (6.20) and (6.21) respectively.

Then the system (6.18) is intervally stable.

Proof For the expanded system (6.19) construct the vector Lyapunov function
V(y) = (vr(y1),v2(y2)) "

where v (y1) = yf Biy1 and va(y2) = ya Baya.

Consider the full derivatives of the components of the vector Lyapunov
function along solutions of the system (6.19):

dv
W 9Ty (Ao + pAw) < 20 (@)
(6.19)
+ 2[pll[ Br A 2l w21l
dv _
2| =2 Ba((Ao+pA)ya + (0~ D)) < —20n(Q2) 2’
(6.19)

+ 2|p — Dl B2 A1 l|yall ly=2ll-
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According to the results of the monograph by Siljak [1978], for the asymptotic
stability of the system (6.19) it is sufficient that the matrix

S:< —Am(Q1) |p||BlA1||>
lp = Dll|B2A1]]  —Am(Q2)

should be an M-matrix, i.e., the following condition should be satisfied:
A (Q1)Am (Q2) — PP — pll| BiA1 ]| || B2 A1 ]| > 0.

1
Note that for p € [0,7] the inequality |p|[p—p| < 11_92 is true, therefore, taking

into account the condition (2) of the Theorem 6.2, we obtain the inequality
(6.22). This completes the proof of the Theorem 6.2, since the stability of the
system (6.19) implies the stability of the system (6.18).

Consider a mechanical system with a finite number of degrees of freedom,
which is described by the equations (see Cao and Shu [1999])

~ d’z ~. dx
R R)— + (D D)—
(B+pR)—5 +(D+pD)—
where € R", R, D, K, R, D, K are constant (n X m)-matrices.
Assume that det R # 0 and |p| < ||[R7'R||™!, and transform the system
(6.23) to the form

+ (K 4 pK)x =0, (6.23)

d
d_gzi = (Ao+pA1+...+pkAk+--~)y7
where y = (z,4)T, y € R?", and Aj, are constant (2n x 2n)-matrices of the
form
0 1
Ao = (—RlK —RlD) ’
RIR)k-1 0
A, = (-1)FF ( ~ G, k>1
k= (-1) ( 0 RRp )G R
Here

F= (8 RO‘1> , G= (f< - }g—lRK D- 13—1&9) ~
Now assume that the matrices Ay and A are stable, and
A= <_R91f —E{lﬁ)’
R=R+pR, K=K+pK, D=D+pD.

In this case, for the given positive-definite matrices ;1 and Q2 there exist
solutions of the Lyapunov equations

AP+ PiAg = —2Q,

AP+ PA= —2Q2,
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in the form of positive-definite symmetrical matrices P, and Ps.
Theorem 6.3 Let the interval system (6.23) be such that:
(1) the matrices Ay and A are stable;

(2) the value P satisfies the inequality

- QDA (Q)(1 — F|R R
[BETBFTICT

Then the system (6.23) is intervally stable.

Proof Consider a system which is an expansion of the system (6.23):

dZ]_ > k

— =A E A

a 021 + k_lp k22,

) "= (6.24)
22 k _ —k

T Az + E (P —p")Agz1.

k=1

For the system (6.24) construct the vector Lyapunov function V(z) =
(v1(21),v2(22))", where v1(z1) = 2TPi21, va(22) = 2T Pyzo, and estimate
the full derivatives of the components of the vector function along solutions
of this system:

dv =
d—l = 221TP1(AOZ1 + ZPkAkZQ) < _2)‘m(Q1)||Z1H2
t 1 (6.24) =1
+2pl|PFIGI Y P IR RIF 2| 22|
k=1
2|pl|| PLF|| |G|
= =22 (Q2) 21| + =———"=" 21l [l 22ll,
1 —plIR'R|
dv — =
d_t2 =221 Py (Azy + Z(Pk —7")Arz1) < =200 (Q2) | 2217
(6.24) k=1

+ 2| PF |G Y IRTRIF T * =¥l 2]
k=1

< =22 (Q2)|| 22|

+2|PF | |Glllp =Bl > k" IR RIF |z | 2|l
k=1
lp — 7|

= 22 (Q2) |22 + 2| RF| Gl ———— =
(1 —DpllrR~'R])?

[z 1|22l
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The system (6.24) is stable if the matrix

P F||G
i@y ARFLICH
5 = 1AM
IPFIIGI =7l o

(1 —pllM=1M]))?
is an M-matrix. For that it is sufficient that the following inequality be true:
_ PIPF|IRF| G

4(1 —plM—M]|)?
The further proof of the Theorem 6.3 is similar to that of the Theorem 6.2.

det S1 = A\ (Q1) A (Q2)

6.3 Parametric Stability of an Uncertain Time
Invariant System

Consider the large-scale system

dz

- 6.25
7 = f@p), (6.25)
where 2 = (21,...,2,)%, p = 1, ,0m) Yy f = (f1,.- -, fa)Y, fi: R" x
R™ — R, and i = n. Let the function f(x,p) be sufficiently smooth and let
the conditions for the existence and uniqueness of the initial problem for the
system (6.25) exist. Represent the system (6.25) in the form

dl‘i .
dt :gz(mzvp)—'_hl(mﬂp)v 1= ]-a"'us' (626)
The equations
dz; .
;;; :gz(x'mp)a 2217"'785
where z = (z1,...,2T)T, the functions g;: R" x R™ — R"_ describe the

dynamics of the independent subsystems of the system (6.26).
Let for some value of the parameter p* the system (6.25) have the equilib-
rium state z* = ((z)T,..., ()T)T, 27 e R, i=1,...,s, so that

gi(zf,p*) + hi(z*,p*) =0 atall i=1,...,s. (6.27)

Note that the condition (6.27) does not imply that g;(z},p*) = 0, i.e., a}
is not necessarily the equilibrium state of the i-th subsystem. Determine the
functions g;: R™ x R™ — R™ h;: R*xR™ — R™, 4=1,...,s in the form
gi(zi, p) = gi(zi,p) — gi (x5 (p), p),
hz(x7p) = hl('rap) - hi(‘re<p)ap)7
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where 2¢(p) = ((x$(p))7T, ..., (x¢(p))T)7 is the equilibrium state of the system
(6.26), corresponding to the value of the parameter p. Instead of the system
(6.26) consider the system

for which §;(x$(p),p) =0 and h;(z¢(p),p) =0 at all i =1,...,s and which
obviously has the same solutions as the system (6.26) under the same initial
conditions. Thus, along with the system (6.26), we will analyze the system
(6.28) which consists of s related subsystems

dx i
dt

We make the following assumptions regarding the systems (6.25) and (6.28).

= gi(zi,p), 1=1,...,s. (6.29)

Assumption 6.1 The systems of equations (6.25), (6.28) are such that:
(1) the functions
filx,p), i=1,...,n,
are defined and continuous on some open set I' C R” x R™;
(2) the functions g;(x;,p), i =1,...,s, are defined and continuous on some
openset I'y CR™ xR™, ¢=1,...,5, R™ x...x R" =R", together
with elements of the matrices

09:(xi,p) Gnytetnsatk (@i, ) [\
8@» ’

7

a$n1+...+ni71+la$i

ng
)
k=1

i=1,...,s, j=1,....b, p=(RT,...,RDT;

k=1

(’ a2gn1+"'+n171+k(miﬂp)
6mn1+...+ni_1+18Rj

(3) the functions h;(z, p) are defined and continuous on some open set I' C
R™ x R™ together with the partial derivatives

aa:j ’

,j=1,...,8

(4) for some value of the parameter vector p* there exists an equilibrium
state z* = 2¢(p*) = ((@P)7T,..., (@)D, 27 € R™, i = 1,...,s, of

the system (6.28), so that f(z*,p*) =0, gi(z},p*) =0, hi(z*,p*) =0,
(z*,p7) €T}

(5) the following inequality is true:

Of (z,p)

) # 0;
(z*,p*)
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(6) the matrices

0gi(xi,p*) n Oh;(x, p*)

are stable in the point x*.

If in the space R™ a domain €, is defined such that for each p from €,
there exists an equililbrium state of the system (6.28), then the question of
the parametric asymptotic stability of the system (6.28) with respect to the
domain §2,, comes to the question of the existence of an appropriate Lyapunov
function.

To apply the comparison method for the solution of the problem, see below
some auxiliary results.

Definition 6.2 The function f € C(R™,R") is called weakly quasimonotone
nondecreasing with respect to the cone K C R™, if for any positive functional

p € K* the conditions 0 X <z LS <y and ¢(y —x) =0 imply the inequality
e(f(y) — f(x)) = 0.

We now prove the following statement.

Lemma 6.1 Let the function g € C(Ry x K,R™) and g(t,u) be a function,
weakly quasimonotone nondecreasing with respect to w relative to the cone
K CR"™ for each t € Ry. Let r(t) be the mazimal solution of the system

d
= =9t ulto) = uo,
with respect to the cone K C R™, which exists on the interval [tg, +00), and
for t >t
av(t)
i

“at Sg(tv V(1))

where V(t) € C(Ry,R™).
Then if V(t) is a function positive with respect to the cone K C R™,

V(t) X >0, t > to, then the inequality V (to) LS <ug implies the estimate

K

5

V() = <r(t) atall t>to.

Proof Let to < T < +o0. Since r(t) = lir% u(t,e) is uniform on [tg, 7] at all
E—

sufficiently small € > 0, where u(t,¢) is a solution of the auxiliary system of
equations

du
7Y (t,u) + e, u(to) = uo + v,
and v is some fixed element from int K, it is sufficient to prove that

V() E <ult,e) atall tety,T).
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Assume that this inequality is not true. Then there exists ¢ € (to, 7] such
that

u(ty,e) = V(h) € 0K, u(t,e) S >v(t) L >0, telt,tr)
It means that there exists a functional ¢ € K, Ko = K — {0}, such that
o(u(t,e) — V(t1)) = 0.
From the weak quasimonotony of the function g it follows that
e(g(tr, ultr,€)) — g(t1, V(t1))) = 0.

Assuming w(t) = p(u(t,e) — V(t)), t € [to,t1], obtain w(t) > 0, t € [to,t1)
and w(t;) =0,

dw(ty)  lim w(ty + h) —w(t)
dt h—0 h
. . ) ) . dw(ty)
irrespective of the way in which h tends to zero. If h — 0—, obtain 7 <

0. On the other hand,

% _ @(du(;i,e) - dt;(:ﬂ) _ ¢<g(t17u(th€)) ey %@)

> @(g(tlvu(tlvg)) - g(tlvv(tl))) > 0.

The obtained contradiction completes the proof of the Lemma 6.1.

Thus, if as a result of the estimation of the derivative of the Lyapunov
function V (¢,x) one obtains the inequality

dv (t)

then, as a comparison system, one can use the system

du
5 tvu )
o = 9t
where g¢(t,u) is a function weakly quasimonotone nondecreasing in u with
respect to some cone, and V' (t) is a positive function with respect to the same
cone.

Let us formulate the criterion of Sevastianov-Kotelanskiy (see Matrosov

[2001]), we will need it for the solution of the main theorem.

Proposition 6.1 For the equilibrium state x = 0 of the system & = Ax,
where the function f(x) = Az satisfies Wazevsky’s condition with respect to
the cone R, to be asymptotically stable, it is necessary and sufficient that
sign A;(A) = (-1)*, i = 1,...,n, where A;(A) are the principal minors of
the matrix A.
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The boundary of the possible domain of the parametric asymptotic stabil-
ity of the system (6.25)

Mg ={(z,p) | Qs |zi — 27| <riy Qg0 R — Rl <,
i=1,...,s, j=1,...,b}
can be estimated by using the approach indicated in Appendix. Note that

later for matrices the Hilbert-Schmidt norm will be used.
Introduce the notation

;= ri max || Ay(zi, p)|| + > max || Aic(, p)|

T4 c=1 Hrq

b
+ 4 (max 1Bij (i, p)|| + max IIBz‘j(%p)II) :

j=1 7,4 r,q

Ai(zi,p) = (‘829n1+...+m1+k($iap) Dn
A 0%y .. 4ni_ 14103 k=1

)

)

B(m p): a2gn1+"'+ni71+k(l‘iﬂp) "
AR 6$n1+...+ni_1+laRj k=1

Oy +tm, )\
Aic(.r’p) — ( 1+...+ z—1+k'('1" p) ‘)

a$n1+~~~+m‘71+laxc k=1

82hn1+..'+n171+k($ﬂp) ‘>”z
axn1+---+ni—1+laRj

)

9

k,l=1
HTiaq = {(miap”: Hml —1‘: | <7y, HR] - R;k” < gj, Jj= 1,...7b},

Am(+) is the minimum eigenvalue of the respective matrix, Q;, i = 1,...,s, is
an arbitrary symmetrical positive-definite matrix with the dimensions n; x
n;, P;, and ¢ =1,...,s is a symmetrical positive-definite matrix which is a
solution of the matrix equation
T
) ¥
r=x*

axi T, =xF
T A
. 83:1 r=x*
(6.30)

dgi(x;, p*
(2t
al'i zi=x]
Having used the Assumption 6.1, determine the sufficient conditions for
the parametric asymptotic stability of the system (6.28) with respect to the
specified domain, we can prove the following theorem.

Oh;i(x, p*)

Theorem 6.4 Let for the vector functions g;(z;,p), hi(z,p), i = 1,...,s,

the system (6.28) and the domain I, 4 the matriv A = (ai;); ;= with the
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elements
@)+ 2P
i 2/\m(Pz) )
. 2
2P 3 (rnaxH%i’”\D
k=1 I, 4
a;; = o >0, i#7,

A (P5) A (Qi) = 2[|Pi| @) — 7

satisfy the condition
sign A;(A) = (=1), i=1,...,s,

where A;(A) are the principal minors of the matriz A. Then the system (6.28)
is parametrically asymptotically stable with respect to the system €.

Proof Choose an arbitrary value of the parameter vector p from the domain
Q4. According to the definition of the domain II, 4, there exists an equilibrium
state 2¢(p) from the domain Q,.. By substitution of the variable z = x—xz°(p)
reduce the system (6.28) to the form

dzi ~ e 7 e .
I :gi(zi+xi(p)ap)+hi(z+x (p)7p)’ i=1,...,s, (631)

—= = gi(zi + 5 (p), ). (6.32)
As components of the vector Lyapunov function, choose the functions
vi(z) = 2} Pz, i=1,...,s,

where the matrices P;, ¢ =1,...,s are determined from the equations (6.30).
Estimate the derivatives of the components of the vector Lyapunov function
along solutions of the system (6.31):

dUi (ZZ)

o = (Gi(zi + 25 (p), p)) " Pizi + 2 Pi(Gi(zi + 25 (p), p))

(6.31)

+ (hi(z + 2°(p), p)) " Pizi + 2 Pi(hi(z + 2°(p), p))

7 T
_ dvi(z) N ZT<3hz($,p) ) P,
(6.32) p—

dt Ox
>z + (0i(2))Y Pizi + 2ziP;(05(2)).

(6.33)
Here 0;(2) is a vector with the dimension n; and its module is an infinitesimal
quantity compared with the module z in some neighborhood z = 0. It is

vt or

z=z(p)
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known that the function V;(z;) tolerates the following estimate of the time
derivative in view of the system (6.32):
T;=x]

* T "
< Z;_I‘(<agz(x27p ) ) P, +Pi<agz(xzap )
(6.32) O zi=a*

8@»
b
2 (e | Ao+ 305 B ) ) P

i j=1 i

d’Ui (ZZ )
dt

+ 2[lo(zi) Il i

Mzill, i=1,....s,

where o(z;) is a vector with the dimension n; whose module is an infinitesimal
quantity compared with the module z; in some neighborhood z; = 0.
Continuing the estimate of (6.33), obtain

* . * T
dvi(2i) < Z;I‘<agz(mzvp ) N Oh(z,p*) ) P,
dt (6.31) axl Ti=x} axl r=x*
0gi(x;,p*) 8h (z,p%)
L P — i
+Zl ax’ ri=xF 6.731 r=x* :
. T
a(Zen| o) YT,
81’i z=xz°(p) 81’i r=x*
ami z=xz¢°(p) 6.731 r=x*

b
+2)R (mgmnAi(xi,p)n 3 gy max By (o)

T j=1 T
+ 2 g ma
IIr,q
J#l

H P ||||z]||> il + 2000 + o DI =]

o) ||Pz||||z]||> I

[z, i=1,...,s.

< (“An(@1) + 2] PII®) ]2 + Q(ZH&X
j=1 Hra
JFi

2([loCzo)ll + llos(2) D1 P

(6.34)
Estimate the last summand in the formula (6.34). Choose arbitrarily some
positive number €. According to the definition of 0;(z) there exists a neigh-
borhood €;(¢) of the point z = 0 such that in it [|o;(2)] < ¢;||z]|'72¢, where
¢, © = 1,...,s are some positive constants. Analogously, according to the
definition of o(z;) there exists a neighborhood ,(¢) of the point z; = 0
such that in it [jo(2;)|| < &llz]|*+2e, & > 0.

The functions v;(z;) = zf Pz, i = 1,..., s, satisfy the estimate

A (Po)lzi]|* < wilzi) < Aar (P2l (6.35)
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Then for all z from Q;(e) N Q,(¢) the following estimate is true:

2(llo(zo)l + lloi ()DL zill < 2(eill2l]'+22 + c@llzill™ ) | Pl || ]

14
_ v;(z5)
< 2(c; + &) Bill [12]*7% = 2(ci + &) | P ”( o )

Am(Pj)
< 2ci + &) B V)M = M| Pl ||V(Z)||1+Ev
1=1,...,8,
(6.36)
1 1 \" )
where A = [ ———, ..., ———— and M; = 2(c; + &)||IA|1TE. Denote
A ) (et )]

A (Q:) + 2| Pi||®; = —A, A > 0, and estimate the sum of the first two
summands in the formula (6.34). Taking into account that

fhe< -2 Y
—aZ z —_Z -—
2 2a

at a > 0, z € R, and considering the estimates (6.35), we obtain
: Ohi(z, p) H
—Allz?+ | 2||P; max || ——==|| ||z, Zi
s (n I3 ma | Z5 P e e
it

s 2
(207 5 max [ 2522 1)
—Al? M

7
B 2 2A
. Ohi(x
21ne 3 (e |2 ) 5
—A z]] + i I
< 9 N
s s 9
8hl Z,
A ;(2“3”2 kzj:l (maxnrvq 85%17) ) Am%Pj)>vj(Zj)
< — e J#i ki .
_72)\7”(3)@(2)4- X
(6.37)

Thus, from the formula (6.34), taking into account (6.36) and (6.37), for all z
from ;(e) N Q.,(e) the following estimates are true:
d?)i (Zl)
dt

<avi(z) + Y aivi(z) + M| V()| R)L i=1,.. s
(6.31) =1

Hence in some neighborhood of the point z =0

dV (z)
dt

<AV () + V(MR- M| PN,
(6.31)
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where the matrix A = (aj;)
condition of the theorem.
The function

7 j=1, and the elements a;; are specified in the

Fu) = Au [lul (M P, M| [P )T

weakly quasimonotone nondecreasing in u with respect to the cone R$, and
V(2) is positive with respect to the same cone. Then, according to the lemma
6.1, as a comparison system for the large-scale system (6.31) one can use the

system

C;—;L = Au+ [[ul 2L P M| B )T (6.38)
Taking into account that the matrix A satisfies the Sevastianov-Kotelyansky
condition, and applying the theorem of stability by linear approximation, the
equilibrium state u = 0 of the system (6.38) is asymptotically stable in the
cone R?%. According to the comparison method, the equilibrium state z = 0
of the system (6.31), i. e., the equilibrium state = z°(p) of the system (6.28)
is asymptotically stable. Since p was chosen arbitrarily from €, the system
(6.28) is parametrically asymptotically stable with respect to the domain €.

The theorem is proved.

Example 6.1 Consider the system of Lotka-Volterra differential equations
(see Freedman [1987]) in the form

X) =7 (A1 X1 + a1 + A Xy + A Xo),

L (6.39)
X2 = Ta(A2 X2 + as + Aa1 X1 + A2 X5),

where X1 = (21,22)7, Xo = (23), a1 = (p*+2, —p°—p?—1)T, as = (p?+1),

1 1 0 (A 2
A1:<1 0)7 Ay = (1), All:(p4—p2 (pop))7

0 _ 0 _
A = <p2> . Ao =(0 —p?), A =(0), T, = (Ji)l > » T2 = ().

)

Obviously, in addition to the fixed equilibrium state of the system (6.39) in
the origin of coordinates for all values of the parameter p there exists another
equilibrium state

Xi(p)=@*+1, 1), Xs5(p)=(1),

whose stability will be analyzed below.
Represent the system (6.39) in the form
dX; -

dt
X, ) (6.40)

dt
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Here

91(X1,p)= 91(X1,p)— 91 (XT (), ),  G2(Xa2,p)= g2(X2,p) — 92(X5(p), p),

Bl(map) = hl(map) - hl(me(p)ﬂp)v BQ(%p) = hQ((Eap) - hQ(me(p)vp)a
91(X1,p) =21 (A1 X1 + a1+ A X1), 92(X2,p)= T2(A2X2 + ag + A X>),
hi(x,p) = Z1A12X2, ha(x,p) = T2 A21 X1,

Construct the components of the vector Lyapunov functions in the form
Ui(XiﬂXie(p)) = (Xi _Xie(p))TPi(Xi _Xie(p))v 1=1,2,

where P; are matrices determined from the matrix equations

<agi(Xi7p)’ )TP_
xeww  9Xi e

X,
+Pi<agi<Xi7p)’ +3hi($,p)‘ ):—I, i— 1.2
0Xi lixemw 9% lixemp)

Here I is a unit matrix with the respective dimensions. Since the matrices

(%ﬁé’p) . %)Z’p) ), 1 = 1,2, are supposed to be stable,
(X£(p):p) (z¢(p),p)
the matrices P;, i = 1,2, always exist, they are symmetrical and positive-
definite.
Since

G(X1,p) = (p* +2)z1 — 2 — (p* — p? + D122
B P+ P+ D2+ (p* —p® + Drzn )

0
hl(map) = (p2$2$3) ’

then the matrix

0g91(X1,p)
0X1

ah‘l (1’7 p)
X1 | (gep) )

_( -1=p*  —1-p% _ (an an
T\l —-p?4pt 0 - \a21 ax
is stable at all p.

Owing to the fact that go(Xa2,p) = (p? + 1)as — 23, ha(z,p) = —p*zoxs,
the one-element matrix

0g2(X2,p)
0X5

’ (Xt (p),p)

+ ah2(m7p)

=-1
0Xo

(z¢(p).p)

’ (X5(p)sp)

is stable at all p.
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Find the matrices P; and Ps:

asz(a11 + aze) + azi(as — a12) —@22012 — A11021
P, — 2(a11 + ag2)(ai2a21 — ai1a22) 2(a11 + a22)(a12a21 — ai1a22)
1 — _ _ _ bl
Q2212 — 011021 a1 (@11 + ag2) + ar2(aiz — a1
2(a11 + ag2)(ai2a21 — ai1a22) 2(a11 + a22)(a12a21 — ai1a22)
1
P2 = 5 .

For the system (6.40) construct the vector Lyapunov function
V(.f, 're(p)) = (Ul(Xlach<p)a UQ(XQaXQ‘z(p))

Estimate the derivatives of its time components in view of the solutions of the
system (6.40):

dvy (X3, X7(p))
dt

—v1 (X1, XT(p))
(6.40) 22 (P1)
‘ahl(map)
0X2  |(ae(p)p)
+2[[Pr|(cr + @) IV,
< Zv2(Xo, X5(p))
(6.40) 22 (P2)

‘ahQ(‘T,p)
X1 | (aep) )
+ 2| Py (c2 + ) |A TV,

Va(Xa2, X5(p))

2
P, 2
1P| o (P

+2

dvy (X2, X5(p))
dt

Vi(Xy, XT(p))

2
P 2

+2

where c1, ¢, c3, Co are some positive constants, € is an arbitrary positive

number, A = ﬁ, m) Calculate
Hahl(m7p) :p2 Hah2(m7p) :p2
0%z |ae(v).p) X1 e
Thus, for the system (6.40) obtain the comparison system
du
8 = Aut QP 1 + ), 2Palles + @)IAINE (6.41)

where u = (u1,uz),

pt| P ?
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For the zero equilibrium state of the system (6.41) with respect to the cone
Ri to be asymptotically stable it is sufficient that the matrix A should have
positive extradiagonal elements and satisfy the Sevastianov-Kotelyansky con-
dition. So, provided that the inequality

1—4p¥||Py|)* > 0 (6.42)

is true, the equilibrium state of the system (6.40), hence the system (6.39), is
asymptotically stable. From the inequality (6.42) one can easily obtain that
the system (6.39) is parametrically asymptotically stable with respect to the
domain

Qy={peR||p| <0.7197}.






Chapter 7

Stability of Solutions of Uncertain
Impulsive Systems

One of the directions of the development of the general Lyapunov theory of
stability of motion is the application of this theory to discontinuous systems.
Among systems of this type, which are applied in practice, are fuzzy, hybrid,
and impulsive systems.

The objective of this chapter is to obtain the conditions for the stability
of the motion of impulsive systems with uncertainly known parameters. For
this purpose we propose to use the block-diagonal Lyapunov function and the
comparison principle.

7.1 Problem Setting

let 0< i <m<...<7 <... and 7, — oo for kK — o0o. The vector-
function w belongs to PC(Ry x R™ R™), if w: (74—1,7x] X R" — R™ is
continuous on (7;—1,7k] X R" and for any = € R" there exists a limit

lim  wty) =w(nz), k=12,....
(ty) = (i 2)

The function V belongs to the Vy-class if
(1) Ve PC(R+ X D(p)7 R+)a V(t,O) = 07

(2) V(t,z) islocally Lipschitz with respect to x at each (t,x) € (1p—1, 7] ¥
D(p), where D(p) = {z € R™: ||z|| < p}, p = const > 0;

(3) for each k =1,2,... there exist and are finite the limits

V(to—0,20) = lim  V(t,z), V(to+0,29)= lim V(¢ x),
(t,z)—(tg,zq) (t,z)—(tg,zq)
(t,2)EGy (t,2)eGL 41

Gy ={(t,z) € Ry X D(p): Th—1 <t < T}

141
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The system of equations

Cé—i:f(t,.r,a), t;'éTk,
Ax(t) = Iy(x(t), ), t =T, (7.1)
z(to) = o

will be called an uncertain impulsive system of the general form.

Here x(t) € R™ is the state vector of the system at the point ¢t € Ry,
f € PO(Ry x R* x R® R"), I;: R" x R* — R™ k = 1,2,... denotes
the instantaneous value of the state vector of the system at the points of
impulsive action 7, and o € S C R? (d > 1, S is a compact set) represents
the “uncertainties” parameter of the system (7.1).

The impulsive system (7.1) without the uncertainties parameter will be
called the nominal impulsive system.

The set of all points of impulsive action upon the continuous component
of the system (7.1) forms the set E = {71,72,...: 1 < 72 < ...} C Ry,
which is unbounded and closed on R..

Regarding the system (7.1) we assume that a motion subordinate to the
equations (7.1) is described by the function x(t,to,xo, @) E - x(t, o) with
the following properties in any open neighbourhood D of the state x = 0,
D CR™

(a) the motion x(¢,«) of the system (7.1) is continuous from the left on
[to,00) for any to > 0 and such that z(to, ) = x¢ for any (to, zo, ) €

T, x DxS;
(b) the motion x(t,«) of the system (7.1) is differentiable with respect to ¢
and (s
M) (), 0)

almost everywhere on (g, 00), apart from the range E C Ry, for any
aes;

(c) for any t =7, € E the condition

r(tt a) = x(th o) = z(t, ) + I (z(t, ), @)

lim
tr—t, B >t
is satisfied for any a« € S and k=1,2,....

It is assumed that for any o € S the order of the system (7.1) remains
unchanged throughout the time of its functioning and for all ¢ € 7 the
equilibrium state = = 0 is unique for all values « € S, i.e. f(¢,0,a) =
Ik (0, a) =0.

Then the analysis of the strict stability of the system (7.1) is realized under
different assumptions about the dynamic behavior of the continuous and the
discrete components of the nominal impulsive system.
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Represent the system (7.1) in the form
dx

Ezf(t7l'70)+Af(t,$,Oé), t7é7—ka
Az(t) = In(x(t), 0) + Al (x(1), @), t =7k, (7.2)
z(to) = wo,

where the notations Af and Al are obvious. Then the nominal impulsive
system

d
d_gts:f<ta'ra0)7 t#Tka
Ax(t) = Iu(a(t), 0), =, (7:3)
z(to) = o,
is decomposed into m interrelated subsystems
dx; .
L= filten0) 41, 8,0),  t#7,
Azi(t) = Lip(xs(t), 0) + aix(@(t), 0), ¢ =74, (7.4)
xi(to):xio, i:1,2,...,m.

Obviously,

z(t) = (L), ..., 2 t)T e R*, n= Zln

’I’i(t7£i',0) = fi(t,acl, ce 71'm70) - fi(t71'i70),
aik(:ﬁ(t)ﬂ) = ik(ml(t)7~ i 7$m(t)70) - Iik(mi(t),0)7
fir Ry xR"™ - R™, r;: RyxR' "™ — R",
Lix: R" — R™, a;,: R" ™ — R™.

Make some assumption regarding the dynamic behavior of the independent
nominal subsystems

dzx;

CZ :fi(tvmiuo)v t#Tkv
Axi(t) = Ln(i(t), ), t=m, (7.5)
.Ti(to) = Z;0, 1= 1,2,...,771,

of the system (7.4).

Assumption 7.1 Among m independent continuous components (7.4) of the
impulsive system there exist r asymptotically stable and m —r > 1 unstable
ones.

Assumption 7.2 Among m independent discrete components of the impul-
sive system (7.4) there exist r unstable and m — r > 1 asymptotically stable
ones.
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Note that the analysis of the stability of the impulsive systems (7.1) with
the described dynamic properties of the continuous and the discrete compo-
nents has never been conducted before in the theory of impulsive systems (see
Lakshmikantham, Bainov and Simeonov [1989], Samoilenko, Perestyuk [1995],
Martynyuk [2000e], and others).

7.2 Principle of Comparison with a Block-Diagonal
Matrix Function

For the analysis of the system (7.1), construct the matrix function U(¢, z)
in the form

U(t,x) = diag{U; (¢, z), Ua(7, )}, (7.6)

T
where U; € PC(Ry x R™ lexm/), m = > n; Us: E X R
R(nfm')x(nfm'). =

Auxiliary functions of the form (7.6) will be called matrix block-diagonal
functions. Particular cases are two-component vector functions; one of their
components characterizes the continuous component, the other one character-
izes the discrete component.

The matrix-values function Ui (¢, ) is constructed on the basis of r stable
subsystems of the continuous part of the system (7.4), and Us(7x,z) on the
basis of m — r asymptotically stable components of the discrete part of the
system (7.4).

Assumption 7.3 The elements wv;;(t,-) of the matrix-valued function
Ui (t,z) satisfy the following conditions:

(a) v;; are continuous on (Tg—_1, Tx] X R™ for all z € R™ and there exist

lim vt y) = v (0, x), 4,5=1,2,...,r;
b Y = M2 0

(b) wv;; are locally Lipschitz with respect to x;
(c) for any (t,x) € (7k—1,7k] X R™ the derivatives

D_v;;(t,z) = iminf{[v;;(t + 6, z + 0f (¢, z,)) —
_Uij(t“%.)]eilz 9_>07}ﬂ i,j=172,...,m’7

are defined along the solutions of the respective subsystems (of the sys-
tem (7.1));
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(d) for (t,x,) € E x R"™ the first differences are defined:

Aqu(Tkvxp) = qu(Tk+175U(Tk+1)) —
— Vpg(Th, (1)), Pg=1,2,....m', k=1,2,....

On the basis of the matrix-valued function U(¢,x) construct the scalar
auxiliary function

V(t,z,n) =n"U(t,x)n, n€RY.
Consider the comparison equations

du

o = @), tE
w(ry) = Pr(u(mr), p(a)), (7.7)
u(to) = ug > 0,
and
dv
dt QQ(t v /J’( )) t 757']C7
v(1y ) = or(v(Th), pu(a)), (7.8)

)
U(to) = Vg Z 0.

Here g¢1,90 € PC(R3,R), g2(t,v,pu(a) < gi(t,u,p(a))) for all a € S,
pla) > 0, g, or: Rf_ — R are not decreasing in their first arguments,
and in addition, ¢ (u, pu()) < r(u, u(a)) for each k, o € S and p(a) > 0.

Let u™(¢,tp,uo) and v~ (¢,to,v9) be the upper and the lower solutions of
the equations (7.7) and (7.8) respectively, defined for all ¢ > ;. Then from the
theory of differential equations (see Lakshmikantham, Leela, and Martynyuk
[1988D)) it follows that

v (t,to, v0) < ut (¢, to, up)
for all t > ¢y, u(a) >0, as soon as
vy < Ug.
Theorem 7.1 Assume that:
(1) all the conditions of the Assumptions 7.1-7.3 are satisfied;

(2) there exist functions g1,92 € PC(R3,R), ¥y, ¢r: R%L — R such that
the following two-sided inequalities hold true:

(a) g2(t, V(t,z,m), p(a)) < D_V(t,z,n) < g1(t, V(t, z,n), p(a))
for t # 1, and for all (t,z) € Ry x D(p),

(b) ou(V (£, 2, m), ple)) V(8 2+ (2, @), n) < (VL 2,m), ple)) for
t =15, for some po = po(p) >0 such that the condition x € D(po)
implies the inclusion © + Iy(x,a) € D(p) for all k and p(a) > 0;
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(3) the vector n € R and the initial values (xo,uo,vo) are chosen so that
Vo S V(tu$07n) S uo fOT’ t= t07

(4) under the initial conditions specified in the condition (8) the motions
x(t,a) of the system (7.1) are defined for all t > to.

Then the two-way estimate
v (t,to,v0) < V(t,x(t,a),n) < ut(t,to,uo) (7.9)
holds for all t >ty for any a € S and p(a) > 0.

Proof The statement of the Theorem 7.1 follows from the Theorem 4.9.1 from
the monograph by Lakshmikantham, Leela, and Martynyuk [1988b] (also see
Lakshmikantham and Devi [1993]).

7.3 Conditions for Strict Stability

See the following definitions necessary for further reasoning.
Definition 7.1 The equilibrium state = 0 of the impulsive system (7.1):

(a) is strictly equistable, if for the given ¢y € Ry, e > 0 and A > 0
it is possible to indicate positive functions 01 = 01(to,e1,4), Jo =
d2(to,e1,A) and g9 = ea(tg,e1,4), ¢ to at fixed (e, A) and ordered
by the inequalities €3 < dz < §1 < €1, such that €2 < ||z(¢, )| < &1 for
all t >ty and any o € S, as soon as 02 < o] < 01 and [t — 7% > A;

(b) is strictly uniformly stable, if in the definition 7.1(a) the functions d1, o
and €5 do not depend on tg.

Definition 7.2 The zero solution of the comparison equations (7.7) and (7.8)
is strictly equistable , if for the given tg € R4, €1 > 0, A >0 it is possible
to indicate positive functions &, = &, (to,éhz)7 by = 52(t07§17£) and & =
52(t0,~517£~)7 continuous with respect to tg and ordered by the inequalities
£9 < 02 < 01 < €1, such that

52 < U_(t,to,Uo) < u+(t,to,u0) < 51
for all t >ty and p(a) > 0, as soon as 5o < v9 < up < 0, and [t — %] > A.

The sufficient conditions for the strict stability of the equilibrium state
z =0 of the system (7.1) are contained in the following statement.

Theorem 7.2 Assume that:
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(1) all the conditions of the Theorem 7.1 are satisfied;

(2) for all t >ty the vector-functions f(t,z,a) =0 and Iy(xz,a) = 0, if,
and only if, x =0 for each k and for any o € S;

(3) there exist functions a,b € K-class such that for the function
V(t,z,n) =nT U(t,x)n the estimates

b(llzll) < V(t,2z,m) < a(]]])
hold for all (t,x) € Ry x D(p).

Then the equilibrium state x = 0 of the uncertain impulsive system (7.1)
has the same type of strict stability as the zero solution of the comparison
equations (7.7) and (7.8).

Proof Consider the property of strict equistability of the motion x = 0 of the
system (7.1). Owing to the condition (2) of the Theorem 7.2, the system (7.1)
has the unique equilibrium state x = 0 for any change of @ € § and for all
k=1,2,.... Assume that tp € Ry and 0 < &1 < p* = min (pg, p) are given.

Let the zero solution of the comparison equations (7.7), (7.8) be strictly
equistable. In this case, for the given &1 > 0 choose &; from the relation
€1 = b(e1). For 1 > 0 choose 01 = 01(tg,e1,4), 62 = da(to,e1,A) and
€9 = E9(to, €1, ), continuous with respect to ¢ty and satisfying the inequalities

52 < 82 < 81 < b(&l),
&y < (t,to,v0) <u'(t,to,uo) <bler), t>to, pla)>0,

as soon as ds < vy < up < 01, |t — 7] > A. Under the condition (3) of the
Theorem 7.1 (see the condition (1) of the Theorem 7.2), choose the vector
n € R and the values (2o, uo,v0) so that

vo =V (t,zo,m) =up at t=rty.

From the fact that the function V(¢,x,7) is continuous in the neighborhood
of the point (to,z9) and V(t,0,n7) =0 for all ¢t € R, it follows that under
the given 01, d2, d2 < d1, there exist 1, d2, 02 < d1 < €1, such that

52 < V(to, xo, 77) < 51, (710)

as soon as 02 < ||xg|| < 81, where d3 = da(t0,e1,4), §1 = d1(to, €1, A).

Now choose the value g3 = ea(tg,e1,A) > 0 so that a(es) < &2 and
g9 < d2. As a result, obtain the sequence of inequalities €5 < dg < 01 < €1
(see the Definition 7.1). Show that under the above mentioned choice of the
values €3, 02 and ¢; the equilibrium state x = 0 of the system (7.1) is strictly
equistable as soon as all the conditions of the Theorem 7.2 are satisfied. This
means that the motion z(¢,«) of the system (7.1) for any «a € S satisfies the
estimate

g2 < |lz(t,a)|| <e1 forall t>tg,
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as soon as 0z < ||zol| < 1.

If this statement is incorrect, then there exists an alternative for the two
cases of the motion x(¢,«) of the system (7.1).

Case 1. For some k there exists to € (7%, Tk41] such that o > ||z (t2, @)
for any « € S. Obviously, for ¢ty <t < ts the motion z(¢,«) remains in the
domain D(p) and according to the conditions of the Theorem 7.1, the estimate
(7.9) holds. Hence, taking into account the condition (3) of the Theorem 7.2
and the estimate (7.9), we obtain

alez) = al[z(t2, a)ll) = V(¢ x(t, o), n) = v~ (to, o, vo) > €2 > alea).

The obtained contradiction proves that to € (7, 7k+1] and ||z(t, )| > &g for
any t >ty and a € S.

Case 2. For some p there exists ¢1 € (7p, Tp+1] such that &1 < ||z(¢1, @)
and |lz(t, )| < e1 for any to <t < t;. According to the condition 2(b) of
the Theorem 7.2 ||z(7p, )| < e1 < po and hence

z(r,}, )|l = [|2(7p, @) + I (x(7p, @), @) || < p. (7.11)
Then there must exist ¢ € (75, %] such that
e1 < Jlz(t, )|l < p. (7.12)

This means that for ty <t < the estimate |z(¢, )| < p holds true, and
therefore, according to the Theorem 7.1, the estimate (7.9) holds true as well.
According to the condition (3) of the Theorem 7.2 and the relations (7.10)
and (7.11),

b(e1) < b(lz(#,a)|) < V(E 2(t, a),n) < ut(f,to,uo) < ble). (7.13)
The contradiction (7.13) proves that € (7,,¢1] therefore ||x(t,a)| < &1

for all t >ty and for any o € S.
The Theorem 7.2 is proved.

Now we will obtain the sufficient conditions for the stability of an uncertain
impulsive system on the basis of a vector auxiliary function.

7.4 Application of the Vector Approach

Let for the system (7.1) a matrix function U(¢,x) be constructed in the
form

U(t,x) = diag{U; (¢, z), Ua(7, )}, (7.14)
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! ’ T !
where Uy € PC(Ry x R, R™*™ ) and m' = Y n;, Uz: EXR"™ —
i=1
R(n—m')x(n—m'). ’
Using the matrix-valued function U (¢, z), construct the vector auxiliary

function
L(t,x,n) = AU(t,z)n, n€ RY, (7.15)

where A = diag(A;, A2), A; are constant matrices with their dimensions
corresponding to those of the blocks of the matrix function (7.14).

For the system (7.1) and the function (7.15) consider the comparison sys-
tem

du
e gt u, p(e)), t# Tk,

u(r) = vnlu(n), (@), (7.16)
u(to) = Up Z 0.
Here g € PC(R3,R™), g(t,u,pu())) is quasimonotone with respect to u for
all @ € S, p(a) >0, Yy, ¢ and R2 — R are not decreasing in their first
arguments.
Let u™(t,t9,u0) be the upper solution of the system of equations (7.16)
determined for all ¢ > ty3. The theory of differential equations implies the
following statement.

Theorem 7.3 Assume that:
(1) all the conditions of the Assumptions 7.1 7.3 are satisfied;

(2) there exist functions g € PC(R3,R), ti, ¢r: R2 — R such that the
following estimates hold true:

(a) DYL(t,z,n) < g(t, L(t,z,n), u(a)) for t # 7, and for all (t,z) €
R+ X D(p)7

(b) L(t,z + Ix(z, ), ) < Yp(L(t, z,n), u(a)) for t = 7 for some
po = po(p) > 0 such that the condition x € D(py) implies the
inclusion = + Ix(x,«) € D(p) for all k and p(a) > 0;

3) the matriz A, the vector n € R"" , and the initial values (xg,ug,vg) are
+
chosen so that L(t,xo,n) < ug at t = to;

(4) under the initial conditions specified in the condition (3), the motions
x(t,a) of the system (7.1) are defined for all t > to.

Then the change of the components of the vector function (7.15) along
solutions of the system (7.1) is estimated by the inequality

L(t,z(t,a),n) < ut(t, to,uo) (7.17)

at all t >ty for any a € S and p(a) > 0.
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The proof is similar to that of the comparison Theorem 3.4.1 in the monograph
by Lakshmikantham, Leela, and Martynyuk [1988b)].

Recall the definition of stability in the sense of Lyapunov, adapted to the
uncertain impulsive system (7.1).

Definition 7.3 The equilibrium state = 0 of the impulsive system (7.1)
is:

(a) equistable if for the given to € Ry, ¢ > 0 and A > 0 it is possible to
indicate a positive function § = §(tg, e, A) continuous with respect to
to for fixed (e, A), such that |z(¢,a)| < e for all ¢ > ¢y and for any
a €S, assoon as ||xo|| <6 and |t — 75| > A;

(b) uniformly stable if in the definition 7.1(a) the function § does not depend
on tg.

Definition 7.4 The zero solution of the comparison system (7.16) is equi-
stable if for the given to € Ry, 1 > 0, A > 0 it is possible to indicate a
positive function §; = d1(tg,€1,4), 61 < €1, continuous with respect to g,
such that

u+(t,t0, uo) <é&

for all t >ty and p(a) >0, as soon as ug < §; and |t — 7| > A.

The conditions for the stability of the equilibrium state = = 0 of the
system (7.1) are contained in the following statement.

Theorem 7.4 Let the equations of perturbed motion (1.1) be such that:
(1) all the conditions of the Theorem 7.3 are satisfied;

(2) for all t >ty the vector-functions f(t,z,a) =0 and Iy(xz,a) = 0, if,
and only if, x =0 for any k and for any «a € S;

(3) there exist functions a, b € K-class and a vector ¢ € R™ such that for
the function L(t,xz,n) the estimates

b(llzl) < " L(t,x,) < a

|z[])
hold true for all (t,x) € Ry x D(p).

Then the equilibrium state x =0 of the system (7.1) has the same type of
stability as the zero solution of the comparison system (7.16).

Proof Let the following quantities be specified: ) € R4 and 0 < € < p* =
min(pg, p). Assume that the zero solution of the comparison system (7.16) is
equistable. Then for the given to € R4 and b(-) > 0 there exists d1(tg,€) >0
such that

[lu(t; to, uo)|| < b(e) forall ¢ > to,
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as soon as |lug|| < 91, where u(t; ¢, uo) is any solution of the comparison sys-
tem (7.16). Under the specified function L(t,x,b) according to the condition
(3) of the Theorem 7.3, for ¢t = 7" we obtain the estimate eTL(t,zq,b) < uo,
where ug = a(]|zo]|) is admissible. Choose do = d2(e) so that a(da) < b(e),
and define § = min(dy,d2) > 0.

For the given ¢ > 0 and ¢ defined above, show that ||z(¢, «)|| < e for all
t >ty and a € S, as soon as ||xo|| < §, where z(¢, ) is a solution of the
system (7.1), determined for all ¢ > t¢o. If that is not so, there must exist a
solution z(t,a) at least for one o € S such that for ||zo]| < J and t* >t
(1 < t* < 741 for some k) the following conditions will be satisfied:

(", a)| ze and |z(t, )| <e at to <t <7

Since 0 < € < p*, from the condition (2)(b) of the Theorem 7.3 it follows that
2 || = |lzk + Ik (2k, @)|| < p, where @ = (73, @) and ||zx|| < . Hence one
can find t°, 7, < % < *, such that ¢ < ||z(t°, a)|| < p* forall a € S.

Denoting m(t) = c¢TL(t,z(t),b) for to <t < t° and taking into account
the conditions (2)—(4) of the Theorem 7.3,

eTL(t,x(t),b) < eTu(t;to,ug), to<t<to (7.18)

where u(t;to,up) is the maximal solution of the comparison system (7.15).
From the inequality (7.18) we obtain

b(g) < b(||x(t07a)||) < eTL(tO7x(t07a)7b) < eTu(tO,to,a(HacOH)) < b(E).

Hence |z(t,a)| < e for all ¢t > ty and any « € S. The stability of the
condition z =0 of the system (7.1) is proved.

7.5 Robust Stability of Impulsive Systems

Consider the linear impulsive system

L are), t#7
Aalt) - Ba(t), t—r. (719)
z(to) = o.

Here A, B € R™ "™ are the interval matrices from the compacts A = {4; <

A < A} and B={B; < B < By}, n x n-matrices A; and Bs, and s = 1,2,
have the given elements, Ax(t) = z(t) — x(t;), i = 1,2,... .

Definition 7.5 An uncertain robust system (7.19) is robust exponentially
stable in the whole if for any values of the parameters A € A and B € D, a
zero solution of system (7.19) is exponentially stable in the whole.
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We transform system (7.19) to the form

(Cil_:f :(A0+AA)CL'(t)7 t#Th

Azx(t) = (Bo+ AB)x(t), t=m,

(7.20)

1 1
where Ay = 5(141 +A2), By = 5(31 —‘y—Bg), AA = EpPpFy, AB =

Ep®pFp, &4 € & = {® € R*": & = diag{F11,..., Enn}} with the
elements |ey| <1, k,1=1,2,...,n.
The matrices F4 and F4 are determined in terms of the elements of the

1
matrix C = §(A2 — A;) by the formulas
EAE;I{ = diag { chj’ ZCQJ‘, ey chj} c Ran’
Jj=1 j=1 j=1
FaFj = diag{zcjlazcﬂa . ~,ZCjn} € R™".
j=1  j=1 j=1

The matrices Ep and Fp are determined in the same way in terms of the
1
matrix D = 5(32 — By).

Further we need the following estimate.

Lemma 7.1 If the matrix ;I) € ®*, then for any constant A > 0 and any
vectors £ € R™ and n € R™ the inequality

26Ty < A71eTe+ Ty (7.21)
holds true.

Proof Let us show that inequality (7.21) is valid for one block of the matrix
<I>A7 i.e.,
2670 < A7'ETe+ My, (&m) € R™

In fact, 26T®n < 2/¢Ty| by virtue of the condition |ex;| < 1 for the elements
of matrix ®. Then, consider the inequality

Aoy (L
(ﬁ5 ﬁ”)(ﬁg ﬁ”)”’
which yields .

2[6Tn| < X£T€+M7T77~

Since @49 = &L ®,4 < I*, where I* is the n? x n?-identity matrix, extending
the latter inequality to all blocks of the matrix ® 4 we arrive at estimate (7.21).
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For system (7.20) assume that the function V(z) = 2T Pz is constructed,
where P is an n X n-constant symmetric positive definite matrix. The function
V(x) satisfies the inequality

Am(P)[l2l* < V(2) < A (P) ]

for all € R", where \,,,(-) and Ap(-) are the minimal and maximal eigen-
values of the matrix P.
Assume that the matrix P is the solution of the Lyapunov equations

AP+ PAy = —Q,
By PBy — P = Q,

where 1 and )2 are some symmetric positive definite matrices.

(7.22)

Theorem 7.5 For system (7.20) let the function V(x) be constructed with
the matriz P which solves equations (7.22). If there exist constants p1 > 0,
e >0 and s >0 such that

(a) —Qi+mPEAEYP +u'FTF, <0,

(b) (I + Bo)"P(I + By) + p2(I + Bo)T PEREELP(I + By) +
(13" + A (P)|Ep|?) F5 Fp — Q2 <0,

0 Al | DOW@ )

where M = —Q1 +u1PEAE£P+uf1FEFA, I is an nxn-identity matrix and
the state © =0 of system (7.19) is robust exponentially stable in the whole.

Proof For the function V(z) for t # 7, i =1,2,..., we have
av

T 2T (AJP + PAg)x + 22T PEA®AE

< —mTle + mxTPEAEEPJC + ul_leF;fFAac (7.23)
=2TMX < \y(M)z"z.

Since V(z) is positive definite, inequality (7.23) provides

av_ Apu(M)
— < Vix).
i =) V@
This estimate follows from inequality (7.21) and condition (a) of Theorem 7.5.
Then for t =7;,¢1=1,2,..., we have

V(z}) =V(x; + Az;) = 2] (I + Bo + AB)"P(I + By + AB)z;
=2} (I + Bo)YP(I + Bo)x; + 221 (I + Bo)' PEp®pFpu;
+a] FE@pELPER®pFpx;
<zl {(I+Bo)"P(I+ Bo) + p5"' (I + Bo)"PERELP(I + By)

+py '\ FiFpla; + 2] FOLELPER® g Fpa.
(7.24)
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Since the matrix P is positive definite, there exists a nonsingular matrix
K such that P = KTK. Taking this into account we estimate the second
additive in estimate (7.24) as

t  FROLELPER®pFpa; = |KEp®pFpa|?

(7.25)
< | K|*IEsl*a} Fg Fpxi = A (P)|| Ep|*a] Fg Fpai,

where || - || is spectral norm. In view of estimate (7.25) and condition (b) of
Theorem 7.5 we transform inequality (7.24) to the form

V(z§) <2l {(I+ Bo)"P(I+ Bo) + p2(I + Bo)"PERELP(I + By)
+ (13 "+ A (P E|?); < af Qo (7.26)
A (Q2)

< T < — ; | — e e
= )‘M(QQ)mz Ti > Am(P) V(ml)v 1 ].72a

It is easy to see that under condition (c¢) of Theorem 7.5 estimates (7.23)
and (7.26) lead to the conclusion about robust exponential stability in the
whole of the state @ =0 of system (7.19).

Further we consider a nonlinear robust impulsive system

d
d_ats = f(z)+g1(t,xz, ), t#,
Ax(t) = Li(x) + g2(t, x, ), ¢t =15,

l'(to):mm Z':].,27....

(7.27)

Here the vector-function f € C(R™, R"), I;: R® - R", g: Ry X R*" XS —
R"™, k = 1,2, are the functions characterizing uncertainties in system (7.27).
Consider the function gi of the class

Sy =A{g: g(t,z,a) = Q(t,x)r(t,z) forall aec S}.

In this relation @: Ry x R™ — R™™ is the matrix with complete information
about its elements and r: R4 x R"™ — R™ is the vector-function whose ele-
ments are not known exactly but satisfy the conditions ||r(¢t,z)| < [|m(t, z)||,
where m: Ry x R® — R"™, m(t,0) = 0 for all ¢ € Ry, is a known vector-
function.

Let
g1tz ) = Q1(t, z)r1(t, ) Ya €S,

g2t x, ) = Qa(t, x)ra(t,x) VaeS,
[ra(t, 2)|| < [lma(t, o), [lr2(t2)|| < [lma(t, )]
The following statement holds.

Theorem 7.6 For some nominal system (7.27) assume that for g1 = g2 =0
function V(z): R™ — Ry is constructed in the form

V(z) = Vo(z) + Pr(x)y +y" Pr(x)y, ye€R,



Stability of Solutions of Uncertain Impulsive Systems 155

where Py(z) € RY*", Py € R™*"™, Py(x) >0 for all x € R™ and the following
conditions are satisfied:

(1) there exist constants a1, a2 > 0 and p > 1 such that

all2ll? < V(@) < asllal? Ve € R

(2) function V() is differentiable fort # ;, i € N, and there exist constants
¢i and functions p;(t) > 0 such that fort € (t;,ti11], ¢ € N, the estimate

oV (z 1oV ov\' 1 _
o) f(a)+ gm0 o @QF (5 )+ pa T + Vi) <0
1s valid;

(3) there exist constants M > 1, 0 < 3; < M and o; > 0, i € N such that
1
Vo(wi + Li(z)) = BiV(x:) + 5 03 P1(2:)Qa(t:, 2:)Q3 (ti, ) P (24)

+ {% U[l—&- A (Q3 (¢, xi)P2($i)Q2(ti7mi))}mg(ti, zi)ma(ts, z;) < 0;

(4) there exists a constant s > 0 such that for all i € N the estimate
In 51’

Ti+1 — Ti

—c¢; + < —x

holds true.

Then the equilibrium state x =0 of system (7.27) is robust exponentially
stable in the whole.

Proof TFor the values t # 7; due to condition (2) we have for DTV (z(t))

0
DYV (x(t) = % (f(@) + g1(t,z,0)) < eV (z(t), i=1,2,.... (7.28)
For the values t = 7;, i = 1,2,..., due to condition (3) of Theorem 7.6 we
have

V() = V(e + Li(x:) + g2(ti, 21, @) = Vol + Li(w;))
+ Py () g2(T, iy @) + g (Tiy 4, @) Pa(23) ga(Ti, w4, ) < Bi Vi),
i=12,....
(7.29)

Estimates (7.28) and (7.29) imply that for solutions of system (7.27) ) the
estimate

as 1/p k
<_) exXp ( Z ’yi)plu if ¢ > Oa
lz(, )] < § 3 i

M 1/p k—1
< a2> exp ( > ’yl)p_l, if ¢; <0
i=0

ai
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is valid for all ¢ € (74, Ty41], where v; = ¢;(1341 — 1) + In j3;.
Hence it follows that under condition (4) of Theorem 7.6 the state z =0
of system (7.27) is robust exponentially stable in the whole.

Corollary 7.1 Assume that in system (7.27) the vector-function gs(t, z, o) =
0 and there exists a function Vy(z): R™ — R4, for which conditions (1) and
(2) of Theorem 7.6 are fulfilled and condition (3) is of the form

Then, if condition (4) of Theorem 7.6 is satisfied, the state = 0 of system
(7.27) is robust exponentially stable in the whole.

Example 7.1 Consider system (7.27) with the following components

fa) = (—2m1 + 2z9(22 + xg)) ’

—2x9 — 1 (22 + 13)

L(x) = (—1+exp( 1+2(1+3)) 0 )m
' 0 —1+exp (—1+exp(— 1+2(z+3))) "
(7.30)

Tz+1 _Tz L gi(t,r,a) = Qi(z)ri(z), Qi(z) = I, [ri(z)] < [Ima(x )||

= (VZ(&1 + @2), V222) ", galt,z,0) = Q() 2(z), Qo) = I,

||7’2( )|| < Ima(@)ll, ma(e) = (%21, e %z

1
The function V' (z) is taken with the terms Vy(z) = 5 (22 +223), Pi(z) =
1
(z1,222), Po(x) = (162 (1)> Let p;(t) =1 and o; = exp( i—|—3)’
i € N. Then condition (1) of Theorem 7.6 becomes
ov
D+V |(730 %(f(x)—kgl(t,x,a)) < V(m(t))

For t=7;,1=1,2,..., we have

V(s + 1)) + 5 031 (1) Qal) @ (2:) P (1)

G+ A (@F ) Pal)Qati) b (o)

Sexp( 2—|—%> (1+;€+exp (—2+ Z_‘l_3)>V(ml)
:,81‘/(1'1)

Since ¢; = —1, we have

In B3; 1 5 oo
—Ci+i:—1+.—+ln 1+ — +e 2772 ) < —0.0296.
Titl — T 1+ 3 2e
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By Theorem 7.6 the state z = 0 of system (7.19) with components (7.30)
is robust exponentially stable in the whole.

7.6 Concluding Remarks

The proposed conditions for the stability of motion of impulsive systems
with uncertain parameter values are certain developments of the known suffi-
cient conditions for the stability of nominal impulsive systems, i. e., impulsive
systems without “uncertainties” (see Lakshmikantham, Bainov, and Simeonov
[1989], Samoilenko, Perestyuk [1995] and others). From the Theorem 7.4 one
can obtain some corollaries which are interesting in themselves. For example,

Corollary 7.2 Assume that in the matrix blocks Uy (t,x) and Us(7y,x) of
the function (7.2) the elements v;;(-) = 0 for all i # j and the vector function
V(t,x) = U(t,x)b, V: Ry x S(p) — R, satisfy all the conditions of the
Theorem 7.4 for @ = 0. Then the properties of stability of the zero solutions
of the comparison system (7.16) for p(a) =0 imply the respective properties
of stability of the zero solution of the system (7.1) at o = 0.

Note that if in the conditions of the Theorem 7.4 the Assumptions 7.1
and 7.2 are omitted and an ordinary vector function is considered, then the
Theorem 7.4 will turn into the known Theorem 3.4.2 from the monograph
by Lakshmikantham, Matrosov, and Sivasundaram [1991].

The system (7.1) includes two classes of uncertain impulsive systems which
are of interest for applications. Class 1 of uncertain impulsive systems (IIS-1)
includes all systems of the form

(7.31)

where z € R, f € C(Ry xR, R"), Iy: R"xRY - R" d>1,k=1,2,....
It is obvious that the system (7.19) describes the evolution of the impulsive
system, when the value of the state vectors at the moments of impulsive action
is known uncertainly.

Class 2 of uncertain impulsive systems (IIS-2) includes all systems of the
form

d

d_izf(t7x7a)7 t#Tk,

Az(r) = I (x(Tk)),
where z € R", f € C(Ry x R® x R R") and I},;: R — R" k=1,2,....
The system (7.20) describes the situation when the discrete component of a

(7.32)
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system does not depend on “uncertainties”, while on the continuity interval
the uncertainties of the state vector of the system are taken into consideration.

The problem of the analysis of dynamic properties of the system (7.20)
presents an open field for research in the theory of impulsive dynamic systems.
For example, for the above mentioned classes of systems it would be interesting
to obtain the results described in Chapter 2 for systems of ordinary differential
equations with uncertain parameter values.



Chapter 8

Stability of Solutions of Uncertain
Dynamic Equations on a Time Scale

Dynamic equations on a time scale are adequate models, for the description
of continuous- and discrete-time processes occurring in many fields of natural
science and technology. It is interesting to analyze the stability of solutions
of this class of equations (systems of equations), because here such conditions
are defined under which a certain dynamic property of solutions not only
occurs in the continuous and discrete-time cases, but also in the time domain
“between” those states.

In this chapter the reader will find the results of the analysis of the stability
of uncertain dynamic equations on the basis of the generalized direct Lyapunov
method.

8.1 Elements of the Analysis on a Time Scale

The necessary information from the mathematical analysis on time scales
is given here in accordance with the article by Bohner and Martynyuk [2007].
Further information can be found in Bohner and Peterson [2001] with an
extensive list of references.

A time scale T is an arbitrary nonempty closed subset of a set of real
numbers R. Examples of a time scale are: the set R, integers Z, natural
numbers N, and nonnegative natural numbers Ng. The most common time
scales are T = R for a continuous system s, T = Z for discrete systems, and
T = ¢"° = {¢": n € Ny}, where ¢ > 1, for quantum analysis.

For any ¢ € T the function of a jump forward (backward) is determined
by the relations

o(t) =inf{s € T: s>t}

(respectively p(t) =sup{s € T; s < t}).

Using the operators o: T — T and p: T — T the current values of {t}
on a time scale T are classified as follows: if o(t) = t (p(t) = t), then the
point ¢t € T is called right-(left-)dense; if o(t) > t (p(t) < t), then the point
t € T is called right-(left-)scattered. It is assumed here that inf @ = sup T

159
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(i.e. o(t) = ¢, if T contains the maximal element t) and sup@ = inf T (i.e.,
p(t) = t, if T contains the minimum element t). Along with the set T the
set T* is applied.

If T contains the maximal left-scattered m, then T® = T \ {m}, in the
other case T® = T. Therefore

T — T\ (p(supT), supT], if supT < oo,
T if supT = oo.

The distance from an arbitrary element t € T to the element next to it is
called the granularity of the time scale T and is determined by the formula

w(t) =o(t) —t.

If T =R, then o(t) =t = p(t) and u(t) = 0; if T = Z, then o(t) =t + 1,
p(t) =t —1and u(t) =1.

While considering equations on time scales, sometimes one applies the
principle of induction on the time scale T. According to the monograph by
Bohner and Peterson [2001], this principle is stated as follows.

Theorem 8.1 Assume that to € T and {S(t): t € [to,00)} is some family of
statements satisfying the following conditions:

(1) the statement S(t) holds at t = to;
(2) if t € [to,00) is right-scattered, and S(t) holds, then S(o(t)) holds, too;

(3) if t € [to,00) is right-dense, and S(t) holds, then there exists a neigh-
borhood W of the value t, such that S(s) holds for all s € W N (t,00);

(4) if t € (to, 00) is left-dense, and S(s) holds for all s € [to,t), then S(t)
holds.

Then S(t) holds for all t € [tg,00).

Now consider the function f: T — R and determine its A-derivative in
the point t € T*.

Let f: T — R and the function f be determined for all ¢ € T*. The
function f is called A-differentiable in the point ¢ € T%, if there exists such
v € R, that for any € > 0 and W-neighborhood ¢ € T* the inequality

[F(e(®) = f(s)] =~lo(t) — ]| <elo(t) — s

would hold for all s € W. In this case denote f2(t) = 7.

If the function f(¢) is A-differentiable at any ¢ € T”, then f: T — R is
A-differentiable on T*.

Some useful relations for the derivative of the function f(t) are contained
in the following statement.
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Theorem 8.2 Assume that f: T — R and t € T*. Then the following state-
ments hold true:

(1) 4f f differentiable in the point t, then it is continuous in the point t;

(2) if f is continuous in t and t is right-scattered, then f is differentiable in
the point t with the derivative

(3) if t is right-dense, then the function f is differentiable in the point t if,
and only if, there exists a limit

o F0 = ()

s—t t—s ’

which is a finite number, and in this case

- fs),
FA@) = lim ===

(4) if f is differentiable in the point t € T, then f(o(t)) = f(t)+u(t) f2(t).
Note that if T = R, then f2(¢) = f'(t), which is the Euler derivative of
the function f(t), and if T = Z, then f2(t) = Af(t) = f(t+1) — f(t), i.e.,

we obtain the first difference for the function f(%).

Theorem 8.3 Assume that the functions f, g: T — R are differentiable in
the point t € T*. Then the following statements hold true:

(1) the sum f+g: T — R is differentiable in the point t € T" and
(f +9)2 (1) = f2(8) + 9% (1);

(2) for any constant « the expression af: T — R is differentiable in the
point t € T® and (af)?(t) = af>(t);

(3) the product of the two functions fg: T — R is differentiable in the point
t e T" and

(f9)2 () = f2(g(t) + fla()g () = F(t)g™ (1) + f2(D)g(o(1));

(4) if f(t)f(o(t)) #0 for all t € T®, then the function 1/f is differentiable
in the point t € T* and

A O
(f) O = =T o)’
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(5) ifg(t)g(o(t)) # 0 for allt € T®, then the expression f/g is differentiable
in the point t € T* and

NS A0 — F0gA0)
(‘) =gy

Consider functions integrable on the time scale T. The function f: T — R
will be called ordered on T if, and only if, there exist right side and left side
limits in all right-dense (rd) and left-dense (1d) points T respectively.

The function f: T — R is rd-continuous if it is continuous in the right-
dense points of the scale T and there exists a left side limit in the left-dense

points of the scale T. The set of all rd-continuous functions f: T — R is
denoted by Ciq = Cra(T) = Cra(T, R).

Theorem 8.4 Assume that f: T — R. Then the following statements hold:

(1
2

) if f is continuous on T, then it is rd-continuous on T,

) if f is rd-continuous on T, then it is ordered on T;

) the function o: T — T is rd-continuous;

) if f is ordered or rd-continuous on T, then f(o(t)) has the same prop-
erties on T;

(5) if f: T — R is continuous and g: T — R is ordered and rd-continuous,
then the function f(g(t)) is ordered or rd-continuous respectively.

Some function F: T — R with the derivative F'2(t) = f(t) is A-antide-
rivative of the function f(¢). Then for any a,b € T the following integral is

determined: ,
/ £(8) AL = F(b) — Fla).

Any rd-continuous function f: T — R has an A-antiderivative.
If f2(t)>0 onla,bland s,t €T, a <s<t<b, then

ﬂ®=ﬂ$+/fNﬂA72ﬂ%

i.e., the function f(t) is increasing on T.
Some properties of the integration on T are contained in the following
statement.

Theorem 8.5 Let a,b,c € T, a € R and the functions f,g € Cra(T). Then

[f(t) + 9(t)]At = fbf(t)At + fbg(t)At

a

S —o

(i)
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(i) | F(H)AL = - frwa
(v) [ F(0)At= [ FAL+ [ F0)A
b b
(v) [ Fo®)g® At = FB)gb) — f(agla) — [ FA(0)a(t)At:

(vii) [ F(T)AT =p@)f(t), teTH

b

ff(t)At‘ < fohat

a

(viii) of |f(t)| < g(t) on [a,b), then

(ix) if f(t) >0 for all a <t <b, then fbf(t)At > 0.

Now we advance to the rules of A-differentiation of a complex function.
Remember that if f,g: R — R, then

(fog)(t) = f'(g(t)g'(t).

Theorem 8.6 Let g: R — R be continuous, g: T — R A-differentiable on
T* and f: R — R continuously differentiable. Then there exists ¢ from the
interval [t, o(t)], such that

(fog)2(t) = f'(g(e))g™ ().

Below find the rule of A-differentiation of a complex function (f o g)?,
where g: T — R, and f: R — R.

Theorem 8.7 Let the function f: R — R be continuously differentiable and

the function g: T — R be A-differentiable. Then (fog): T — R is A-
differentiable and the following representation holds true:

(fo ={ / Fg(t) + hi(t)g <t>>dh}gﬁ<t>.
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If sup T = oo, then the improper integral is determined by the formula
/f(t)At = lim F)

for all a € T.

The function f: T — R is called regressive if 1 4+ u(t)f(t) # 0 for all
t € T%, and positively regressive if 1 4+ u(¢)f(t) > 0 for all t € T.

For the operation & defined by the expression

(p@q)(t) =p(t) +4qt) + pt)p(t)q(t), teT,

the pair (R, ®) is an Abelian group where R is a set of all rd-continuous and
regressive functions f: T — R.
If the operation © is defined by the relation

p(t)

R EITOTON

then pO© ¢=p® (©¢) on R.

Note that if p,qg € R, then ©p, ©¢, p B ¢, pS ¢, ¢SO p € R.

To determine an exponential function on a time scale T the following
notions are required.

For some h > 0 consider the band (see Hilger [1990])

|

Zh:{ZE(C: —%<Im(z)§

=13

and the set )
Ch:{ze(C: Z7E_E}

Let Zp = Cq = Cp, h = 0, be a set of complex numbers.
Then for A > 0 determine the cylindric transformation &,: Cp, — Zj by
the formula

1
ELog(l—i-zh), if h > 0,
z, if h=0,

&=

where Log is the principal logarithmic function. The inverse cylindric trans-
formation £, L. Z, — Cy, is determined by the relation

e*h — 1

& 1z) = = (exp zh — 1)h ™t

For the function p € R the exponential function e, (¢, s) is determined by the
expression

ep(t, s) =exp (/fu(t) (1)(7’))A7’>7 (s,t) e T x T, (8.1)
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where &;,(z) is the cylindric transformation of the function p(t).

The following properties of the exponential function (8.1) are known (see
Bohner and Peterson [2001]).
Let p,g € R and t,r,s € T. Then:

(1) eo(t,s) =1 and ep(t,t) = 1;

(i) ep(a(t),s) = (1+ u(t)p(t))ep(t, s);

1
(iii) s = egpl(t, s);
1
(iv) ep(t,s) = .0 = ecp(s,t);

(viii) if T = R, then e,(¢,s) = el P and if p(t) = const, then ep(t,s) =

ep(t—s);
t—1
(ix) if T =Z, then ey(t,s) = [[ (1 + p(7));

(x) if T=hZ, h > 0 and p = const, then e,(t,s) = (1 + hp) e

On the basis of the exponential function (8.1), the formula of the variation
of constants has the following form.

Let f be an rd-continuous function on T and p € R. Then the unique
solution of the initial problem

#®(t) = —p(t)x(o(t) + f(t), a(to) = o, (8.2)
where tg € T and zy € R, is expressed by the formula

t

2() = eop(t, to) 10 + / cop(t; TV F(F)AT.

to

For the functions f and p determined for the problem (8.2), the unique
solution of the problem

z®(t) = p(t)x(t) + f(t), a(to) = o,

where tg € T and zg € R, are expressed by the formula

() = eyt to) o + / e, (t, 0 () f(T)AT.
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8.2 Theorems of the Direct Lyapunov Method

The generalized direct Lyapunov method for the analysis of the stability
of the motion of uncertain systems with a finite number of degrees of freedom,
which was developed in Chapter 2, applies to the class of uncertain systems
of dynamic equations on time scales.

On a time scale T consider the following subsets:

A={teT: tleft-dense and right-scattered};
C={teT: tleft-scattered and right-dense}.

Denote the Euler derivative of the state vector of the system z(t) € R™, t €
T, by @(t), if it exists.
Consider the system of dynamic equations of perturbed motion

22(t) = f(t,x(t),a), a(to) = o, (8.3)
where
A - w ifte AUC,
z(t) in the other points,

z € R" f: T xR" — R™ Make the following assumptions regarding the
system (4.1).

H;. The vector-function F(t) = f(t,x(t),«) satisfies the condition F €
Cia(T), if x is a differentiable function with its values in N, N C R" is an
open connected neighbourhood of the state =z = 0.

Hs. The vector-function f(t, z, «) is component-wise regressive, i. e.,
et + u(t)f(t,z, o) # 0 for all t € [to,00), where ™ = (1,...,1)T € R".

Hs. f(t,xz,a) =0 for all ¢ € [to, 00) if, and only if, x = 0.

Hy. On the set S C T x N the vector-function f(¢,z) is bounded and
satisfies the Lipschitz condition.

Let a function r(«) > 0 be specified, such that r(a) — ro (rg = const) at

lefl — 0 and () — +o00 at ||a]| — oco. In the normalized space (R™, | - ||)
consider the moving set
A(r)y ={z e R": |z| =r(a)} (8.4)

and assume that at any (« # 0) € R? the set A(r) is nonempty.

For the system of dynamic equations (8.3) it makes sense to consider the
stability of solutions with respect to the moving set (8.4) and/or to the equi-
librium state z = 0.

Remember some definitions.
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Definition 8.1 The equilibrium state = 0 of the system (8.3):

(a) is stable, if for any solution z(t, o) = x(t;to, xo, ) there exists a com-
parison function of the K-class, such that

[2(t; to, o, @) || < ¥(||zol])
forallt € T, t >ty and at any a € S;

(b) is asymptotically stable, if it is stable in the sense of the definition 8.1(a)
and there exists dg > 0 such that

lim ||z(t; to, o, )| =0
t—o0

for ||zo|| < o and for all o« € S.

Definition 8.2 Motions of the system (8.3) are stable with respect to the
moving set A(r), if for the given r(a),e > 0 and t¢ € T there exists d(tg,&) > 0
such that under the initial conditions

r(a) =6 < ||lzo|l < r(a) +6
the solutions z(t, ) satisfy the two-way estimate
r(a) —e < ||lz(t, o)|| < r(a) +¢
forallt € T and any a € S.

The definitions of the uniform stability, attraction, and asymptotic stabil-
ity with respect to the moving set (8.4) are formulated, taking into account
the Definitions 8.2 and 2.2-2.4.

As an auxiliary function for the analysis of the stability of the state z =0
of the system (8.3) we will use the matrix-valued function

Ut,z) = [v(t,x)], 4,j=1,...,m, (8.5)

where v;;(t,z): TxR" =Ry ati=1,...,mand v;;(t,z): TxR" — R at

i£§ i i=1,...,m.
Assume that the elements v;;(¢, z) of the function (8.5) satisfy the condi-
tions:

(a) v;;(t,x) is continuously differentiable with respect to « for all ¢ € T;
(b) wi;(t,z) =0 for allt € T, if only 2 = 0;
(c) vij(t,x) =vji(t,x) forallt € Tand ¢,j =1,...,m.
On the basis of the function (8.5) we construct a scalar function
V(t,z,0) =0TU(t,x)0, 6eRT, (8.6)

which is the principal one in the generalized Lyapunov method.
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Definition 8.3 The matrix-valued function (8.5) is called:

(a) positive- (negative-) semidefinite on T x N, N C R™ if V(t,z,0) >0
(V(t,z,0) <0) for all (t,2,0) € T x N x R respectively;

(b) positive-definite on T x N, N C R"™, if there exists a function a € K-
class, such that V(t,z,0) > a(||z|) for all (t,2,0) € T x N x RT;

(¢c) decreasing on T x N, if there exists a function b € K-class, such that
V(t,z,0) < b(||x]) for all (¢,z,0) € T x N x R,

(d) radially unbounded on T x N, if V(t,z,0) — +oo for ||z|| — +oo, and
(t,z,0) € T x N x RT".

Proposition 8.1 The matrix-valued function U: T x R® — R™*™ jg
positive-definite on T if, and only if, the function (8.5) can be represented
in the form

0TU(t,2)0 = 0TUL (t,2)0 +a(||z|), te€T,

where U, (¢, x) is a positive-semidefinite matrix-valued function and a belongs
to the K-class.

Proposition 8.2 The matrix-valued function U: T x R®™ — R™*™ is de-
creasing on T if, and only if, the function (8.6) can be represented in the
form

0 U(t,2)0 = 07U _(t,2)0 + b(||z), t€T,

where U_(t, z) is a negative-semidefinite matrix-valued function and b belongs
to the K-class.

Now we will use the expression of the full A-derivative of the function (8.5)
along solutions of the system (8.3). We will determine it as follows:

VA, x,0)=0TUA(t,2)0, 0€R}, teT,
where U2 (t,z) is calculated element by element according to the formula

U (t,z) = US(t,a(t)) = UP (t, 2(0 (1))

1
(t.2) [ Ut o) + 1, (0)f0,))
0

where UP is a A-derivative of the matrix-valued function with respect to t,
U. is an ordinary partial derivative with respect to .
In a particular case, when

2 = Ala)z, a€sS,
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for the function V (¢, x,0) = 2Tz, € R", we obtain
VAt 2,0) = («T2)2(t) = 2T (1) (1) + 272 ()2 (0 (1))
— 2T(t) (A7 (a) & A()) a(?),
AT(a) @ A(a) = AT (@) + A(a) + p(t) AT (a) A(a).

Now formulate the statements about the stability of the equilibrium state
z = 0 of the uncertain system (8.3).

Theorem 8.8 Assume that the vector-function f(t,x,«) in the system (8.3)
satisfies the assumptions Hi—Hy on T x N x S, and there exist:

(1) a matriz-valued function U: T x N — R™*™ and a vector § € R such
that the function V (t,z,0) = 0TU(t,x)0 is locally Lipschitz with respect
to x for allt € T,

(2) comparision functions i1, Uia, i3 € K-class and (m x m)-matrices
Aj, 7 =1,2, such that for all (t,z) € Tx N
(a) ¥f (=)Ao (lz]) < V (¢t 2,0),
(b) V(t,z,0) < o3 ([lzfl) A2tz (|]]),
(¢) (m x m)-matriz Az = As(t,«) such that
VA(tx,0) < ¢ (|l2]) Ass (]| =)

for all (t,xz) € T x N and for all « € S,

(d) (m x m)-matriz Az such that
1. ¢ -
3 [Ag (t, o) + A3(t, )] < As

foralla € S.

Then, if the matrices A1 and Ay are positive-definite and the matriz A is
negative-semidefinite, then the state x = 0 of the system (8.3) is stable under
the conditions 2(a), 2(b), 2(d) and uniformly stable under the conditions 2(a)-

2(d).

Proof From the fact that A; and As are positive-definite matrices it follows
that Ap, (A1) > 0 and Ap(Az) > 0, where A, (A1) and A\pr(A2) are the min-
imum and the maximal eigenvalues of the matrices A; and As, respectively.
Taking this into account, we represent the estimates (a), (b) from the condi-
tion 2 of the Theorem 8.1 in the form

Am (A1 (lz]) < V(#,2,0) < Aar(A2)Pa([l2])
for all (t,z) € T x N, where 11,1y € K-class, such that
dr(llzl) < of (lzla(lzl),  Pellzl) = g (lz))p2(lz])
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for all x € N.
Let ¢ > 0 and S(t); there exists § = d(¢) > 0 such that the condition
lzo]| < ¢ implies ||x(t;to, zo)|| < e.
Let
S* = {t € [ty,00): S(t) not true}.

Let us show that under the conditions of the Theorem 8.1 the set S* =
@. Assume the opposite, i.e. S* # &. From the fact that S* is closed and
nonempty it follows that inf S* = t* € S*. Prove that the statement S(t*) is
true. Let t* = to, then S(tg) be true, since ||z (to; to, zo)|| < € at ||zo]| < € and
x(to; to, x0) = xo for all @ € S.

Then, let t* # to. Prove that S(t*) in this case, too. Indeed, choose §; =
(51(6) so that )\M(AQ)’(/)Q((Sl) < )\m(Al)'(/)l (E)

Now let 6 = min(e, §1) such that

(" to, 2o)[| > & and [z (t; to, zo)|| <€

at t € [to,t*) and ||zg]| < d. From the conditions 2(c), 2(d) of the Theorem
8.1 we obtain -
VAt 2,0) < A (As)es(flal]) <0

for all (t,2,0) € T x N x R7". Hence at t = t* we obtain

Am (A1)Y1(e) = A (AP (|l (t; to, mo)[|) < V(E",2(),0) <

< V(to, zo0,0) < Anr(A2)1ha(0) (8.7)

at ||xo|| < d. From (8.7) it follows that S(¢*) is true, so that t* ¢ S*. Therefore
S* = g.
The Theorem 8.8 is proved.

Corollary 8.1 Let the vector function f in the system (8.3) satisfy the as-
sumptions Hy—Hy (Section 8.2) on T x N x S and let there exist at least
one pair of indices (p,q) € [1,m] for which (vpe(t,x) # 0) € U(t,z) and the
function V(t,z,0) = eTU(t,x)e = V(t,x) for all (t,x) € T x N satisfies the
conditions:

(@) Pu(lll]) <V (E 2);
(b) V(t,2) < va(ll2);
(c) VA(t,2)|s3 <0 foralacs,

where 1,109 are comparison functions of the K-class.
Then the state x = 0 of the uncertain system (8.3) is stable under the
conditions (a) and (c¢) and uniformly stable under the conditions (a)-(c).

Theorem 8.9 Assume that the vector-function f(t,x,«) in the system (8.3)
satisfies the conditions Hi—Hy on T x N x S and there exist:
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(1) a matriz-valued function U: T x R™ — R™*™ and a vector § € R}
such that the function V(t,z,0) = 0TU(t,2)0 is locally Lipschitz with
respect to x for allt € T;

(2) the comparison functions 1, , Y3 € K-class and (m X m)-matrices
B;, j=1,2,3, such that:

(@) ¥i ([z)Brvn([l2]]) < V (¢t 2,0),
(b) V(t,2,0) <3 ([2])Barpa(l|z]l) for all (¢, 2,0) € T x N x R
(¢) (m x m)-matriz By = Bs(t,«) such that

VAt x,0) < v3 (l2]) Bsws(ll2l]) + w(t, s(]|z])), )

for all (t,z,a) € Tx N xS, where the function w(t,-) satisfies the
condition

w(t, Y3 (ll), @)
[[4s]]

uniformly with respect tot € T for all a € S;

lim

=0 at |us]—0 (8.8)

(d) (m x m)-matriz By such that

% [BL(t,a) + Bs(t,a)] < By

foralla e S.

Then if the matrices By and By are positive-definite and the matriz Bs is
negative-definite, then:

(a) under the conditions 2(a), 2(c) the state x = 0 of the system (8.3) is
asymptotically stable on T;

(b) under the conditions 2(a)-2(c) the state of the system (8.3) is uniformly
asymptotically stable on T.

Proof Since the matrices B; and Bs are positive-definite, we transform the
inequalities 2(a), (b) of the Theorem 8.9 to the form

Am(BU)T ([2]]) < V(& 2, y) < Aw (B2 ([|2])-

This two-way inequality holds for all (¢,z) € Tx N, where \,,,(B1) > 0 and
An(Bz) > 0 with the comparison functions 7;, 7, € K-class, which satisfy
the inequalities

mlzl) <ozl mzl), Tzl < (lz]) )

for all x € N.
Let S1(t) be given; the state 2 = 0 of the system (8.3) is uniformly stable
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and there exists € > 7 > 0 such that for any Jp > 0 there exists 7 > 0 such
that from the conditions to € T, ||zo|| < n it follows that ||z(¢; to, zo)|| < do
for all t > to + 7. Apply the reasoning similar to that used in the proof of the
Theorem 8.8. Namely, let

ST ={t € [to,00): Si(t) not true}.

Show that under the conditions of the Theorem 8.9 the set ST is empty.
Assume the opposite, i.e. S7 # @. From the fact that the set ST is closed and
nonempty it follows that inf S} = ¢* € S7. Note that at t = ¢y the statement
Si(t) is true, i.e., ||z(to;to, o)|| < € for ||zo|| < € and ||z (to;t0, zo)|| < 71 at
llzo]l < m, since x(to;to, o) = xo. Let t* > to. From the conditions 2(c), (d)
of the Theorem 8.9 it follows that

VA(t,2,0) <0

for all (t,2) € N and at any « € S. Here, according to the Theorem 8.8, the
state x = 0 of the system (8.3) is uniformly stable. Thus, for the given ¢ > 0
there exists § = d(g) > 0 such that for any solution z(t; ¢y, zo) of the uncertain
system (8.3) the condition [|z(¢*)|| < 4, t* > to, implies ||z (¢; t*,2*)|| < & for
t > t*, where * = z(t*). Taking into account the condition (8.8), transform
the condition 2 of the Theorem 8.9 to the form

VAt 2,0) < (1 - 8)Ar(B3)s(l|z])), (8.9)

where (t,z) € Tx N*, N* C N, 0 < 8 < 1, Ap(B3) < 0, Ap(Bj3) is the
maximal eigenvalue of the matrix B3 and the function 7j; belongs to the K-
class and satisfies the inequality 75(||z||) > n3 (|=|)n3(]|z||) for all z € N*.
From the inequality (8.9) we obtain

VA, 2(t),0) < (1= B)Aar (B3 (||l (1))

for all (¢,x(t)) € T x N*. Integrating this inequality from ¢* to ¢, we obtain

t

Vit x(t),0) <o(t*, 27, 0) — (1= B)Am(B3) /ﬁg(llx(é‘)ll) As

t*

(8.10)

< nr (B ) = (= DA () [ (o)1) A

t

For the given 0 < n < ¢ choose dp = d(e) and

7(1) = A (B2)T2(%0) / (1 = B) A (B3)773(6(n));

where §(n) corresponds to J in the definition of the uniform stability. Show that
lz(t;t*, )| < d(n) for all ¢ € [t*, t* + 7], as soon as t* > t¢ and ||z*|| < do.
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Let this statement be not true. Then there should exist t; € [t*, t* + 7] such
that

[t ¢, 2%)] = 6(n). (8.11)
From the estimate (8.10) and the inequality (8.11) for the valuest € [t*, t*+47]

we obtain

V(t,z(t),0) < A (B2)n2(60) — (1 — B)An (B3)03(5(n)) (¢ — 7).
Hence at t = t* + 7 we obtain

0 < A (BT (6(n) S V(" +7,2(t" +7),0)
< A (B2)72(00) = (1 = 5)Aar (B3)775(6(m)7 (1) = 0.

The obtained contradiction shows that there is no value t; € [t*, t* + 7] at
which the inequality (8.11) would hold. Therefore there exists to: t* < to <
t* + 7 such that ||x(t2;t*,2*)| < §(n). From the uniform stability it follows
that [|z(¢)]| < n for all ¢ > t5 and, in particular, at ¢ > ¢* + 7. Therefore
lz(®)|| < natt>t*+ 7, as soon as t* > to and ||z(t*)|| < do. Hence Sy (t*)
is true and t* does not belong to S;. This proves that the state x = 0 of the
uncertain system of dynamic equations (8.3) is asymptotically stable.

Corollary 8.2  Let the vector-function f in the system (8.3) satisfy the
conditions Hi—Hy on T x N x S, let there exist at least one pair of in-
dices (p,q) € [1,m], for which (vpe(t,x) # 0) € U(t,x), and let the function
V(t,x,0) = eTU(t,x)e = V(t,x) for all (t,x) € T x N satisfy the conditions:

(a) ¥u(llz]) < V(t @);
(b) V(t,2) < ¥a(ll2);
(¢c) for all « € S the following inequality holds
VAW D) < —vs(l]) + mlt, da(lal), )

and

[m(t, ¥s([[z]]), @)
ds(llzl)

uniformly with respect to t € T, where 11,119,103 are comparison func-
tions of the class K.

lim

at Y3 — 0 and foral acS

Then under the conditions (a) and (c) the state x = 0 of the uncertain system
(8.3) is asymptotically stable, and under the conditions (a)—(c) the state x =0
of the uncertain system (8.3) is uniformly asymptotically stable.

Theorem 8.10 Assume that the vector-function f(t,z,«) in the system (8.3)
satisfies the conditions Hy — Hy on T x N X S and there exist:
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(1) a matriz-valued function U: T x R" — R™*™ and a vector § € R}
such that the function V(t,z,0) = 0TU(t,x)0 is locally Lipschitz with
respect to x for all t € T;

(2) Y1 € K and a symmetrical (m x m)-matriz Ay such that for all (t,x) €
T x N:

(a) T (|z))Arvi(||z]) < V(t,x,0) and A\ (A1) the minimum eigen-
value of the matriz Ay,

(b) there exists an (m x m)-matriz C = C(t, ) such that
VA2, 0) > ol ([2])CE @) ([l]) + w(t, dr(l|=]))
for all (t,z) € T x N and

t
lim M =0 wuniformly with respect to t € T,

P1—0

(¢) a constant (m x m)-matrix C* such that
1
5 [CT(t, a)+Ct,a)] <C*

and at least at one value of a € S the following condition is satisfied
Am (C™) > 0;

(3) the function A\ (C*)N(A1) = p(t) € R and liminfp(t) > 0 for

t — o0.
Then the state © =0 of the uncertain system (8.3) is unstable.

Proof Under the conditions 2(a), (c¢) of the Theorem 8.10 the estimate 2(b)
can be represented in the form

VA(t7£L'7 0) > p(t)v(t, z,0) + w(t,v(t, x,0)), (8.12)

where p(t) = A\pn(C*)A\1(A1). The comparison equation for the inequality
(8.12) has the form

u®(t) = p(t)u(t) + w(t, u(t)) (8.13)
with the condition
t
lirr%) M =0 uniformly with respect to t € T.

The instability of the state u = 0 of the scalar equation (8.13) implies the
instability of the state x = 0 of the uncertain system (8.3), since v(t) =
v(t,z(t),0) > u(t) for all ¢t € [tg,00) NT and at any « € S.

From the condition (3) of the Theorem 8.10 it follows that there exist
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p* >0 and #; € [tg,00) NT such that p(t) > p* for all ¢ € [t1,00) NT, and for
any 0 < € < p* there exists ; > 0 such that

lw(t,u)] < elul (8.14)

for all t € [tg, 00)NT, as soon as |u| < d1. Assume that the zero solution of the
comparison equation (8.13) is stable on [tg, 00) N T. Here for the given §; > 0
one can find 0 < d2 < 7 such that u(t) < §; for all t € [t;,00) N'T, as soon
as u(ty) < g, where u(t) = u(¢;t1,u1) is the lower solution of the comparison
equation (8.13). Show that u(t) > 0 on [tg,00) N'T under the conditions of the
Theorem 8.10. If this is not so, then one can find ¢ € [t;,00) N'T such that

u(tz) <0 and w(t) >0 forall te€ [t;,t2)NT. (8.15)
From the equation (8.13) and the estimate (8.14) obtain
u®(t) = p(tyu(t) — elu(t)] > (p(t) — e)ult) > (0" —e)u(?) (8.16)

for all ¢ € [t1,t2) N'T. Hence follows that u(tz) > 0, and this contradicts the
assumption (8.15). Therefore u(t) > 0 on [t1,00) N T and the estimate (8.16)
is true for all ¢ € [t1,00) NT. In this case from (8.16) we obtain

u(t) = u(t;t1,u1) > epr—e(t, t1)ults) (8.17)

for all t € [t;,00) N'T, and this contradicts the fact that u(t) < é; for all
t e [th OO) NT.

This proves the instability of the state u = 0 of the comparison equation
(8.13), and according to the comparison principle, the state z = 0 of the
uncertain system (8.3) is unstable.

Corollary 8.3 Let the vector-function f in the system (8.3) satisfy the con-
ditions Hi1-Hy on T x N x S, N C R", there exists at least one pair
(p,q) € [1,m], for which (vpe(t,x) # 0) € U(t,x), and the function
V(t,x,e) = eTU(t,x)e = V(t,x) for all (t,z) € T x N satisfies the condi-
tions:

(@) ¥a(ll=l)) < V(t2), ¢ € K;

(b) for all o € S the following inequality is true: VA (t,z,0)|s.3 = ¥s(||z]),
V3 € K;

(c) the point (x =0) € L;
(d) V(t,z) =0 on T x (0T N Ba).

Then the equilibrium state x = 0 of the system (8.3) is unstable.
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8.3 Applications and the Discussion of the Results

Consider the uncertain system of dynamic equations

2 = Az + g(o, ),

8.18
a €S, ( )

where, as above, a is a vector or a matrix of uncertain parameters from the
compact set S, and the vector-function g: § x R” — R™ is known and rd-
continuous on the solutions of the system (8.17), i.e., g(o, z(t)) = G(t) €
Cra(T,R™) for all @ € S. Of the nominal system

® = Ax

has a certain type of stability (asymptotic or exponential) and we can con-
struct a Lyapunov function which will help to solve the problem of the stability
of the uncertain system (8.18).

Note that for the system of dynamic equations (8.18) the known Lyapunov
theorem of stability by first approximation is not valid.

In some cases it is acceptable to apply simple Lyapunov functions in the
analysis of the stability of uncertain dynamic equations of the form (8.18).

Example 8.1 Consider the uncertain system
2 = f(z,a), a€s, (8.19)

where z(t) € R™ is the vector of the state of the system at a point ¢ € T, the
vector-function f: R" x & — R™ and f(0,a) =0 for all « € S.

The uncertain system (8.19) is quadratically stable if there exists a posi-
tive-definite matrix Q € R™*™ such that

(@ a)a + 2" f(e,a) + u(t) [T (@, 0) f(2,0) < —TQu (8.20)

for all « € S.
If f(z,a) = A(a)zx, then the condition (8.20) takes the form

AT (o) ® A(e) < —Q,

where AT(a) @ A(a) = AT(a) + A(a) + u(t)AT (o) A(a). Tt is not difficult to
check that the system
® = Ala)z, aecS

will be quadratically stable if
AT(a) @ A(a) <0
T

for all @ € S. In this case for all @ € S the simple function V(z) = z "z,
x € R™ is a Lyapunov function.
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Example 8.2 Let the following uncertain system of pseudolinear dynamic
equations be specified:

z2(t) = [A(t) + D(e, 0)] (t), | D(e,2)] <6, (8.21)

for all (o, ) € S x N, where 3 > 0 is some constant. Assume that the nominal
system
a(t) = A(t)z(1),  a(to) = o,

is uniformly exponentially stable, i.e., its fundamental matrix satisfies the
condition

[®(t, to)|| < ve—x(t, to), (8.22)

where A,y > 0 (—A € R") and ) is uniformly regressive on T.

Find the estimate of the quantity which bounds the norm of uncertainties
and/or nonlinearity of the system (8.21), at which the property of the uniform
exponential stability remains.

For any initial conditions z(tg) = x¢ for tg € T the solution of the system
(8.21) can be represented in the form

x(t) = ®(¢, to)xo + / D(t,0(s))D(, z(s))x(s) As. (8.23)

to
Taking into account the estimate (8.22), from the relation (8.23) we obtain

()] < ve-x(t,to) llzoll +/vefx(t,0(8))||D(04,$(8))|| lz(s)l| As,  (8.24)

to

for all ¢ > tg. Taking into account the properties of exponential functions,
transform the estimate (8.24) to the form

e-x(to, t)[lz(®)[| < vl +/VIID(%m(S))Ile—A(tmS)e—A(S,G(S))IIJU(S)IIAS

to
t
<ol + [ 801 = p&N) eosltors) [a(s)]As
to
t
<ol + [ 88 (to,) as)]As, ¢ 2 1o
to
(8.25)
where § is the constant of the uniform regressivity of \: 0 < 6= < (1 —pu(t)\).
Denote z(t) = e_x(to,t)||x(t)|| and rewrite the estimate (8.25) in the form



178 Uncertain Dynamical Systems: Stability and Motion Control

of the inequality

t

2(t) §7||$0||+/7552(8)A3, t > to.

to

Applying Gronwall’s lemma to this inequality, obtain
2(t) < yllwoll eyss(ts to), T = to,
and reverting to the estimate ||z(t)]|, find
[z(®)]] < llzoll evps(t,to)e-x(t to), ¢ = to.

From this estimate it follows that the state z = 0 of the system (8.21) will be
uniformly exponentially stable if —A®~y35 € R™, and for all £ € T this expres-
sion will be negative. Note that the product v3d > 0 is positively regressive,
so that v3d € RT. Since RY is a subgroup of R, then —\ @ v85 € RT. Now
find the estimate of 3 from the condition

—“A< =A®y68i <0 forall teT.

Simple transformations of this inequality result in the estimate

A
0<fB<———-= forall teT.
75(1 = alH)N)

Note that from the condition of the uniform regressivity of A it follows that
the granularity u(t) of the time scale T should be bounded, i.e., 0 < u(t) <
0—1
—, 0> 1.

ox 0 07
Example 8.3 Consider the uncertain quasilinear system of dynamic equa-
tions

() = [A(t) + DaE) a(t) + gla, (1)), (8.26)
where o € RP*4, D, E are constant matrices of the respective dimensions,
g: S xR" — R™

Assume that the system (8.26) satisfies the following conditions:

(1) the nominal system corresponding to the system (8.26) is uniformly
exponentially stable on T, i.e. for its fundamental matrix the inequality
(8.22) holds true;

(2) there exists a constant 0 < 8 < 400 such that
IDLE| <G forall ae€sS, (8.27)

where § = {(a1, ag,..., ), a; € RPIX%U - |qy]| < 1}



Stability of Solutions of Uncertain Dynamic Equations on a Time Scale 179

(3) the vector-function g(a, z(t)) € Cra(T,R™) for all a € S satisfies the
estimate
lg(a, ()] < [E] =@l (8.28)

for all t € T;

(4) the solution z(¢) of the system (8.26) is determined for all ¢ > ty and
rd-continuous on T for all o € S.

Find the estimates of § and | E||, under which the solutions of the uncer-
tain system (8.26) will satisfy the estimate

@I < vllzoll e-x- (¢ to), (8.29)

where the constants v, \* > 0 and —\* € RT.
Apply the technique of estimates, similar to that used in the Example 8.2,
and represent the solution of the system (8.26) in the form

x(t) = ®(¢, to)xo + / O(t,0(s)) [ DaEx(s) + g(o, x(s))] As (8.30)

to

for all ¢ > ¢y. From the conditions of the assumption (1) it follows that there
exist constants v, A > 0, —\ € RT, such that

[®(t, to) || < ve-x(t,to) (8.31)

for all t > tg. Here —A\ is uniformly regressive on T, i.e., there exists 6 > 0
such that 0 < §=1 < (1 — p(t)A) for all ¢ > to.

Taking into account the estimates (8.27), (8.28), and (8.31), from (8.30)
we find

(@) < [|@(# to)| [lzoll + /II‘I)(L‘J(S))II [IDaEl|lz(s)l + llg(a; z(s))[]] As

to
t

< ye-a(t;to) ||z +/767A(t,0’(8)) [Blla(s)ll + 1B =(s)]I] As

< e-a(t, to) lvllxoll + /75(ﬂ+ IEDe-x(to, s) [|z(s)[| As
to
(8.32)
for all t > ty. Denote z(t) = e_x(t, to)||x(¢)|| and rewrite the inequality (8.32)

in the form ,

2(t) < |70 + / 26(B+ | E|) As.

to
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Applying Gronwall’s inequality to this estimate, we obtain

2(t) < yllwolleys(st =) (ts to) (8.33)

for all ¢ > t¢. From the estimate (8.33) it follows that

2(t)[| < Yllzollessa+ie))(t, to)e—x(t, to)

(8.34)
= v ll2oll e—xars( s+ 2] (t: to)

for all ¢ > to. To obtain an estimate of the form (8.29) for solutions of the
system (8.26), in the inequality (8.34) there should be =\ @ yd(8+||E||) € RT
and =\ ®~v0(6+| E||) < 0. Since v6(8+]|E||) > 0, then v6(3+||E||) € Rt, and
from the fact that RT is a subgroup of R it follows that —\ & vd(3+ ||E||) €
R*. Then, from the inequality

A< =ABY(B+I|E|) <0

we find
A

(1= u®)A)s
From the fact that § should be bounded for all ¢ € T and for all « € S,
we obtain

0<pB< I1E]. (8.35)

A
(1= pu(®)A)ys
Thus, the inequalities (8.35) and (8.36) solve the problem in question, and
the inequalities (8.35) and (8.36) —A* = =A@ vd (B + || E||) in the estimate
(8.29).

|E| < (8.36)

Note that equations on time scales, even if uncertainties are not taken
into account, have a wider spectrum of dynamic properties as compared both
with ordinary differential equations and difference equations. Here are some
examples.

Example 8.4 Consider the dynamic equations

® =ylx+y), a(ty) = o,

y® =~z +y), y(to) = yo. (537
For the function V(z,y) = 2? + y? at T = R obtain
V(z(t),yt) =0 forall teR
and
VA(@(t), y(1)ls.m) = n(t) (@ +y)* (@ + 7). (8.38)

From (8.38) it follows that the solution z = y = 0 of the system corre-
sponding to (8.37) at T = R is stable, whereas the solution x = y = 0 of the
system (8.37) is unstable at any function with the granularity 0 < p(t) < +o0.
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Example 8.5 Let a system of dynamic equations be specified:

2% = —z—y@@® +v°), a(t) = o, (8.39)

y® =~y +a(@® +y7), y(to) = yo.

For the function V(z,y) = 2% + y? at T = R obtain
V(x(t),y(t)) = —2(z* +¢?) forall teR (8.40)

and on T
VA@(t),y(t)s.30) = 22" +9°) + p(O)2® + o> + (&> + )7 (841)

From the analysis (8.40) and (8.41) it follows that the solution z =y =0
of the system corresponding to (8.39) at T = R is asymptotically stable.

If the scale T has the granularity p(t) =1, i.e. T = Z, then at the initial
values (o, o) from the domain x3 + y2 < 1 the zero solution of the system
(8.39) will be asymptotically stable on Z. If u(t) = 2, which corresponds to
the time scale T = 2Ny = {ko, ko + 2, ko + 4, ... }, then

VE(@(t), y(t)l(s.30) = 2(2* +y°)°

and the equilibrium state « =y = 0 of (8.39) is unstable.






Chapter 9

Singularly Perturbed Systems with
Uncertain Structure

It is well known that the singular perturbation methods on the basis of the
two-time-scale approach are very powerful analyses of large scale systems with
structural perturbations (see Gruji¢, Martynyuk and Ribbens-Pavella [1984]).

In this chapter we propose some development of the direct Liapunov
method for the given class of systems of equations in terms of auxiliary matrix
valued functions. This allows us to weaken the requirements of the dynamical
properties of the individual subsystems and to extend the variation limits for
the small parameters p; for higher derivatives of the systems of perturbed
motion equations.

The chapter is arranged as follows.

Section 9.1 sets out the method of composition of large-scale systems on
the basic of individual subsystems for the given model of uncertainties.

Sections 9.2 and 9.3 contain the results of development of a new method
of stability and/or instability analysis of large-scale systems under structural
uncertainties.

In Section 9.4. similar problems are discussed for linear singularly per-
turbed systems for uniform and nonuniform time scaling.

In final Section 9.5 two problems of practical importance are considered.
One of the problems relates to absolute stability of large scale Lur’e—Postnukov
systems under structural perturbations and the other deals with gyroscopic
stabilization of orbital apparatus.

9.1 Structural Uncertainties in Singularly
Perturbed Systems

The real systems in which the fast and slow variables can potentially exist
are modelled by means of the systems of equations with small parameters
at higher variables (singularly perturbed systems). The class of systems of
equations under consideration (furtheron designated as F') is described basing
on the hypotheses below (cf. Grujié, Martynyuk and Ribbens-Pavella [1984]).

183
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H;. System F' consists of ¢ subsystems of ordinary differential equations
with structural uncertainties and r subsystems with structural uncertainties
and small parameters at higher derivatives. The order of fast and slow com-
ponents of the system remains unchanged during all the periods of system F
functioning.

H,. Dynamics of the i-th interconnected subsystem F; in system F is
described by the equations

dxi
= it7 ) 7P’iaS’i7
dt fithoy :
dy;
Mg = 9i(t, @y, M, Pyyi, Sq14),

where x; € R™, y; € R™, f; and g; are continuous vector-functions of the
corresponding dimensions, p; are small positive parameters, u; € (0,1] and

M = diag{j, ..., pin}-

Hj3. Dynamics of the i-th isolated subsystem E in system F' is described
by the equations

= Ji t7 Za Zaf)’ias’i )
o = Jiltahy )
dy; i
223 dt :gl(t’x Y 7M7Pq+iasq+i)7

where ' =(0,0,...,0,2F,0,0,...,0)T € R", n =ny+na+---+ny, z; € R™,
y' = (0,0,...,0,y5,0,0,...,00T € R™, m=my+ma+---+m,, y; € R™.

In the case when ¢ = r, the equations

= it7 27 153752'7
o = it 2ty )

0= gi(tu ‘ria yivoﬂ Pq+ia Sq+i)

(9.1)

describe the dynamics of the i-th isolated subsystem Eo of system F', and the
equations
dyi
dt;

= gi(av bia yiu 07 Pq+ia Sq+i)

characterize the boundary layer of the fast subsystem ﬁti of system F'. Here
a € R, b =(0,...,0,5,0,...,00T € R* b; € R, t; = % and i =
1,2,...,7.

H,. Dynamics of the whole system F' is described by the equations

dxi
dt
i _
Hicge =

:fi(t,$,y7pi75i), i:1,27...7q,

gi(t7m7yaMqu+ivsq+i)u i:172a"'7r7
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q T
where z; € R™ Y m; = n, y; € R™, > m; = m, ¢q+r = s, P,

i=1 =1
1 = 1,2,...,q, are the parametric perturbations, and S;, ¢ = 1,2,...,s,
are the structural matrices of the form S; = [sql;, sioli,...,sinLi], I =

diag{1,1,...,1} € R™*™ and s;;: R — {0,1} are structural parameters.
Here u; € (0,1] and the set of all admissible values of M is designated as

M={M: 0< M <TI}, I=diag{l,1,...,1} € R™".
Moreover
My, ={M: 0< p; < tim, Vi €[1,r]},

where pi;,, is an admissible upper value of ;.
If in the system of equations (9.2) all p; (formally) form a zero set, then
the equations

dl‘i

dt
Ozgi(t7m7yaoqu+iasq+i)v 7::1’27""71’

= ita ) 7Pivsia .:1327"'7 )
filt.r. P S), ‘ 03

describe the dynamics of the interconnected degenerated subsystem Fj of
system F', and the equations

dy;
dt;

:Tigi(aubvyaoqu+ivsq+i)a 1= 1327"'7T7

characterize the behavior of the interconnected fast subsystem F; (the bound-
ary layer of system F).
If the small parameters p; are not mutually connected, then the system F
has r essentially independent time scales ¢;:
P e N
i

In this case the time scaling is nonuniform.
The time scales t; can be interconnected through the values 7;:
t; )
=7, i=12,...,r1 (9.4)
ty

which are variable within certain limits
T €T Tul, 1=1,2,...,m, (9.5)

where 0 < 7, <7; < 00, Vi€ [1,7].
In the case (9.4) and (9.5) the time scaling is uniform and

M

Obviously, in this case 7, =71 =71 = 1.
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Everywhere below it is assumed that the correlations
0=gi(t,x,y,0, Pyyi, Sq+i), V(t,z,y) € R x Ny x Ny,
are satisfied for each pair (P,S) € P x S iff y =0 and
0=gi(t,z*,y",0, Pyri, Sqrs), V(2% y") € R x Ny x Ny,

are satisfied for each pair (P,S) € P x S iff y* = 0.
Therefore systems (9.3) and (9.1) are equivalent to

= Ji\l, 17 aF)’h i)y~ — Ji\l, &y aF)’ia [ :172a"'7 )
g fi(t, 2", 0 Si) o fi(t, 2,0 S;) and i q
respectively.

9.2 Tests for Stability Analysis

In the qualitative analysis for the given class of large scale systems, the
question whether different time scales t; are interconnected is of importance.

General purpose of our investigation is to determine conditions under
which stability of zero solution of the initial system is implied by stability
of some independent degenerated subsystems and stability of the indepen-
dent subsystems describing boundary layer with allowance for the qualitative
properties of interconnections between the subsystems.

9.2.1 Non-uniform time scaling

Assume that the correlation g = r is satisfied. Then system (9.2) is repre-
sented as

dz; . ,
CZ :fi(t7xza07piasi)+fi*+fi**, Z:172,...7q,
dy2 7 0k .

pi—y = gila, by, " PyrisSeri) Fof +grt, i=1,2,....q,

where

fl(t ‘riv yiv Pivsi) - fi(t,$i70,R7Si),
gl(t mia yia Mia Pq+ia Sq+i) - gi(au bia yia 07 Pquia Sq+i)7
fl(t 'r’y7pi7Si) - fi(t7xi7 yiaf)’i7Si)7
gl(t z,Y, Ma Pq-‘ria Sq+i) - gi(thia yia Mi7 Pq+ia Sq+i)-
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Here the functions f; and g; describe the connections between equations of
the i-th independent singularly perturbed subsystem (F;) of the system F', and
the functions f** and ¢;* describe all the remaining connections in system F'.

In view of results from Martynyuk and Miladzhanov [2009] we introduce
some assumptions.

Assumption 9.1 There exist

1) open connected neighborhoods N, C R™, N;, € R™ of the states
v
z; =0 and y; = 0 respectively;

(2) functions ¢k, 1 of Hahn class K (KR), k=1,2, i € [1,q], constants
Qijs aijv Qi qtjo ai,q+j7 QXgti, g+j> aq+i7q+j7 Zvj =12,.. - 4, and the
matrix-function

Un(t,z)  Una(ta,y, M )> (9.6)

U t,a Yy M) = U t
( » <y I ) <Z/ Z(t7[[:7y,M) 22( 7y7M)
where

Uii(t,z) = [vi(t, )], i = viilt, @),
Uij:Uji:Uij(tvmivmj)v 7’7&]:1’277Q7
Usa(t,y, M) = [UZ-s-i,q-s-j(tv Il U;+i,q+i = WiVg+ig+i(t, ¥i),
U;+i7q+j = U;+j7q+i = MilljVq+i,q+j (t’ Yi, y])? 7’7.] = 1a 27 s s
UIQ(tﬂxuy7M): [/ljvi7q+j(t7l'i7yj)], iuj:]-u27"'7Qa 2(1257
such that
(a) a;pin(@i)pji(es) < vi(t, ) < Qigpi(i)poe(z)), V(i ;) €
R X Niz x Ny, 4,5 =1,2,...,4, j >4

(b)) Qyiigri Vit W)V (Y) < Vgtigri(t ) < Qgrigri¥i2(Ya)ia(ys),
v(t7y27y]) ERXMy XN}ya Za]: 1a277qa JZZa

(©) @i grijpit(@)V1(y;) < vigri(t) < Qigrjvia(®)ia(y)),
V(t, @i, yj) € Rx Nig X Njy, 1,5 =1,2,...,q.

By means of the matrix-function (9.6) and the constant vector 1 € R3
we introduce the function

otz y, M) =" U(t,z,y, M)y (9.7)
and consider the expressions of the upper right Dini derivative
DYo(t,x,y, M) =n' DTU(t,z,y, M),

def

(9.8)
DYU(t,z,y, M) = [DTvu(t,...)], nk=1,2,...,s.

For the function (9.7) the following assertion holds true.
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Proposition 9.1 Under conditions of Assumption 9.1 for function (9.7) the
bilateral estimate
ui A(M)uy < o(t, z,y, M) < uy B(M)us,
V(t,x,y, M) € Rx Ny x Ny x M,
is satisfied, where

ngleXNQIX...Xqu, NygleXNQyX...Xqu,

Ug - (Solk(xl)a ceey quk(mq)v 1/)119(111), e qu(yq))v k= 1327
A(M)=HTYA,(M)H, B(M)= H"A,(M)H
H = diag{ni,m2,...,ns}, s=2q,

[ A Ap(M) [ An Ap(M)
w00 = (4t ann): A2<M)‘<ZTQ<M> Zm(M))’
An = Qi]‘L Qi = Ajis

[
Apa(M) = [ grs),  Ara(M) = [0 4141,

Az (M) = [50Q015.045] Qgrigrs = Qqijgrio

An = [ay], @y =ay,

Ago(M) = (il 4iq+is  Cgtigrs = Cqtjatis

=t =0 e
Yo \papy for i N

Proof Let all conditions of Assumption 9.1 be satisfied. Then for function
(9.7) we have

v(t,x,y, M va“ (t, 2;) —|—22an77]1)1] (t,zi, )

11]2

+ Z 772+iﬂivq+i,q+i (ty:) +2 Z Z Ng+iNq+5 HiljVq+i,q+j

i=1 =1 =2
G>i
q
+ QZZUW%—JWU% g+i (@i, y;) = Z Q%
=1 j=1 i=1
g g
+23 0 mmagen (@) () + Z MayiltiQy i gei Vi (i)
i=1 j=2 i=1
j>i

q q
F2) 0 g ritittiQy i g Vi (i) (u5)

i=1 i=2
j>i

q q
+ 2 0 mingr iy o0 ()5 (y5)

i=1 j=1
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- (Soll(ml)v sy ‘qu(xq)a 7~/}11(y1)7 sy wa (yq))Tdiag{nlu e 7772q}

A11 Alg(M) .
“(atlan atan) dostm o)

x (p11(21), -y 0q1(xg)s Y11 (Y1), -, Y (Yg)) = “1A( Juz
The upper estimate is proved in the same manner.

Assumption 9.2 There exist
(1) functions ¢;, ¥; of class K (KR), i =1,2,...,q;

(2) functions vij, Vi g4, Vgti,q+js & J = 1,2,...,¢q satisfying the conditions
mentioned in Assumption 9.1, and

(a) functions v;;(t,x;,x;) are continuous on (R x Nz X Njg,) or on
(R x R™ x R™);

(b) functions vj q4;(t, z;,y;) are continuous on (R X Nz, x Njy,) or

n (Rx R™ x R™);

(c) functions wvgyiq4j(t,yi,y;) are continuous on (R x Ny, X Njy,)
oron (R X R™ x R™i);

(3) real numbers pa;(P,S), pgi;(P,S), a = 1,2,...,13, 8 = 1,2,...,8,
i, j=1,2...,q, and the following conditions are satisfied

(a) n7 D vii + 07 (DF,vi) " fi(t, 2,0, Py, Si) < pra( P, S) 7 (1),
V(t,x;, P,S) E R X Nigy X P xS, i=1,2,...,¢q;

(b) 77§+iUiDt+Uq+i,q+i + 773+¢(D7;Uq+i,q+i)Tgi(aabiv yivoan+i75q+i)
P21(Pa5)1/fz2(yz)7 v(tuyi7M7P7S) € R x A/iyo X M X P X Sa 1
1,2,...,q;

(c) M2 (D i)V 7 402y (D vgrigri) 95 + 2mingri{ i D vig s +
,ui(D;i,Ui,q+i)Tfi(ta $Z7 yz7 Pi7 Sz) + (D?;tvi7q+i)T X
gi(t,x ' MY Pyyi, Sqva)} < (p3i(P, S) + pipai(P, S)) @3 (x:) +
(p5i(P,S) + pipei (P, )07 (yi) + 2(p7i (P, S) + pipsi(P, S)) X
@Z('r’b)/lzbl(yl% v(t7xi7yia Ma Pa S) S R X Mmo X Myo X M X 7) X 87
1=1,2,...,q;

q
Z n; (D UH f** + Z Ng+i Dyl Uq+z,q+z) i+ Z 20iMg4i X

=1 i=1
q q
{ui(DivaqH)T 5 (D i) " z*} Z Z {vaij +

(D+ Uzg) fi(t7x7yupia Sz) + (D;jvij)Tfj(t7x7yana S])} +

A

2 Z Z Na-+iTlq+j {Ni,uj Dif vgrigrj + 15 (Dyf 0gtiges)" %

=1 =2
j>i
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9i(t,,y, M, Pyyiy Sqri) + 1i(Dyf vgtingrg) T %

q q
gj(ta‘ray7M7 PqujquJrj)} + QZzninq+j{ﬂjD:_vi7Q+j +

i=1 j=1

J#
115 (D3 vig )" filts @y, Piy Si) + (Dyf vig) " X
q
05000 M. P55y} < 3 { (o (PS) oo P.8)) )+
=1

<pm(P S) + pipr2i(P,S) + uz(Zu])ng 1)} +

J>'L

QZZ{ Plzy P S)+H1022](P S))‘Pl@l)@](%)+(p3,i,j(P7 S)+

1ipa,i,i (P S)+puifigps,ij (P, 5))1/1i(yi)1/fj(yj)}+2 > (pe.ii(P.S)

i=1 j=1

J#
+ 7.5 (PyS) + pittjps.i (P, S)) i (i) (y5),
V(t,z,y, M,P,S) € RX Ny, x Nyy x N'x P xS, where

Niwoy ={zi: ® € Ni, x; #0}, Niyy ={yi: vi € Niy, ;i # 0},

1=1,2,...,q, 2q=s.

Proposition 9.2 Under conditions of Assumption 9.2 the estimate

DY w(t,z,y, M) < uTG(M, P, S)u,
V(t,x,y, M,P,S) € R x Nyy Xx Nyy x M x P xS,

is true, where

= (@1(1)7 . '7goq('rq)7wl(y1)a .. -a¢q(yq))7
G(ManS):[O-ij(MaPaS)]a Oij = Oji, iaj:1a27--

'787

0ii(M,P,S) = p1;(P,S) + p3i(P,S) + poi(P, S) + pi(pai (P, S)

+p10i(P7S))a 7':1’273617

Ogviqri(M, P,S) = p2i(P, S) + ps5i(P, S) + p11i(P, S)

+ pi (sz(P S) + p12i(P, S) + (ZM;)PL%(P S))

Jj=2
Ji>i

1=1,2,...,q;

Ji7q+i(M7 P7 S) = p7i(Pu S) +;uip8i(P7 S)’ 1= 1327' - q;
Uij(M7P7S):Plij(P7S)+MiP2ija i:]~72u"'7qa j:2337"'7qa .7>Zv
Ogisg+i (M, P, S) = p3ij(P,S) + pipaij (P, S) + pipjpsij (P, ),

i:1727"'7Q7 j:2737"'7Q7 .]>Z7
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Tiqri(M, P, S) = peij (P, S) + piprij (P, S) + pipjpsi; (P, S),
i7j:172""7q7 Z.#j'
Proof Let all conditions of Assumption 9.2 be satisfied. Then for the expres-

sion (9.8) we have

q
DYu(t,x,y, M Z{ D+v“ (D} v“) fi(t, z% 0, P, S:)

+ 77q+i/~LiDt Vgtig+i T nq+i(‘Dyi Uq+i,q+i)Tgi(av biﬂ yiv 0, Pyyis Sqri)
+ 02 (D3 vi) T fF + 0 (D vgsigri) T g7 4 20imgri (1D vi g v
+ /J’i(D;Zvi7q+i)Tfi(t7 xia yia Pia Sz)
T (D;”ivﬁi)TQi(tv zy' M, Py, Sq+i))
+ n?(DZUii)Tfi** + 77§+i(Dy+qu+i7q+i)Tg;*
+ 203N g+ (HZ(D;{ vi,q+i) p (Dylvl g+i) g:‘*)}
q q
+23 3 {W?j (D:_Uij + (D vig) T filt, @, y, Pr, Si)
i=1 =2
+ (D UZ]) f] (t LY, Pjﬂ S; )) + Ng+iMg+j (/in/ljD:_Uqui)quj
+ (Dy] Ut]+i;q+j) gi(tv x,y, M, Pq+ia Sq+i)
+ “i(Dyj;Uq+i7q+j)T9j(t7 z,Y, Ma Pq+j7 Sq—i—y)) }
q q
+2D D Mitlas; {MD?UWH + 15(D3 vig+s) " filt 2.y, Py i)
i=1 j=1
i

+ (D vigi) g5t @y, M, Py, Sq+j)}

fi M»&

{pu (P, S) + p3i(P, S) + poi(P, S) + p1i(pai(P, S)

+ proi (P, 5)}%2(%‘) +> {P2i(P, S) + psi(P,S) + p11i(P, S)

i=1

+Mz(Pez(P S) + pr2(P, S) + (ZM;)PBZ(P 5)) }1/%2(%)

ji=2
j>i

+ Z{PH(R S) + wipsi (P, S) ki) i (yi)

i=1

+ 23 {1 (P, S) + pipaij (P, S) yoi (i) ()

=1 j=2
Jj>i
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+2 Z Z{Psij(P, S) + wipaij (P, S) + pifij psij (P, S) i (yi) ¥ (y5)

=1 j=2
j>i

+23 > {p6ii (P, S) + pipris (P, S) + pagsi psig (P, S) Yoi ()5 (y5)

i=1 j=1
i

= uTG(M, P, S)u.

This estimate allows us to state the following.

Theorem 9.1 Let the perturbed motion equations (9.2) be such that all con-
ditions of Assumptions 9.1 and 9.2 are satisfied and

(a) matriz A(M) is positive definite for any p; € (0,1;1) and for
Hi_>07i:172""7q;

(b) there erists a matriz G(M) which is negative definite for any u; €
(0,1i2) and for p; — 0, ¢ = 1,2,...,q, such that for the matriz
G(M, P,S) determined in Proposition 9.2 the estimate

G(M,P,S) <G(M), V(M,P,S)e MxP xS

1s satisfied.

Then the equilibrium state (x¥,yT)T =0 of system F is uniformly asymp-
totically stable for any p; € (0,1;) and for pu; — 0 on P x S, where
f; = min {1, fi;1, o }-

If, moreover, N % My = R™T™i the functions @i, Yix, @i, ¥; are of
class KR, then the equilibrium state (xT,y™)T =0 of system F is uniformly
asymptotically stable in the whole for any p; € (0,1;) and for p; — 0 on
P xS.

)T

Proof Under conditions of Assumption 9.1, Proposition 9.1 and condition
(a) of Theorem 9.1 the function wv(t,z,y, M) is positive definite for any
pi € (0,71;1) and for p; — 0 it is decreasing on Nj; x Njy,. Conditions of
Assumption 9.2, Proposition 9.2 and condition (b) of Theorem 9.1 imply that
the expression DT u(t,z,y, M) is negative definite for any u; € (0, ;2) and
for p; — 0 for each (P,S) € P x S.

These conditions are sufficient for uniform asymptotic stability of the equi-
librium state of system (9.2) for any u; € (0, iz;) and for p; — 0 on MxPxS
since all conditions of Theorem 7 from Chapter 1 of the monograph by Gruji¢,
et al. [1984] are satisfied.

In the case when Nz XN, = R™*™i the function v(t, z, y, M) is positive
definite, decreasing and radially unbounded. This fact together with the other
conditions of the theorem prove the second statement.

Remark 9.1 From the condition of matrix A(M) positive definiteness and
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matrix G(M) negative definiteness the values p;; and fi;2 are determined
respectively, since [; = min {1, f1;1, ft;2} is the lower estimate of the upper
bound of the admissible p; so that M ={M: 0 < p; < 13,1 =1,2,...,q}.

Example 9.1 Consider nonlinear and nonstationary 8-th order system con-
sisting of two interconnected 4-th order subsystems described by the equations

dz;
(Z = (1 +sin®t)(—23 +0.1y7) + 0.25i1(t)y§’ cos®t,
dyi
L dyt = (1 +sin?t)(—y} + 0.1 p) + 0.282+i)1(t)1'§ cos® t, (9-9)

i,j=12, i#],

where z; = (i1, 2i2)" € R% yi = (ya,vi2)" € R*, M = diag{u1, o},
M={M:0<p; <1, i=1,2}, s;(t) €[0,1], i=1,2,3,4, j=1,2 and

o 1 0 Sil(t) 0 .
Sl_<0 10 Sﬂ(t)) i=1,2,34.

For system (9.9) the elements of the matrix-function (9.6) are taken as
follows

Vi () = 27, vagioi(Yi) = YD, Vij = Va2t = Viagj =0
Vioti(®i, yi) = 0.1 pixyy;, 4,5 =1,2, i #j.

Let nT = (1, 1, 1, 1). Then the matrix

An Ap(M)
AM) = (A12(1]1Vf) AZW)) ’

where
Ap = diag(1, 1), Aga(M) = diag(u1, p2),
AIQ(M) = dla‘g(_O]' K1, —0.1 ,LL2)7

is positive definite for any u; € (0,1] and for u; — 0, i =1,2.
The elements of the matrix G(M) are of the form

Tii(M)=—24+026p;, i=1,2;
Toriori(M) = —1.8 4006, i=12
Tiopi(M) =0, i=1,2; T;(M)=o021424;(M)=0.01p;,
Fing; (M) =021+ ), i,5=1,2, i#].

Moreover, the matrix G (M) is negative definite for any p; € (0, 1] and for
pi — 0, i = 1,2. Therefore, by Theorem 9.1 the equilibrium state (2zT,y™)T =
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0 € R® of system (9.9) is uniformly asymptotically stable in the whole on
M xS, , where © = (2T,23)T € R*, y = (yi,y3)T € R4,

S Z{SZ S = diag(51752,53754),
100 0 101 0\
(0 10 0>§Si§(0 10 1)’ 2_1’2’3’4}'

9.2.2 Uniform time scaling

In the case of uniform time scaling the system (9.2) is represented as

dx; .

T it 0, P S) + ff = 1,24,

dt

dy (9.10)

p1 dytz = 7igi(a@,b,4,0, Pyyi, Sqri) + 7igi, i=1,2,...,m,
where
fi* = f1<t"ray7pl7sl) - fi(t,-T,O,P)i,Si),
9; = gi(t,x,y, M, Pyyi, Sqvi) — gi(, 0,9, 0, Pyyi, Sqyi),

and

Ti € [1;,Ti)y 0<1,<T; <400, 171=711=T71=1

To study system (9.10) we make some assumptions.

Assumption 9.3 There exist

(1) open connected neighborhoods Ny C R™ and J\/}y C R™i of the states
x; = 0 and y; = 0 respectively;

(2) functions ¢ip: Niz — Ry, jp: Ny — Ry, i

= ]‘727"’7q7 j =
1,2,...,r, g+r=s, k=1,2, vy, i are of class K (

KR);

(3) constants a;,, @ip, Qi jaqrls Ogqtjarls Qi gyjs Qigrjs &P =
1,2,...,q, 5,l=1,2,...,r, ¢+ 1 = s, and matrix-function

Un(t,z)  mUia(t,z,y)
U(taxay7ﬂ“1) = T ) (911)
Utz y)  mU(ty)
where
Ull(t,;v) = [Ui]?(ta'ria'rp)]a Vip = Upi, ia p= 172a"'aQ;
U22(ta y) = [’Uq+i7q+l (ta ij yl)]v Uq+j41+l = ’Uq+l7q+j7 j7 l= 17 23 BRI

U12(t7m7y):[Ui7q+j(tvxivyj)]’ 7::1’27"'7Qu j:1a27"'ara

whose elements satisfy the estimates
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(a) ;i (Ti)ep1 (Tp) < vip(t, iy p) < Wippin () Pp2(Tp),
V(t7l'i7l'p) €ER X/\[i:v XNp:m i, p= 1u27"'aq7 i <p;

(b) agijgri®it W)V () < vgrigri (Y5, v) < Qgtjgritjz(y;) X
1/’12(1/1), V(tvyjayl) € Rx -A[]y X -/\[lya (] < l) € [17 7’];

(€) @ qpjPit (@)1 (y5) < Vigrs (@i, y5) < Wigpgin(Ti)¥2(y;)
V(t,xi,y;) € Rx Nig x Njy, i =1,2,...,q, j=1,2,...,r,
q+r=s.

Matrix-function (9.11) and constant vector 1 € R% allow us to construct
an auxiliary function

U(t,%ydil) = WTU(ta%%Ml)VT (912)

Alongside function (9.12) we consider the expression of the upper right Dini
derivative
DYo(t,z,y, i) =" DYU(t 2.y, ), (9.13)

where

. DT Uy (t, @) p1 DU (t, 2, )
D*U(t, .y, de( T ty) )
(a0 m) =\ D UL (b ayy) D Unalt,y)

D+U11 = [D+Uip(tv')]u D+U12 = [DJrUij(tv')]ﬂ
DVUsy = [DYwu(t,))], 4,p=1,2,....,q; 4,1=12,...,r5 q+7r=s.
Proposition 9.3 Under conditions of Assumption 9.3 the function (9.12)
satisfies the bilateral estimate

ui Apa)ur < v(t,z,y, pa) < ug B(p)us,
V(t,z,y, 1) € RX Ny x Ny x M,

where
U? = (9011(351), B ¢q1($4)7 1/)11(91)7 B ¢r1(yr))7
uy = (p12(z1), - -, pga(xq), Y12(41), - -, Yralyr)),

A(m) = H Ay (m)H, B(u) = H"As(un)H, H = diag{m,...,ns},

A A An ,Ulzm
M) = (i ). Azml):( )

_T _
1Az 1Ay 1Az
A = lag,), g, =ay, A= (@], @p = i,

Ag = [Qq+j7q+l]a Qgtjgtl = Lgti,qtso
Azz = [Qgtjgtt]y  Qgtjgrt = Tgtlgris
Az = [0 4450, Arz = [@igg],

,p=1,2,...,q, jl=12,....r, q+r=s.
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The proof of Proposition 9.3 is similar to that of Proposition 9.1.

Proposition 9.4 If in Proposition 9.3 the matrices 411 and Aso are positive
definite, then the function (9.12) is positive definite for any u; € (0, pj) and
for p1 — 0, where

. Am (A11)Am (A35)
p] =min< 1, — ,
' { AM(A12A1;F)

Ay = HE Ay Hy, Al = Hf AsgHs,  Ajy = HiAjpHo,
Hy = diag{ni,m2,...,nq}, Hz = diag{ng+1,mg+2,---,0s}

Proposition 9.4 is proved by the immediate testing.

Assumption 9.4 There exist

(1) open connected neighborhoods N, € R™ and N, C R™ of the states
z+1=0and y; =0 respectively;

(2) functions ¢;,9; of class K (KR), i =1,2,...,q, j=1,2,...,1;

(3) functions vip = Vpi, Vgtjg+l = Ugtl,q+j> Vigti» LP=1,2,...,7, j,l=
1,2,...,r, which satisfy the conditions of Assumption 9.3, and
(a) vip(t,zi,2p) € C on (R X Nizo X Npzo) or on (R x R™ x R");
(b) vgtiqri(t,yj, ) € C on (RXNjyoxXNpyo) oron (RxR™i x R™);
(€) vig+s(t,zi,y;) € C on (R X Nigo x Njyo) oron (Rx R™ x R™);
(4) real numbers pai(P,S), paip(P;S), Pa,quj(P S), poc7q+j7q+l( aS)v

pﬁ,,i7q+j(PﬂS)7 a = 172u37 5: 172a Zup: 1u27"'7Qa .77l_ 1 2 Ty
q+r=s,and

(a) n2D{ vy +n?(Dfvi)T fi(t, 2,0, Py, S;) < pri(P,S)e? (z;) +
q

> p1ip(P, S)pi(xi)pp(p), ¥ (£, 25, P,S) € R X Nigg X P xS,

p=1
pF#i

1=1,2,...,q;
(b) 77q+jlu1Dt Vg+j,q+i t 773+j7—j(Dyz-Uq+j7q+j)T9j(aay70an+ja Sq+i) <
prati (PoS)0T (W) + > prgriast (P S); (y)vu(m),

=1
1]

V(t Vi, i, P,S) € RXx Njyo x M x P xS, j=12,....r

(C) 771 v“ f +Z’7q+]TJ Dijq+J7(I+J) g; +
j=1

q q
2 Z > ninp{D:_Uip + (D vip) " filt, m,y, Py Si) +
=1

p=2
p>i
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(D;pvip)Tfp(ta z,y, Pp, Sp)} +2 Z Z ’7q+j77q+l{lu1D:_Uq+j7q+l +

i—1 1=2
N

i (Dy Vgtjart) " 95t 2,y M, Pyyj, Sqrg) + 1i(Dyf vg g jg41) T X

q T
gt @, y, M, Py, Sq—H)} +2 Z Z NiMg+j {NiD:_”v,zH-j +

i=1 j=1
Nl(DfJﬂrivi;quj)Tfi(tﬂ z,Y, P, Sl) + Tj(D;;‘ Ui7tI+j)T X
q

gj(t"ray7M7 Pq+j75q+j)} S Z(pQ’L(P7 S) + ulp?)i(Pa S))w%(xz) +
i=1

Z(quﬂ‘(R S) + 193,945 (P, S)7 (y5) + QZ Z(P%p(Pv S) +

i=1 i=1 p=2
J ! p>i

1130 (P, 9))@i(@:)pp (p) +2Y > (p2,g14.041(P: S) +

j=1 1=2
>3

q T
1103045001 (P S ()b () + > > (prigi (P S) +

i=1 j=1
1102,i,q+5 (P, S)) @i () (y;),
Y (t, 25,95, M,P,S) € RX Nigy X Njyo x M x P xS.

Proposition 9.5 Under all conditions of Assumption 9.4 for the expression
(9.13) the estimate
DYtz y, ) < uTCu + pyu"Gu,
V(t,x,y, 11, P, S) € RX Nyy x Nyg x M X P xS, V1 €[1;,74],

holds where

ut = (p1(21), - 0q(Tg)s 01 (11, -, e (yr)),
], @y =¢u, G=loyl, Tioj, i,5€[l, s3],
Cip = prip(P,S) + p2ip(P.S),  Tip = p3ip(P.S), i,pe(l,q, p>1i,
Catgati = Prati(PsS) + p2.q14(P,S),
Ogtjati = PS,quj(?a g)v J=12..r
Cotjgtt = PLagtiart(P,S) + p2.gijqri(P,S),
Totjigtl = P3.qtigrt(P,S), jl=1,2,....r, j>1,
Ciigti = PLia+i(PyS),  Tigri = p2,iq+i(P,9),
i=1,2,....q, j=0,r, q+r=s.

Here P, S € S are constant matrices such that

pai(Pa S) S pai(?7 g)a paip(P7 S) S paip(ﬁ7 §)7
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pa7q+j(Pv S) < Pa,q+j (ﬁv g)a pa7q+j7q+l(P; S) < pa,q‘j7q+l(?7 g)a
pﬂ7i,q+i(Pa S) S pﬁ,i7q+i(?a g)a o = 172u37 /8 = ]-72a
iL,wp=12,...,q, 5, l=12,....1r, q+r=s.

Proof of Proposition 9.5 is similar to that of Proposition 9.2.

Proposition 9.6 If in Proposition 9.5 the matrix C is negative-definite and
An (G) > 0, then the expression DT v(t, 2, y, u1) defined by (9.13) is negative-
definite for any pi € (0, p3*) and for p; — 0 where
" = min {1, —/\M<€) } .
A (G)

The proof of Proposition 9.6 follows from the analysis of the inequality

Dot 2y, ) < uTCu+ ™G < (g (C) + i dar (@)l

Remark 9.2 1If in Proposition 9.6 Ay(G) < 0, then expression (9.13) is
negative definite for any u1 € (0, 1] and for p; — 0.

Theorem 9.2 Let the perturbed motion equations (9.10) be such that all con-
ditions of Assumptions 9.8 and 9.4 are satisfied and

(1) matrices A1 and Ase are positive definite;
(2) matriz C is negative definite;
(3) M€ (O,ﬁl); Hi = :u17—;17 T € [ZivFiL i€ [1,7"} where ﬁl =
min{pf, ui*}.
Then the equilibrium state (xT,y"
asymptotically stable on M x P x S.

If all conditions of the theorem are satisfied for Nig x Nj, = R™ ™™ and
functions @;,1; are of class KR, then the equilibrium state (2T yT)T =0 of

)T =0 of system (9.10) is uniformly

system (9.10) is uniformly asymptotically stable in the whole on M X P x S,

where M = {M: 0 < py < Jin, i =7 5, 7 € [1,,7i, i =1,2,...,7}.

Proof Under conditions of Assumption 9.3, Proposition 9.3 and conditions
(1) and (3) of Theorem 9.2 the function v(¢,z,y,p1) is positive definite
on M and decreasing on N, x N,. Conditions of Assumption 9.4, Proposi-
tion 9.5 and conditions (2) and (3) of Theorem 9.2 imply that the expression
D+o(t,z,y, 1) is negative definite on M x P x S.

These conditions are sufficient for uniform asymptotic stability of the equi-
librium state (2%, yT)T =0 of system (9.10) on M x P x S.

In the case when Ny XN, = R™1™i the function v(t,z,y, 1) is positive
definite, decreasing and radially unbounded. This fact together with the other
conditions of Theorem 9.2 proves its second assertion.



Singularly Perturbed Systems with Uncertain Structure 199

Example 9.2 Consider a nonstationary 4-th order system consisting of two
interconnected 2-nd order subsystems

dz; 1 1 —sin2¢
= —~ i +0.02 Si1y; + 0.03 Sioy; b,
dt 1+coth{ y T Wit 2‘%}
dy; 1 4 — pjsin2t
P = 7Y i
dt 1+ cos?t 2 (9.14)

+ O.Olui(SqH,lxi + Sq+172$]‘)},
i, =12, i#7],

where t,z;,y; € R, M ={M: 0< p; <1,i=12}, M = diag{u1, u2},
Ty = %, To =1, so that ™ € [%, 1], Sij = Sij(t) € [071}, 1,7 =1,2.
The elements of the matrix-function (9.14) are taken as follows
Uii(t, .TZZ) = (1 + COS2 t)xf, 1= 1, 2,
vatizri(tyi) = (14 cos®t)y?, i=1,2,
Uip(ta Ty (Ep)'l}2+j72+l(t, ij yl) = 07 i7jap7 l= ]-7 23
Vi 245 (t, T;, yj) = 01(1 + cos? t)miyj, 1,7 =1,2.

Let 77 = (1,1,1,1). Then the matrices A;; = Ag = diag{1,1} are
positive definite and the matrix

_( An 1 A2 _(—02 -0.2
A<ul)_(u1Ar1I‘2 /J,1A22 ’ where A12_ —-0.2 —-0.2

is also positive definite for any p; € (0,1] and for u3 — 0,, since pi =
min{1,2.5} = 1.
For such choice of the elements of matrix-function (9.11) we have

pri=-1, i=12 piz=—-4 puu=-1 p; =0, j=1234;
p31(5) = 0.01(531 + 542); p32(5) = 0.01(532 + 542);
p33(S) = 0.002511 + 0.003S29;  p3a(S) = 0.003S12 + 0.0025:;
p212(S) = 0;  p312(S) = 0.01(S31 + S32 + Sa1 + Sa2);
p234(S) = 0;  p334(S) = 0.002(S11 + So1) + 0.003(S12 + Sa2);
pug(S =0.2+0.04511; p213(5) = 0.05 4+ 0.2531;
p114(5 = 0.1+ 0.06S512; p214(5) = 0.05 4+ 0.1549;
p123(S) = 0.2 4+ 0.06592;  pass(S) = 0.05 + 0.1555;
p124(S) = 0.1+ 0.04551;  pasa(S) = 0.05 + 0.1541.

—_ — — —



200 Uncertain Dynamical Systems: Stability and Motion Control
The matrices C and G consist of the elements

Cl1 =Cpp=7Cyy=-1, CTz=-4, C2=0, ©¢34=0,
Cis =024, T4 =0.16, Tgg = 0.26, Tyy — 0.14:
711 = 0.02, Ty = 0.02, Ta3 = 0.005, g = 0.005,
010 =0.04, o734 =0.01, ©713=0.25, G714 =0.15,
To3 = 0.15, Tos = 0.15.

Besides, the matrix C is negative definite and p%* = min{1, 2, 1, ...} = 1.

So, all conditions of Theorem 9.2 are satisfied, fi1 = min{uj, ui*} = 1, and
therefore the equilibrium state of system (9.14) is uniformly asymptotically
stable in the whole on M x S.

9.3 Tests for Instability Analysis
9.3.1 Non-uniform time scaling

Instability of solutions is considered in two cases. First, we shall consider
the case of nonuniform time scaling. To this end we need the following as-
sumptions and estimates.

Assumption 9.5 The inequalities of Assumption 9.2 hold true when the in-
equality sign is reversed, i.e., “<” becomes “>”.

Proposition 9.7 Under conditions of Assumption 9.5 for the expression
(9.13) the estimate

DY w(t,z,y, M) > uTG(M, P, S)u,
V(t,x,y, M,P,S) € R X Ngy X Nyy x M x P xS

holds true, where v and G(M, P, S) are defined in the same way as in Propo-
sition 9.5.

The proof is similar to that of Proposition 9.5.

Theorem 9.3 Let the perturbed motion equations (9.2) be such that all con-
ditions of Assumptions 9.1 and 9.5 are satisfied and

(a) matrices A(M) and B(M) are positive definite for any u; € (0, pf) and
fO’I" Hi — 0) 1= ]-u 27 <4, where ’u;k = min {Eil’ﬁiQ};

(b) there exists a matrix G(M) which is positive definite for any p; €
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(0, m;3) and for p; — 0, i« = 1,2,...,q, such that for the matriz
G(M,P,S) defined by Proposition 9.7 the estimate

G(M,P,S)>G(M), V(M,P,S)e MxP xS

is satisfied.
Then the equilibrium state (xT,yT)T = 0 of system (9.2) is unstable for
any w; € (0, ;) and for pu; — 0 on P xS, where [i; = min {1, uf, G5}

Proof We construct the scalar function v(t,z,y, M) in the same way as in
Section 9.2.1. Under the conditions of Assumption 9.1 and by condition (a) of
Theorem 9.3 the function v(¢,z,y, M) is positive definite for any p; € (0, p})
and for p; — 0, ¢ = 1,2,...,q, and admits infinitely small upper limits on
N, x Ny. The conditions of Assumption 9.5, Proposition 9.7 and condition
(b) of Theorem 9.3 imply that the expression Dt o(t,z,y, M) is a function
that is positive definite for any u; € (0, i;5) and for p; — 0, for every
(P,S) € P x S. These conditions are known to be sufficient for instability of
the equilibrium state of system (9.2) for any u,; € (0, ;) and for p; — 0 on
MxPxS.

Remark 9.3 By the condition of positive definiteness of the matrices A(M),
B(M) and G(M) the values @i, 71,5, and fi;3 are determined respectively,
since @; = min{1, &, M;o, H;3} is the lower estimate of the upper boundary
of the admissible y;, so that M ={M: 0< p; <, i=1,2,...,q}.

9.3.2 Uniform time scaling

Assumption 9.6 The inequalities of Assumption 9.4 hold when the inequal-
ity sign is reversed, i.e., “<” becomes “>".

Proposition 9.8 Under all conditions of Assumption 9.6 for the expression
(9.13) the estimate

DYtz y, ) > v Cu + pu" Gu,
V(t,z,y, 1, P,S) € Rx Ny x Nyy x M x P xS, Vr€lr,;, T

takes place, where uT, C, and G are determined as in Proposition 9.5.
The proof is similar to that of Proposition 9.2.

Proposition 9.9 If in Proposition 9.8 the matrix C' is positive definite and
Am(G) < 0, then the expression DTw(t,x,y, py) is positive definite for any

p1 € (0, ui*) and for py — 0, where pi* = min {1, =\, (C)N\}H(G)}.

The proof follows from the analysis of the inequality
DYo(t,a,y, i) > u' Cu+ puu Gu > (A (C) + A (@) [Jul|*.

Remark 9.4 If in Proposition 9.9 A, (G) > 0, then the expression
Dt u(t,z,y, pu1) is positive definite for any p; € (0, 1] and for u; — 0.
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Theorem 9.4 Let the perturbed motion equations (9.2) be such that all con-
ditions of Assumption 9.6 are satisfied and

(1) matrices A11, Az, A11, Ass and C are positive definite;
(2) w1 € (0, T1y), pi = par; 5, 7 € [1;, Ta), @ € [1, 7], where
7y = min {7, 3", /\M(AE) AM(AEQ) /\&1 (ATQATQT)L

Ay, = HF A H, Ajy = Hy ApgHo, A}y = HiApHs,
Hy, = diag{nh’?% B 77q}7 Hy = diag{nq+17 Ng+25 -+ 775}

Then the equilibrium state (x¥,y™)T = 0 of system (9.2) is unstable on

MxP xS, where M={M: 0< pu <y, mzulrfl, 1=1,2,...,q}.

The proof is similar to that of Theorem 9.2

9.4 Linear Systems under Structural Perturbations
9.4.1 Non-uniform time scaling
Consider the linear singularly perturbed system

d.’Ei
dt

q
= Z SzlAll'Tl + SzlAzlyl) 1= 1a 27 <o 4,
. (9.15)

Q

d .
yl = ’Ly’b Z +i7lBil~Tl + Sq2+7j)le{lyl)a 1= 17 2a -4,

where A;, S;, Ay, A}, By and B, are constant matrices, all matrices and

vectors are of the corresponding order, and Sj, S3, S,,,;, and S, are
diagonal matrices, u; € (0, 1], Vi=1,2,...,¢q. Let
SLS, .. S, 0 Sl .. S.
s | s s sz R A §2
S%+i71 S%+i72 e %Jrz ,i—1 J S%+i7i+1 e S%+z7q
StHiJ Sq+i72 SquH 1 J Sq+i7i+1 Sq+z7q
i=1,2,...,q, S =diag{51,52,...,5}
The structural set is defined as
. k 1 2 2 1 _
S={S: OSSﬂSL S Sq+“ 0, S; Squ“—J7

il=1,2,...,q, j=1,2,...,2¢, k=1,2},
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where J is an identity matrix of the corresponding dimensions.

The independent singularly perturbed subsystems corresponding to system
(9.15) are obtained by substitution by z* and y* for = and y

dx; .
;t = Az + ALy, Vi=1,2,...,q,
dy; .

,uid—‘z :Biyi+HiBiifEia VZZI,Q,...,(].

Construct matrix U (¢, z) for system (9.15) with elements

’Uij(lEi, .73]') = Uji(iEi,JL‘j) = [EiTPijJL‘j, i,j = 1, 2, Qs
Ui7q+j(mi,yj) :xz"I‘Pi7q+jyj7 Za] = 1a27~~'aQ7 2q: 53 (916)
Vgtigts Wi Uj) = Varsavi(Wio¥s) = Ui Pavigri¥i, 65 =1,2,...,4q,

where Py, Pyyiqr; (1 # 7), Pig+; are constant matrices.
For functions (9.16) the following estimates are satisfied

(@) A (Pi)[|2sl|® < vii(zi) < A (Pa)l|ill®s Vi € Nigy, i€ [1, gl;
(b) )‘m(Pq+i7q+i)||yi||2 < Vgrigri(yi) < )‘M(Pqui,qui)Hyi“Qa
vyiej\[iyov VZ:lvzauqa
1/2 1/2
(©) =M (PyPD |l sl < vig(aa, 25) < A7 Py P ill Nl
v(xi7xj)€Mzoxijo7 VZ,]ZI,Q,...,(], 17&.]7
1/2
(d) - A ] (P, q+i, q+J)P +i, q+]||y2|| ||y]|| < Vgti,g+j (yz’yj)
1/2
At Pigsd) Pvigrs lwill 131l ¥ (i95) € Nayy X Ny
vi7j:172-~-,q7 Z#.]?

1/2
(€)= M (Prgrs PLa ) lill ) < vig (i) <

1/2
M (Prgei PE il llysll, ¥ (@i, 95) € Niwg X Ny,
i?j:172ﬂ"'ﬂq7

(9.17)
where A, (Py;) and A, (Pyyig+i) are minimal eigenvalues, Ay(P;;) and
A (Pytiq+i) are maximal eigenvalues of matrices P;; and Pyyj g4 Te-

1/2 1/2 1/2
spectively; Ay,*(PyPY), Ay (PrvigssPiligs;) and Ay (Prgr P
norms of matrices PZ], P+Z q+; and P; g4 respectlvely

When estimates (9.17) are satisfied for function (9.7) with elements (9.16)
the bilateral inequality

) are

uTA(M)u < v(z,y, M) < u"B(M)u

takes place.
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Here matrices A(M) and B(M) are defined as in Proposition 9.1,

u = (ol a2l llzgll, lyall, vl - - lyql),

1/2
@i = An(Pii)s Qgrigei = Am(Pryigei)s @y =~y (P PL),

—11
_ 1/2 pT _ 1/2 pT
Qgtig+i — _>‘M (PQ+i7Q+]Pq+i,q+j)7 Qg+ = _>‘M (F)i,q+]Pi,q+j)7

Q@i = A (Pii)s  Qgrigri = A (Ptingri)s  Qij = —ay;,
aq+i,q+j = TQq4iq+j> ai,q—&-j = 79 g+j> v’l,j = 1a 27 EERER’/D

Let nT = (1,1,...,1) € R7, then the expression of total derivative of
function (9.7) with elements (9.16) is

DV (z,y, M) =2TC(S)z + 2TG(M, S)z, V(z,y) € R? x R (9.18)

where T T T T T T\T
Z:(m1u$2a"'7xq7y17y27"'7yq) ;

C(S) =[ci(9)], 4,j=1,2,...,s;
G(M,S) =[oi;(M,S)], 4,j=1,2,...,8 s=2q.
The elements of the matrix C'(S) are
i—1
ci(S) = PA; + AT Py + Z (Pyi (S5AR)) + (S5 Aw) " Py)
1=1

q
+Z ’Ll Slel’L +(Slell) zl) i = 172a"'7q;
=1

1—1

Cq+i,q+i(5) Pq+z q+zB + B Pq+z g+i T+ Z P q+l, q+z(S§+l,iBl/i)
=1
q

+ (S§+l7iBlli)TPq+l,q+i) + Z (Pq+i7q+l(sg+l7iBl/i)
1=i
(Sq+l zBlz) P—I—z q+l) 7::1,27”-,(];
i—1
cij(S) = cji(S) = Py Aj + AT Py + > (P (S} Ay)
=1
j—1
+ (SEANTPG) + Y (Pu(ShAL) + (ShA) T Py)
=i
q

+Z(le(sl:bAl])+(Slelz) ]l) th,j=1,2,...,q, j>7%
=i
Cq—&-i,q—&-j(s) = Cq+j,q+i (S) = 07 Z?.] = 17 2a -4, .] > Z

1—1

Ciag+3(S) = Pigri B + ) Pif (S5 A +ZPZz S5
=1
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q
+ Pga(S2,Bl), ii=12.....q
=1

The elements of the matrix G(M,S) are
J“(M S) ”(S), i:1a27'~'7q;
q
Z Piqri(Se1.Bu) + (ShBu) Pl ), =12, .4
1=1
Ogtigti(M, 8) = piogy; 414 (S), i=12,...,¢;
q
J:]kJri,qui(S) = Z ((SZQ’L ;i)T‘Pl,qui + 'Pl’7I1‘1+z(Sl21 ;i))v 1= 1a 27 - 4
1=1
0ij(M,S) = 0;i(M,S) = pjoj;(S), 4,j=1,2,....,q, j>i

(Prqs1(Sgy1Bij) + (Sgs1;By) " Pigst), j>i=12,....¢

M=

Ufj(s) =
=1
Jq+i,q+j(Mv S) = Uq+j7q+i(Mv S) = :u’iO—;+i7q+j(S) + NjJ;ii,quj(S)v
i’j:172""7q7 j>i;
1—1
O—;—Q—i,q-&-j(s) PquZ q+]B + Z q+l, q+z(Sq+l j l])
=1

q
+ZPq+i,q+l(S¢?+l,jBl/j)a 17]: 172a---7Qa .] >7:;
=i

Jj—1
Uzii,q+j(s) B Pytigy; "‘Z Sq+lzBlz) Pyti,q+j
=1
q
+ Z Sq+l zBlz TPqT—‘i-] q+1 + Z ((SfiAgi)TP)lyq-‘rj

=1
+Pl,q+j(5lz‘ 1), i>i=1,2...¢
Tigri (M, S) = pjo; i (S) + pipor o ;(S), i,i=1,2,...,q

q
07 4+4(S) = AT Pigij + ) (ShAu)"Prgrs, 4,7 =12....¢;
=1

q
1
Orari (S E : a+i,a+i( q+z,jBlj) + E Pyviq+1(Sgy1,Bij)s

=i

z,j:1,2,...,q.

We designate the upper boundary of expression (9.17) by DVys(z,y, M)
and find the estimate

DV (z,y, M) < u™G(M)u (9.19)
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where
=l Nlaall, - gl lyalls gzl - lygll),

u
@( )= [Ci]‘ +O’Z‘j(M)], i,7=1,2,...,s, s=24q.

The elements of the matrix G(M) are

Cii = A (cii(S7)),  Corigri = A(Cqrigri(S™)), 1=1,2,...,¢
G =\ (e (S)eh (") = e, =120, j>is
Cotigti = Cqtjq+i =0, 4,3 =1,2,...,q, J >4
Ciati = M (€t (Sl  (557)), 7 =1,2,.,q;
Ti(M) = pidp(05(S™), i=1,2,...,¢
TarigrilM) = pidnr(0544.4+4(57)), i=12,...,¢;

73 (M) = T:(M) = Ay (0;(S)oiT(5%), j>i=1,2,....q

Tatiati (M) = Tapjari(M) = tidiy (05,045 (S )00 T 15 (S7)
A (O 0 (ST (8™, =120 >
Ei,quj(M) ’uj)\l/Q( *7q+J(S*) *7q+J(S*))
+ i A (0 (ST (7)), 4 =1,2,....q.

3

Here S* € S is a constant matrix such that
¢ij(S) < ¢i;(S™), O’;}(S) < a:‘j(s*)7 ,j=1,2,...,s,
0ra=i(8) L0751 (S™), 0 tigri(S) Lot (ST), 4,i=1,2,....¢q

Theorem 9.5 Let the equations of linear singularly perturbed large-scale sys-
tem (9.15) be such that for this system it is possible to construct matriz-
function (9.6) with elements (9.16) which satisfies estimates (9.17) and for
the expression (9.17) estimate (9.19) holds true and

(1) matriz A(M) is positive definite for any p; € (0, ;1) and for p; — 0,
i=1,2,....q;

(2) matriz G(M) is negative definite for any p; € (0, fiiz) and for p; — 0,
i=1,2,....q.

Then the equilibrium state (x¥,y™)T =0 of system (9.15) is structurally
uniformly asymptotically stable in the whole for any p; € (0, ;) and for
wi — 0 on S, where p; = min {1, fi;1, fiin}-

Here [i;1 and Ji2 are determined by conditions of matriz A(M) positive
definiteness and matriz G(M) negative definiteness respectively.

This theorem is proved in the same manner as Theorem 9.3.
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Example 9.3 Let system (9.15) be the 12-th order system n = m = 6
decomposed into three ¢ = r = 3 interconnected singularly perturbed sub-
systems determined by the matrices

01 0 -4 0 -3 0
Al_(o 0.1)’ AQ_(O —4)’ A?’_(o —3)’
3.0 -3 0
A12 - (0 3) ) A21 - < 0 _3) )

Ay = Az = Aoz = Azp = 1071,
Al =1071, 4,5 =1,2,3;

0 -2
Sk = diag{sjik, s}, k=1,2, 1=1,23 j=1,234,56;

Y
k 1 2 1 1 ;
0<s3 <1, s;=534i=0, s;;=s3.,,=1, s3=1 11=12.3.

Bi:<—2 0); By =101, Bl =0, i,j=123

In the matrix-function (9.6) the elements are taken as follows

vii(zi) = o Jog,  vij(zg, 25) = 27 107z,
Usyiai (Vi) = Ui 2JYis vsgise (i yy) =0, 0,5 =1,2,3, i #j;
Viaty(iyyy) = 2F 107 Ty, 4,5 =1,2,3;  j = diag{1,1,1}.
It is easy to see that for these elements
vii () > li||®, i=1,2,3;
vij(zi,x5) > =01 |2l lz;ll, 4,5 =1,2,3, i#j;
variati(yi) > 2lwill®, i=1,2,3;

Let nT = (1,1,1,1,1,1), then the matrix A(M) becomes

A —A12(M)
AM) =
(M) (—A?2<M> Aga (M)
where
1 —01 —01 M1 M1 U3
A | -01 1 =01, ApM)=01[m m ps],
—-0.1 —-0.1 1 M1 H1 U3

Az (M) = diag{2pu1, 22, 2u3},

and is positive definite for any p; € (0, 1] and for p; — 0, i =1,2,3.
For such choice of the elements of matrix-function (9.6) the elements of



208 Uncertain Dynamical Systems: Stability and Motion Control
the matrix G(M) are defined as
¢11 = —0.38; Coo = —7.38; €33 = —5.96; ¢C12 =7C2 = 0.17;
Ciz =31 = 0.08; Co3 =7C32=0.19; C3yiz4i=-8, ¢=1,2,3;
C34i34+j = C34j3+i =0, 4,5=1,2,3, i#j;
Gii(M) =T34i31i(M) =0.6-10" s, i=1,2,3;
T334 (M) =Ty j31i(M) = 0.1p; +0.04p;, 4,5 =1,2,3, i #j;
Gij(M)=5;(M)=0.6-10""p;, i,j=1,2,3, i#j;
Cizy; =08-1071 4,5 =1,2,3;
Oia+j (M) =0.18u; +0.1pp;, i=1,2, j=1,2,3;
02.31(M) =0.9-10" p; + 0. 1popj, j=1,2,3.
Moreover, the matrix G(M) is negative definite for any u; € (0,1) and
for p; — 0, i=1,2,3.
By Theorem 9.3 the equilibrium state (zT,yT)T =0 € R'2 of the system

determined in this example, is uniformly asymptotically stable in the whole
on M xS, where M ={pu;: 0<p; <1, i=1,2,3}.

Remark 9.5 In this example the independent degenerate subsystem
dr; (0.1 0
a \ 0 01)"
is unstable and the independent singularly perturbed subsystem
dz; (0.1 0 - 0.1 0
a \o 01" o o01)%
dy _ (=2 0 n 0.1 0
Mg =\o -2/ Mo 01)"
is not stable for any p1 € (0,1].

9.4.2 Uniform time scaling

In the case of uniform time scaling system, (9.15) is of the form

dz; 2 d
CZ = Aiz; + Z Sl AiaTo + Z S Algys, i=1,2,...,q,
a=1 B=1
dy; . 1
,ulE = Tijyj +up+1 Z Squj,aBjal'a (9.20)
a=1

I
2 .
+7 > 82 sBlgys, G=1,2,...1,
B=1
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where A;, Bj,Ajq, A;Im Bj, and B;ﬂ are constant matrices. All matrices and

vectors are of the corresponding order, and S}, S35, Sgj o, Say ;5 € S are the

diagonal matrices; S is determined in the same way as Section 5.2, p; € (0,1],
q+r=s, 7; €[r;,7]
Assume that Tjand 75, j=1,2,...,r are given.

We construct matrix-function (9.6) for system (9.20) with the elements

T . .
Uip(xia 'rp) = ’Upi<xi7xp) =T Pipmp7 ,L,p= 17 2a - g5
_ _ T
Vgt g+t (Yjs Y1) = Vartari Ui v1) = Yj Potj.qriis

T .
Vigrs (i, y5) = o Pigrjys, 1=1,2,...,q,
j:172’...,7'" q+T:S7

(9.21)

where Py, Pyyjq+; are symmetric positive definite matrices; Py, @ # p,
Pyijgti, 7 #1, Pigq; are constant matrices.

For function (9.21) the following estimates are satisfied

(@) A (Pii)|2l|” < i) < A (Pa)llzil|?, Vs € Ny,

1=1,2,...,q;
() A (Pysqti) w511 < vatjiars W5) < Anr (Posiqed) Y5117,
Vy; € Njyo, 7=1,2,....1;
1/2 1/2
(€) — A (PPl 2]l < vip(is ) < A, (Pip PE) |l ||,

v(mi7xp)6-/\/,imox-/\/‘pxo7 iap:1727"'3q7 Z#pv

1/2 9.22
() = A PryaetPTs o)l ]l < varsant(wsm) < (9:22)

1/2
M Pviart B o)yl el ¥ (winm1) € Nigo X Nigss
j?l:1727"'7r7 j#l;

1/2
(€)= A" (Prags Pl )il Ny | < vigs (i, ) <

1/2

M Pogs PRzl lyslls Y (i, 5) € Nig X Ny

1=1,2,...,q, j=1,2,...,r, q+7r=s5,

where A, (-) are the minimal eigenvalues, Ap/(-) are the maximal eigenvalues,
1/2 . .
and Ay, (-,-) is the matrix norm.

If estimates (9.22) are satisfied for function (9.6) with elements (9.21) the
bilateral estimate

u A(pa)u < v(z,y, ) < u'B(p)u,
V(xiaij/il) € Afiwo X /\[jyo x M
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holds, where u™ = (||z1]], ||lz2|l, - - - llzgll, lvalls w2l -- -, lly-]]) and the ma-
trices A(p1) and B(u1) are defined as in Proposition 9.3 with the elements

@i = An(Pa); gy =y = Ay (PpPL), i#p=1,2,...,q
@i = A\ (Py); Qp = Qi = /\}\42(PipPip), 1£p=12,...,q
Qjgrj = dm(Patiats);

Qoijgrl = Qgtighj = _)‘}\//IQ(PQ*FLQ*HP +7, q+l) Jl=12,....m, j#I

O‘q+y a+i = A (Pytjg+i);

Qgtj,q+l = Qgtl,q+j —>‘ ( q-+j, q+lP q+7, q+z) Jl=12,....r, J#L
1/2 —_ . .
Qi,q—}-j = _>\J\/§ (Pi7Q+jPi,q+j)7 Qi q+j = _gi,q—}-j’ (S [lv(ﬁv JE [].,'I"}.

It is easy to verify that if the matrices Aj; and A3, are positive definite,
then the function V' (x,y, 1) is positive definite for any py € (0, uf) and for
1 — 0, where pj is defined as in Proposition 9.4.

Let nT = (1,1,...,1) € R*. We designate the upper boundary of the total
derivative of function (9.12) with elements (9.21) by DV (z,y, u1), and find

—DViy(z,y, 1) < uTCu + py1uTGu, (9.23)
where 6 = [Ei]‘], Eij = Eji, i,j = 1,2,...,8; @ = [Eij], Eij = E]‘i, i,j =
1,2,...,s, the matrices with elements

Cii = p1i(S) + p2:(9), T =pai(S), i=1,2,...,¢q
Cip = prip(S) + p2ip(S),  Tip = p3ip(S), Hp=1,2,...,q, P>
Cotia+i = PLa+i(S) + p2,41+5(S),  Tarjars = P3a+i(S), T=1,2,...,1
Catiatl = PLatia+l(S) + p2.a+5.4+1(S);  Tatjarl = P3.a+ia+i(S),
=12 ...r, 1>7;

Cigti = PLigti(S),  Tigqrj = P2iq+i(S),
1=1,2,...,q, 7=1,2,...,1, q+1r=s;

pm>=mww» p1in(S) = Ay (CL(S)CEL(S)),
p2i(S) = Ma(CA(S)),  p2in(S) = Ay *(C2,(S)C2E(S)),
m@b <<»pM®ﬂ#m®%@»

=1,2,...,q, p>t;

P1 q+J( S) —/\M( q+7.q+i (7'* S))
Pratiart (75 8) = M (Chys gt (77, 8O i (77.9)),
2,445 (75 8) = A (C3 1 445 (17,9)),
P2.01.01 (7 8) = M (C2 5 0t (77, 8)CEL, i (77.9)),
3,445 (S) = Anr (044,045 (5)),
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P3,q+3,9+1 (g) = AMQ (Jquj,qul (g)o—qT+] q+l(§))7 j7 I = ]-a 27 s T > ja
prif(15,5) = Mt (Cigi (7, S)elr; (73, )),
p2ii(5) = X’ (O (D)ol (),
1=1,2,...,q, 7=1,2,...,1, q+1r=s;
cii(A) = Py Ay + Ay Py,

i—1
¢(8) = 3 (PR(ShiAai) + (Shida) Pu)
a=1
+ Z 0 (ShiAai) + (Saidai) TPL) ;
O.”(S) = Z (szqJ"ﬂ(Sl]]--ﬁ-ﬂ,’LBﬂ’L) + (S;+5,lBﬁZ)TPZTq+5) ’ 1= 1a 27 < g5
B=1
q
Z (Pii (SapAap) + (SapAap) ' Pii) »
;,(S) = PpA Py + Z (PS4, Aap) + (SL, Aap) T Pay)

+ Z za S Aalp) + (SipAalp)TP)ioz)

a=1i+1

+ Z za Sl ) + (S(ipACXP)TP)iTa) 9
a=p+1

oip(S) = Z (Pi7q+ﬂ(53+,67p3ﬂp) + (S;Jrﬁ,pBﬁp)TPi,quﬁ) )

B=1
i’p:1727"'7q7 p>i;

1 * — . . R. T . .
Catiari(Ti+S) = Pavjq+iTiBj + 7iBj Patjg+i
j—1

T 2 2 T
q+] q+j (15,9) = Z (Pq+57q+j7'j(sq+5,jBlﬂj) + Tj(Sq—s-B,jB,ﬁj) Pq+ﬂ7q+j)

p=1

+ > (Patga+o7i(Sh45,Bh;) + 73(Sis5,B5,) " Py

B=j

q
Tqtiari(S Z (S2, AL ) Pogis + BT (S2AL)), j=

q+J g+l (1,5 Z a+j.a+i T q+ﬂ lBﬁl)

+3,9+0 )

1,2,...,7;
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¢ ar1(73:8) = PyijqumBi+7B) Pyyjqti
j—1
T 2 T
+ Z (Pipq+im(Sqe5,B) + 7552415, Bs;) " Poypari)

+ (Pytsig+87(Ses51Bh1) +75(Sh+5.B5,) Pt patt)
+ (Pq+j,q+BTl(Sg+ﬁ,lB£ﬂ) + Tj(sg+ﬂ,jB£3j)TPq+l7Q+ﬂ) ’

q
Jquj;qul Z S2 A, P -+l t+ Pa q+l(SijA:1j)) )

j,l=12 T > 7
Civg+i (755 8) = Pigt; ZPT 52 A/

ZPW (Sa;A40,) + Zpivq+ﬂ(53+ﬂ7j323j)7jv
p=1

Tiq+(S) = A Pigrj + Z(SiiAai)Pa,qﬂ

a=1

Z q+8, q+z q+ﬁ ]Bﬂj + Z Pq+l7Q+ﬂ(Sq+B ]Bﬁj)
B=j

12172,...,q7 7=12,...,2, qg+r=s.

Here S € S is a constant matrix such that

k(S)<ch(S), VvSeS, ip=12,....q p=i k=12
a7 8) b (m,8), VSeS, 1zj=12,....r k=12
cTU(S)<UU(_)7 vSesS, i,j=1,2,...,8, s=q-+r;
Ci)quj(Tj,S)§0i7q+j(7';7§)7 VS€S7 1=1,2,...,q, 57=12,...,r

The value T]’f is defined as

« )T, if the corresponding factors are negative,
J T;, if the corresponding factors are positive.

Note that if the matrix C is negative definite, i.e. Ay(C) < 0 and
A (G) > 0, then the function DVis(x,y, 1) is negative definite for any
p1 € (0, u3*) and for py; — 0, where pi* = min {1, Ay (C)/ A (G)}.

If Ay (C) <0 and Ay (G) <0, then pi* = 1.
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Theorem 9.6 Let linear singularly perturbed large-scale system (9.20) be
such that for this system it is possible to construct the matriz-function
(9.6) with elements (9.21) satisfying estimates (9.22) and for function
DV (z,y, p1), estimate (9.23) is fulfilled. Also

(1) matrices A3, and Ay are positive definite;
(2) matriz C is negative-definite;
(3) w1 €(0,11), pi= mT{l, 1=1,2,...,7, where
i € [z Til, = min {1, py, p1"}

Then the equilibrium state (x¥,y™)T = 0 of system (9.20) is uniformly

asymptotically stable in the whole on M X S, where
M= {M: 0<p <pi, p =/,L17i_1, i=1,2,...,r}
The proof of this theorem follows from Theorem 9.1.
Example 9.4 Let system (9.20) be the 8-th order system n = m = 4, de-

composed into two interconnected singularly perturbed subsystems ¢ = r = 2
defined by the matrices

(-2 1 A 4p=27.
Az—(l _2>a Aza—Azﬂ_lo Ja

—4 1 / -2 7.
B = ( 1 _4), Bjo = Bjz =0.5-10""J;
J=diag{1,1}, 7,=05, To=1, ps=pmmy"
In the matrix-function (9.6) the elements v;;(-) are taken as:
V() = &) Jri; vayiovi(ys) =yl Jy, =1, 2
vig(z1,2) = 21 - 107 J2a;  v3a(y1,y2) = yi - 10" ya,
viorj(isyy) = xf 107 Ty, i, =1,2, J=diag{1, 1}.
Obviously, for these elements the following estimates are true
vii(i) > @ill®, i=1,2 via(wr, x2) > =0.1]a1]] |22 ];

vagiori(Wi) > lwill®, i=1,2 wsa(yr,y2) > =01l lly2ll;
Vi1 (w0, y5) > =01zl lysll, 4,5 =1, 2.

Let nT = (1,1,1,1),, then the matrix

A M1A12
A =
() (HlAlTQ M1A22>
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where
1 —0.1 —-0.1 —-0.1
A = An = <—0.1 1 ) and A1z = <—0.1 —0.1>
are positive definite for any u; € (0,1] and for u; — 0.

__ For such choice of the elements of matrix (9.6) the elements of the matrices
C' and G are specified as

Ci; = —1.9967 1= 1, 2; Clo = 06674, 62+i72+i = —2.9967 L= 1, 2;
C34 = 0.6474; ©1; =0,2874; ¢ = 0.2888, j=1,2;
and
Eii = O; 312 = 0002, 1= 1, 2; 624_1‘724_2‘ = 634 = 0004, 1= 1, 2;
T3 = 0.312438, 07,4 = 0.311178, =1, 2.
For the elements of the matrices C' and G specified in such way we have

A (C) = —1.018975;  Ap(G) = 0.8819733

and
. A (O) .
piF=minq 1, — — > = min{l; 1.1553354} = 1.
! { /\M(G)} { ;

Thus, by Theorem 9.6 the equilibrium state (zT,y™)T = 0 € R® of the
system defined in Example 9.4 is uniformly asymptotically stable in the whole

on M x S.



Chapter 10

Qualitative Analysis of Solutions of
Set Differential Equations

When analyzing phenomena and processes of the real world either experimen-
tally or theoretically, one cannot represent them in a “pure” form. In other
words, no matter how accurately one takes into account the forces initiat-
ing the phenomenon in question, arbitrarily small perturbations are always
left unexplained. The desire to describe this situation adequately generates
a need to expand the techniques applicable to the mathematical analysis of
the phenomenon in question. Within the framework of the description of phe-
nomena by using ordinary differential equations (finite-dimensional ones or
equations in Banach spaces), some approaches were proposed which take into
account the uncertainness of the values of the system parameters, the fuzzi-
ness of systems of differential equations, the inclusion of the derivative of the
phase vector into the set of values of the right-hand part of equations of per-
turbed motion, etc. All those approaches are designed to take into account
the fact that the real motion (the stable path) is imbedded into the set of
other motions (paths) which occur under the action of unaccounted forces.
N.G.Chetaev [1962] noticed that those “enveloping” motions, with an arbi-
trarily small difference from the stable motion, can be of oscillating nature,
creating a kind of wave motion. Hence if the real motion is described by an
ordinary differential equation or a system of such equations, then enveloping
motions can be described both by ordinary differential equations and by equa-
tions with partial derivatives, e.g., Schredinger equations. Under the condition
of connectedness of those equations, the obtained set of systems of equations
is an example of a hybrid system.

One of the approaches that allow us to analyze the stability of a set of
paths of nonlinear dynamics, is based on the theory of the set of system of
differential equations.

In this chapter we will describe a new approach to the analysis of the
stability of the set equations on the basis of the generalized direct Lyapunov
method.

215
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10.1 Some Results of the General Theory of
Metric Spaces

Let R™ be an n-dimensional vector space with the norm || - ||. Let /C.(R™)
denote a nonempty subset in R™, containing all nonempty compact convex
subsets R™; let IC(R™) contain all nonempty compact subsets in R™ and let
C(R™) be the subset of all nonempty closed subsets in R™.

For any nonempty subset A of the space R", coA will denote its convex
hull. If A is convex, then A C coA, and coA is closed if A is compact.

Let = be a point in the space R"™ and A be a nonempty subset in R™. The
distance from x to A is determined by the formula

d(z, A) =inf{||lz —al|: a€ A},
and e-neighbourhood of the subset A is determined as follows:
S:(A) ={z eR": d(z,A) < e}.
The closure of the e-neighbourhood S.(A) is the set
Se(A) ={z e R": d(z,A) <e}.

For the nonempty subsets A and B of the space R™ denote the Hausdorff
division of those sets by the formula

dy (B, A) =sup{d(b, A): be B}
or, in an equivalent form,
di(B,A) =inf{fe >0: BC A+eS,},

where S} =51(6), 6 € R" is the zero element in R”.

Note that in the general case dy (A, B) # dy (B, A).

The distance between the nonempty closed subsets A and B of the space
R™ is determined by the formula

D|A, B] = max{dg (A, B), dg(B, A)}

and called the Hausdorff metric.
It is known that:

(a) D[A,B] >0 and D[A, B] =0, if, and only if, A = B;
(b) D[A, B] = D[B, A};
(c) D[A,B] < DI|A,C] + D[C, B]
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for any nonempty subsets A, B, C of the space R™.

The pair (C(R™), D) is a full separable metric space in which IC(R™) and
K.(R™) are closed subsets.

Let F be a mapping of the domain @ of the space R* in the metric
space (K.(R™),D),i.e, F: Q — K.(R™), which is equivalent to the inclusion
F(t) € K.(R™) for all t € Q. Such mappings are called multivalued mappings
of @ in R™.

If there exists a constant L > 0 such that

DIF(#), F(t)] < Ljt" — 1|

for all (t*,t) € @, then the multivalued mapping F is a Lipschitz one.
Note that the distance d(z, F(t)) of the mapping F(¢) from the point
x € R™ satisfies the estimate

|d(z, F(t)) — d(y, ()| < |z =yl + DIF(#), F(t")]

for all z,y € R™ and (t*,¢t) € @ and is continuous if the mapping F(t) is
continuous, or it is Lipschitz continuous if the mapping F(¢) is continuous
and satisfies the Lipschitz condition.

The support function of the mapping s(-, F'(t)) has similar properties,
which follows from the inequality

[s(a, F(87)) = s(y, F@)] < |[F@)] |2 — yll + DIF(E"), F(2)]

for all (t*,t)€ @ and =,y e S, = {x eR": |z| <1}.
The selector of the multivalued mapping F(t) from @ to R™ is the one-
valued mapping f: Q — R™ such that f(t) € F(t) for all t € Q.
If the mapping F: @ — K.(R™) is measurable, then it has a measurable
selector f: @ — R”.
Let a multivalued function X: I — K.(R™) be specified on the interval
I C R. The function X is differentiable in the point tg € I in the sense of
Hukuhara [1967], if there exists a value Dy X (t9) € K (R™) such that the
limits
Hm{[X (to +7) — X(to)]7 '+ 7— 0T},
lim{[X(to) — X(to — 7’)]7’_1: r—ot }

exist and both of them are equal to Dy X (to).
Note that in the general case the existence of the difference A — B for any
A, B € K.(R™) does not imply the existence of the difference B — A.
According to Hukuhara [1967], for the multivalued function F': [a,b] —
K.(R™) the integral is determined as follows:

Du / F(s)ds = F(t).
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Let diam (X (¢)) be the diameter of the set X (¢) for all ¢ € I. The following
statement is known.

If the multivalued function X: I — K.(R™) is differentiable on I in the
sense of Hukuhara, then the real-valued function ¢ — diam (X (¢)), ¢t € I, is
nondecreasing on I.

This result should be taken into account while setting problems of stability
for a set of differential equations.

Note that the set of values of the mapping X is constant if, and only if,
DgX =0 onl.

The mapping F is integrally bounded on [0, 1], if there exists an integrable
function g: [0,1] — R such that ||F(¢)|| < g(¢) at almost all ¢ € [0, 1].

Let the mapping F: [,0,1] — K.(R™) be measurable and integrally
bounded. Then the mapping A: [0,1] — K.(R™) determined by the expression

At) = /F(s) ds,
0

for all t € [0,1] is differentiable in the sense of Hukuhara at almost all ¢y €
(0,1) with the Hukuhara derivative Dy A(ty) = F\(to).

10.2 Existence of Solutions of Set Differential Equations

Consider an initial value problem for the set-valued differential equation
DX :}‘_'(157)(701)7 X(to) = Xo EICC(Rn), (101)

where Dy X is the Hukuhara derivative of the set X, F' € C(Ry x IC.(R™) x
S, K.(R™)) and o € S is the parameter characterizing the uncertainties of the
differential equation (10.1).

The mapping X € C'(I,K.(R")) is a solution of the set-valued equation
(10.1) on I if it is differentiable in the sense of Hukuhara and satisfies the
equation (10.1) on [ for any « € S.

Since X (t) is a continuously differentiable mapping in the sense of Huku-
hara, then

t
X(t)ZX()-i-/DHX(s)ds7 tel, (10.2)
to
and according to (10.1) obtain

X(t) =X0—|—/F(3,X(s),a)ds, tel, (10.3)
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where the integral in the equation (10.3) is understood in the sense of
Hukuhara. Obviously, the mapping X (¢) is a solution of the initial-value prob-
lem (10.1) on I if, and only if, it satisfied the equation (10.3) on I for any
acsS.

Let

F(t,X) =co (] F(t, X, ) (10.4)
a€eS

and

' (t, X) —COU (t, X, ).
a€ES

We will consider the set Fg(t, X') constructed by the formula

Taking into account the notations (10.4), (10.5), put the initial-value problem
for the set-valued differential equation

DY = Fg(t,Y), Y(to) =Y € K:C(Rn), (106)

where Fg € C(Ry x K.(R™), K.(R™)) for all 8 € [0,1].
In the analysis of the initial-value problem (10.6) the comparison principle
in the following form is important.

Theorem 10.1 Assume that for the equation (10.6) the following conditions
are satisfied:

(1) Fg € C(I x K:(R™), K(R™)) and there exists a monotone function
g(t,w), g € C(I x Ry, R) nondecreasing with respect to w, such that

D[Fﬁ(tvy)vFﬂ(tvz)] < g(t7D[Y7 Z])
for all Y, Z € K.(R™) and 8 € [0,1];
(2) there exists a maximal solution r(t;to,wo) of the scalar equation

d
d_(;) = g(tvw)v w(to) = Wo 2 07

on I;

(3) the initial conditions (to,Yo), (to,Zo) for the two sets of solutions
Y (t), Z(t) of the equations (10.6) are such that D[Yy, Zo] < wp.

Then for all t € I the following estimate is true:

.D[Yv(t)7 Z(t)] < ’I’(t; to, wo).
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Proof Let m(t) = D[Y(t), Z(t)], so that

m(to) = D[Yo, Zo] < wo
according to the condition (3) of the Theorem 10.1. Taking into account the

relation (10.2), for the equation (10.6) obtain
¢
Y(#) =Y+ /Fg(S,Y(S))d& tel, pel0,1].

to
For the two solutions Y (¢) and Z(¢) with the initial conditions D[Yy, Zp] < wo
obtain the estimate

¢ ¢

Yo + /Fg(s, Y (s))ds, Zo+ / Fs(s, Z(s)) ds}

to to

m(t) =D

t t

Yo—&—/Fg(s,Y(s))ds, Yo+/Fﬂ(s7Z(s))d81

to tO

<D

(10.7)

+D Y0+/Fg(s,Z(s))ds, Z0+/Fg(s,Z(s))ds]

to tO
t t

[ By @) ds, [ s 2050 ds

to to

=D + D[Yo, Zo].

Taking into account the condition (1) of the Theorem 10.1 and the properties
of the Hukuhara integral, from (10.7) obtain

m(t) < mito) + / DIFy(s,Y(5)), Fa(s, Z(s))] ds

< mito) + / 9(s, DIY (5), Z(s)]) ds (10.8)

=m(tog) + /g(s,m(s)) ds, tel,

to

for all 8 € [0,1]. Applying the Theorem 1.6.1. from the monograph by Lak-
shmikantham, Leela, and Martynyuk [1988b] to the inequality (10.8) and
taking into account the condition (2) of the Theorem 10.1, we find that
m(t) < r(t;to,wo) at all t € 1.

The Theorem 10.1 is proved.
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Below we will give some results connected with the existence and unique-
ness of solutions of the initial-value problem (10.6).

Theorem 10.2 Assume that for the initial-value problem (10.6) the following
conditions are satisfied:

(1) there exists a constant My > 0 such that for Fg € C(I x
B(Yp,b), K(R™)) at all B € [0,1] the inequality D[Fs(t,Y),0] < My,
is true, where B(Yp,b) ={Y € K.(R™): D[Y,Yy] < b};

(2) there exist a function g(t,w) nondecreasing with respect tow at all t € I,
and a constant My > 0 such that g € C(I x [0,2b], R), g(t,w) < M,
at all (t,w) € I x[0,20] and w(t) = 0 is the unique solution of the
iniatial-value problem

dw

E:g(uw) w(te) =0 on I;

(3) at all (t,Y) €I x B(Yy,b) the estimate
D[Fﬂ(tvy)ﬂ Fg(t, Z)] <g(t, D[Y, Z])
holds at all B € [0,1].

Then the step-wise approximations

t
Vo)) = Yo+ [ FalsYalo)ds, n=0.1,2.....

to

exist on the interval Iy = [to, to + A], where A = min(a,b/M), M =
max(My, M7), as continuous functions uniformly converging to the solution
of the initial-value problem (10.6) on Iy.

The proof of this theorem is based on the application of the comparison
principle and the Ascoli-Arzel theorem. As opposed to the Theorem 2.3.1 from
the monograph by Lakshmikantham, Bhaskar, and Devi [2006], the condition
(3) of the Theorem 10.2 should hold at all 5 € [0,1].

Now we need the concept of partial ordering in the neighbourhood
(Ko(R"), D).

Let K(K.(R™)) denote some subset in K.(R™) consisting of sets X €
Kc(R™) such that any element v € X is a non-negative (positive) vector for
which u; >0 (u; >0) for alli =1,2,...,n.

Thus, K is a cone in K.(R"), and K is its nonempty interior.

If there exists a set Z € .(R™) such that for any X and Y € K.(R™) the
inclusion Z € K(K.(R™)) holds and X =Y + Z, then X > Y (X >Y).

The mapping R(t) is the maximal solution of the set equation (10.6), if
for any solution Y (¢) of the equation (10.6), which exists on Iy, the inequality
Y (t) < R(t) holds for all ¢ € Iy and for all 8 € [0, 1].
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Theorem 10.3 Assume that for the initial-value problem (10.6) the following
conditions are satisfied:

(1) the mapping Fp(t,Y), Fz € C(Ry x K (R™), K. (R™)), is not monotone
decreasing with respect to' Y at each t € Ry and at each § € [0,1],
i.e., as soon as Y < Z, then Fp(t,Y) < Fg(t,Z) at each 5 € [0,1] and
te R+,

(2) for any Z, W € C*(R,, K.(R™)) the inequalities
DpZ < Fg(t,Z) and DgW > Fg(t,W)
hold for all B € [0,1] and t € Ry;

(3) at the initial point to € Ry the following inequality is true: Z(tg) <
W (to).

Then for all t > tg the following estimate holds:
Z(t) < W(t).

Remark 10.1 If in the conditions of the Theorem 10.3 one replaces the con-
dition (2) by the inequalities

(2") DyZ < Fg(t, Z) and DgW > Fg(t,W),

for all t € Ry and for all 8 € [0, 1], then the statement of the Theorem 10.3
will not change.

Now pass over to the conditions for the global existence of a solution of
the set equations (10.6).

Theorem 10.4 Assume that for the equation (10.6) the following conditions
are satisfied:

(1) there exists a scalar function g(t,w), nondecreasing with respect to w at
each t € Ry, such that for the mapping Fg € C(Ry x K (R™), K.(R™))
for any B € [0,1] the inequality

D[F3(t,Y), 0] < ¢(t, DY, ©))
is true for all (t,Y) € Ry x K.(R™), where g € C(R%, Ry);
(2) the mazimal solution r(t;to,wo) of the equation

dw

E = g(t,UJ), UJ(to) = Wo > 07

exists for all t € [to, o0];
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(3) for any B € [0,1] the mapping Fs(t,Y) satisfies the conditions for the
existence of the local solution of the initial-value problem (10.6) for any
(to, Yo) € Ry x K(R™), for which D[Yy, ©] < wy.

Then any solution Y (t;to, Yy) of the equation (10.6) exists on the interval
[to, OO] .

Proof Consider the solution Y (t) = Y (¢; to, Yo) of the equation (10.6) with the
initial conditions D[Yp, ©] = wp, which exist on the interval [tg, a), tp < a < 00,
and assume that the value a cannot be increased. Let m(t) = D[Y (¢), ©], then,
according to the Theorem 10.1, obtain the estimate

m(t) < r(t;to, wo)
for all ty <t < a. For any t1, t3 such that ¢y < t; < ta < a, one can easily

obtain the relations

DY (t1),Y(t2)]=D YO+/Fﬂ(S7Y(S))d8, Yo—&-/Fg(s,Y(s))ds]

to to

to

/Fg(s,Y(s))ds7 6] < /D[F/g(s,Y(s))7 O] ds

t1

(10.9)
for all 8 € [0, 1]. Taking into account the condition (1) of the Theorem 10.4
and the inequality (10.9), we obtain

ta
DIY (t1),Y (t2)] < /g(s,r(s;to,wo)) ds = r(ta;to,wo) — r(ti;te, wo). (10.10)
ty
From the estimate (10.10) it follows that lim Y(¢;¢0,Y)) exists, since
t—a~—
lim r(t;tp,wo) exists and is finite by the assumption that ¢1, to — a~.
t—a—

Let Y(a;to,Yo) = lim Y (¢;t0,Yp) and consider the initial-value problem
t—a—

DY = Fs(t,Y), Y(a)=Y(a;t0,Ys), forall ge][0,1].

According to the condition (3) of the Theorem 10.4, the solution Y (¢;to, Yo)
can be continued to an interval exceeding [to, a), i.e., the solution Y (¢; o, Yo)
with the initial values D[Y, ©] < wy exists on [tg, 00).
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10.3 The Matrix-Valued Lyapunov Function and
Its Application

Along with the set differential equation (10.1) we will consider the matrix-
valued function
S(Y) = [ug(t, V)], ij=1,2, (10.11)

with the elements w;;(¢,Y") which can be constructed as follows:

(a) if 8 =0, then the element u11(¢,Y), u;; € C(Ry x K.(R™),R,), is put
into correspondence with the set-valued equation

DY = Fu(t,Y), Y(to) = Yo € Kc(R");

(b) if 8 =1, then the element uss(¢,Y), use € C(Ry x K(R™),R4), is put
into correspondence with the set-valued equation

DY = Fu(tY), Y(to) =Yo € K(R");

(¢) if 0 < B8 < 1, then the element u12(¢,Y) = u21(t,Y), uio € C(R4 X
K.(R™),R), is put into correspondence with the set-valued equation

DgY = Fg(t7Y)7 Y(to) =Y, € ICC(RTL)

Using the vector 0 € Ri, we construct the function
V(t,Y,0) =0TS(t,Y), (10.12)

for which the full derivative, in view of the equation (10.1), can be calculated
by the formula

1
DYV (t, A, 0) = hli%l+ sup - [V(t+h, A+hF(t, A ), )=V (t, A 0)] (10.13)

for any A € K (R™) and o € S.
Now see below the main theorem of the principle of comparison with the
function (10.12) for the set equation (10.1).

Theorem 10.5 Assume that for the set equation (10.1) the following condi-
tions are satisfied:

(1) there exist a function S € C(Ry xK.(R™), R?*2), a vector § € R2, and
a constant L >0 such that V(t,Y,0) € C(Ry x K.(R") xRZ, R}) and
[V (t, A 0) —V(t,B,0)| < LD[A, B] for any A,B € K.(R"), t € Ry;
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(2) there exists a function g(t,w), g € C(R%, R), such that

DYV(t,A,0)| 104, < 9(t, V(t, A,0))

10.1)
forall t e Ry, A€ K.(R"), 0 € R?;

(3) the mazimal r(t;to,w) solution
dw
- = = >
dt g(t,UJ), UJ(to) Wo = 07
exists for all t € [to,a).

Then if the solution Y (t) =Y (¢;t0,Ys) of the set equation (10.6) exists on
the interval [to, a) with the initial conditions under which V (to, Yy, 0) < wo,
the estimate

V(t,Y(t),0) <r(t;to, wo) (10.14)
holds for all t € [to,a).
Proof Let the initial conditions (tp,Yy) € Ry X K.(R™) be such that
V(to, Y0,0) < wp and let the solution Y (¢t) = Y (¢;t0,Yy) of the set equa-
tion (10.1) exist on the interval [tg, a). For the function m(t) = V (¢, Y (¢),0)
and an arbitrarily small A > 0 one can easily find

m(t+h)—m(t) < LD[Y(t+h), Y(t) +hF(t,Y(t), )] +
+V(@Et+h Y(E)+hF(tY(),a),0) —V(t,Y(t),0)

for all @ € S, hence the inequality

1
+ 1 2z _ +
DFmt) = lim sup - [m(t+ h) = m(0)] < DXVEY(0),0)] 01+

1
+L lim sup o [DIY(t+h), Y(t) + hE(,Y (), o] < g(t,m(2)),
m(to) < wo, since D[DyY (t), Fg(t,Y (¢))] =0.
Hence, according to the Theorem 1.5.2 from the monograph by Laksh-

mikantham, Leela, and Martynyuk [1988b], it follows that for all ¢ € [to,a)
the estimate (10.14) holds true.

Now consider the vector function

L(t,Y,0) = AS(t,Y)#, (10.15)

where A is a constant (2 x 2)-matrix, and prove the main theorem on the
principle of comparison for the set equation (10.1).

Theorem 10.6 Assume that for the set equation (10.1) the following condi-
tions are satisfied:
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(1) there ezist a function (10.5), a vector § € R2 , and a constant (2 x 2)-
matriz A such that the function (10.15) satisfies the conditions L €
C(Ry x Ko(R™) x R2, R2) and | L(t,Y1,6) — L(t, Y2,0) | < BD[Y1,Ya],
where B is a constant (2 X 2)-matriz with nonnegative elements, and the
vector D[Y1,Ya] = (D[Y1, Y]], D[Y2,Y3))T, D: Ke(R") x Ko(R") — RZ;

(2) there exists a vector function G(t,w) nondecreasing with respect to w at
eacht € Ry, G € C(Ry x R?2, R?), Such that

DYL(t,A,0)] o, < G (t, L(t, A,0))

for all (t,A,0) € Ry x K(R") x RZ and o € S;

(3) the maximal solution R(t) = R(t;to,wo) of the comparison system

dw
i G(t,w), w(to) =wy >0,

exists for all t € [to,a).

Then if the solution Y (t) = Y (¢;to, Yy) of the set equation (10.1) exists on
the interval [to, a) with initial conditions for which L(to, Yy, 0) < wo, then the
component-wise estimate

L(t, Y(t), 9) < R(t; to, UJO)
holds true for all t € [to,a).

The proof of the Theorem 10.6 is similar to that of the Theorem 10.5;
therefore it is not given here.

Note that prototypes of the Theorems 10.5 and 10.6 are the Theorems
3.2.1. and 3.7.1 from the monograph by Lakshmikantham, Bhaskar, and Devi
[2006], which were set up in terms of the existence of the Lyapunov functions.

Now we will use the Theorems 10.5 and 10.6 for obtaining the sufficient
conditions for the stability of a set of stationary solutions © of the set equa-
tion (10.1).

10.4 Stability of a Set Stationary Solution

For the set-valued differential equation (10.1) we introduce the following
concept.
The solution Y (¢) of the equation (10.1) satisfies the initial condition

Y(to) =Yy, to€Ry, YpeK(RM),
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if a <ty <b and Y (¢) in the point ¢, equals Yp.

If F(t,00,a) = Oy, then Y (t) = O is a set of equilibrium positions or a
set of stationary solutions of the equation (10.1) for any a € S.

Since t — diam (Y (¢)) is nondecreasing at ¢t — oo, the direct application
of the norm |Y(¢)|| = diam (Y'(¢)) at ¢ > to in the determination of the
stability of solutions of the equation (10.1) is impossible. Therefore we will
introduce additional assumptions on the initial-value problem (10.1).

H;. For the set equation (10.1) there exists a set of stationary solution
©p € K. (R™), i.e. F(t,0¢,a) =0 for all t € Ry and any a € S.

Hs. For any initial values Yy, X € K.(R"™) there exists a Hukuhara differ-
ence Wy, such that Yy = Xog + Wp.

H;. Solution Y (¢) = Y (¢, t9, Yo— Xo) = Y (¢, t9, Wy) of the set of equations
(10.1) is unique for any (tg, Wy) € Ry x So(po), So(po) C S(p) = {Y €
K:(R™): DIY,Wy] < p} for any a € S.

Then, while setting the problem of the stability of solutions of the equation
(10.1) we will take into account the Assumptions H; —Hs.

Definition 10.1 The stationary solution g of the equation (10.6) is:

(a) stable, if for any tp € Ry and ¢ > 0 there exists 6 = 0(to,e) >
0 such that the inequality D[Wj,©p] < ¢ implies the estimate
D[Y(t;to, Wo), @0] < e for all t > tg;

(b) attracting, if for any to € Ry there exists a(tg) > 0 and for any £ > 0
there exists 7(to, Wo,&) € R4 such that the inequality D[Wy, 0] <
a(to) implies the estimate D[Y (¢;tg, Wo), ©¢] < £ for any t > to +
7(to, Wo,€);

(c) asymptotically stable, if the conditions of the Definitions 10.1(a) and (b)
are satisfied simultaneously.

Other types of stability, attraction, and asymptotic stability of the set of
stationary solutions Qg of the equation (10.1) are formulated analogously.

Example 10.1 Consider the set of differential equations
DpX = (—e")X, X(0)=Xo € K:(R), (10.16)

where o € [0, 1] is an uncertain parameter. Since the values of solutions of
equations (10.16) are interval functions, equation (10.16) can be rewritten as
d
[#1, 23] = (=€) X = [(=e")aa, (=], ()=

where X (t) = [z1(t), z2(t)] and X(0) = [x10, T20]. From this correlation we
have the system of equations

ahy = —e%ry,  a1(0) = 10,

xh = —ery, x2(0) = @20,
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whose solution are the functions

1 1
w1 (t) = 3 (210 + Z20]e ™" + 3 [z10 — 220]e’,
(10.17)
1 L1 ,
.IQ(t) = 5 [.7320 + .7310]6 + 5 [.7320 - 5610}6

forall t > 0 and o« = 0.
If for given set Xy € K.(R) there exist sets Vy, Wy € K.(R) such that
Xo = Vo + Wy, then the Hukuhara difference Xo — Vo = Wy exists. Let Xo =

1
[z10,220], Vo = 3 ([z10—220], [T20—210]), then W = 3 ([z10+220], [220+210])-
If 219 # —x90, from (10.17) we have for ¢t > 0:

(—[z20—210], [5620—311‘10})6“-l ([z10+220], [T10+T20]) €7F;

(a) X(t, Xo) = ;

([z10 — @20, [220 — 210]) €

S L Y

(b) X(t,Vo) =

(c) X(t,Wo) = ([z10 + x20], [x10 + 220]) 7"

Hence it follows that if the Hukuhara difference exists for the initial values of
problem (10.16), the zero solution {0} € K R is stable, while expressions (a)
and (b) contain undesirable components.

10.5 Theorems on Stability

The conditions for the different types of stability of the stationary solution
© of the equation (10.1) will be determined on the basis of the function
(10.12) and its full derivative along the set of solutions of the equation (10.1).

Theorem 10.7 Assume that for the set differential equation (10.1) the con-
ditions of the Assumptions Hi — H3 are satisfied, and, in addition,

(1) there exists a matriz-valued function (10.11) and a vector § € R% such
that the function (10.12) satisfies the local Lipschitz condition

[V (t,Y1,0) — V(t,Y2,0)| < LD[Y1,Y3],
where L >0 for all (t,Y) € Ry x So(po);

(2) there exist vector comparison functions 1, e € K-class and constant
symmetric positive-definite (2 x 2)-matrices Ay, As such that

i (D[Y. Oo]) A1 (D[Y, O]) < V(t.Y.6)
< ¥y (t, D[Wo,0]) A2¢z (t, D[y, 0])
for all (t,Y) € Ry x So(po);
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(3) forall (t,Y) € Ry x So(po) and « € S the following inequality is true:

DYV(t,Y,0)] 0= 0-

Then the stationary solution ©¢ of the equations (10.1) is stable.
Proof Transform the condition (2) of the Theorem 10.7 to the form
Am (A1) (D[Y, ©0]) < V(£,Y,0) < Aar(A2)d, (8, D[Wo,0]),  (10.18)

where A, (A1) and A (Agl are the minimum and the maximal eigenvalues of
the matrices A;, Aa, and 9, ¥4 € K-class, such that

¥1 (DIY,©0]) < ¥{ (D]Y,00]) ¢1 (D]Y, 60]),
Uy (t, D[Wy,0]) > 3 (t, D[Wo,0]) ¢ (t, D[Wo, 0])
in the range (t,Y) € Ry x Sp(po).

Let € > 0 and ¢y € R4 be given. Choose the value § = d(tg,&) > 0 from
the condition

A (A2) Py (to, ) < A (A1), (€).

Show that with such chosen 6(tg,e) > 0 and under the conditions of the
Theorem 10.7, the stationary solution Y (¢;tg,0g) of the equation (10.1) is
stable. If this is not so, then there should exist a solution Y'(¢t) = Y (¢; 0, Yo)
and a value t; >ty such that

D[Y(tl),@)o] =¢ and D[Y(t),@o] <e< Hy, Hy< H

for all o <t <t; as soon as D[Wy,0] < 4.
From the Theorem 10.5 and the condition (3) of the Theorem 10.7 it follows
that
V(Y (1),0) < V(ty,Yo,0), to<t<t. (10.19)

Taking into account the estimate (10.18), from the inequality (10.19) we find
Am(A1)1h1(€) = A (A1) (DY (1), ©0]) < V(t1, Y (1), )
< V(to, Wo,0) < Am (A2)1/z2(t07 [Wo, ])
< At (A2)1h5(t0,0) < A (A1)t (€).

The obtained contradiction proves the Theorem 10.7.

Theorem 10.8 Assume that for the equation (10.1) the conditions of the
Assumptions Hy— Hs, the conditions (1), (2) of the Theorem 10.7 are satisfied,
and, in addition, the condition

(3" DTV(t,Y,0) |(101 < AV (t,Y,0) forall (t,Y) € Ry xSo(po) and a € S
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1s satisfied as well.
Then the stationary solution ©¢ of the equation (10.1) is asymptotically
stable.

Proof From the conditions of the Theorem 10.8 it follows that the stationary
solution ©g of the equation (10.1) is stable. Let ¢ = pg and §y = (¢, po)-
Then, according to the Theorem 10.7, the inequality D[Wp,0] < dy implies
the estimate D[Y(t),O0] < po for all t > to, where Y (t) = Y (¢;t9, Wp) is the
solution of the equations (10.1). From the condition (3’) of the Theorem 10.8
it follows that

V(t,Y(t),0) < V(tg, Wo,0) exp [—7(t — to)]

for all t > tg.
For the given € > 0 choose T = 7(tg,€) by the formula

(to,c) = ~In A (A2)d (o, 6o)

T Am(A)i(e)

It is easy to verify that the following inequality is true:

A (A1) (DIY (1), ©0]) < V(Y (t),0)
< A (A2) Py (to, 60) exp [—y(t — t0)] < Am(A1)Y, (e).
The Theorem 10.8 is proved.

Now for the value 0 < 1 < po consider the set S(pp) N S¢(n) and assume
that the function V'(¢,Y,0) is defined in the range (¢,Y) € Ry x.S(po)NS(n).

Theorem 10.9 Assume that for the equation (10.1) the conditions of the
Assumptions Hy — Hs are satisfied and, in addition,

(1) function (10.12) is such that
[V (t,Y1,0) — V(t,Y2,0)| < LD[Y1,Y3],
where L >0 for all (t,Y) € Ry x S(po) N S(n);

(2) there exist vector comparison functions ¢, 1o € K-class and constant
symmetric positive-definite matrices A1 and As such that

U1 (DY, ©0]) A1y (DIY, ©0]) < V(1Y)
< ¥y (D[Wo,0]) A2¢p (D[Wo, 0))

for all (t,Y) € Ry x S(po) NS(n);

(3) for all (t,Y) € Ry x S(po) NS(n) and o € S the following inequality
18 true:

<0

DTV(Y, 0)’(10.1)— :
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Then the stationary solution Oy of the equation (10.1) is uniformly stable.
Proof Let 0 <e < pg and ty € Ry be given. Choose § = d(g) so that

At (A2)19(6) < Am(A1)Y(e),

and show that here the stationary solution ©q of the equation (10.1) is uni-
formly stable. If this is not so, then one can find a solution Y'(t) of the
equation (10.1), for which the relations

D[Y(tl), @0] =9, D[Y(tg), @0] =e and /< D[Y(t)7@0} <e<po

hold for all ¢; <t < ts. Let = 4, then from the condition (3) of the Theorem
10.9 one can obtain the inequality

V(t27 Y(tQ)v 0) < V(tla Y(t1)7 0)
and, according to the condition (2) of the Theorem 10.9,

Am(A1)¥1(€) = Am (A1) (D[Y (t2), Oq))
< V(ta, Y(t2),0) < V(t1,Y(t1),0)

< A (A2)y (DY (1), ©o]) = Anr (A2)1h5(0) < A (A1), (e)-

The obtained contradiction proves the Theorem 10.9.

Theorem 10.10 Assume that for the equation (10.1) all the conditions of the
Assumptions Hy — Hs, the conditions (1), (2) of the Theorem 10.9, and the
condition (3') are satisfied, and there exists a comparison function s € K-
class such that

DYV (t,Y,0)] 10, < —¥¢s(D[Y (%), 00))

for all (t,Y) € Ry x S(po) N S°(n) and o € S.
Then the stationary solution ©g of the equations (10.1) is uniformly
asymptotically stable.

Proof Under the conditions of the Theorem 10.10 all the conditions of the
Theorem 10.9 are satisfied and the stationary solution ©¢ of the equation
(10.1) is uniformly stable. Consider that & = pg, and choose dy = §(pg) > 0.
Here the condition D[Wy,0] < §p implies the estimate D[Y (t),00] < po for
all ¢ >ty uniformly with respect to ¢ty € Ry.

Show that there exists tg < t* < tg + 7, where
Am (A2)1p5(00)

TR
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such that D[Y (t*), ©¢] < d. Assume that this is not so, and D[Y (t*),O¢] > ¢
at to < t* <tg+ 7. From the condition (3') of the Theorem 10.10 obtain the
estimate

V(t,Y(t),0) < V(to, Wo,0) /1/13 ©o]) ds

for all ty <t < tg+ 7. Taking into account the chosen 7, find
0< V(to + 7, Y(to + 7')7 0) < AM(AQ)EQ((SO) — ’(ﬂg((S)T < 0.

This inequality contradicts the estimate of the function V(¢,Y,6) from the
condition (2) of the Theorem 10.9. Therefore there exists t* such that the
condition D[Wy,0] < §p implies the estimate D[Y (¢),00] < § for all ¢ >
t* 4+ 7.

The Theorem 10.10 is proved.

Now apply the function (10.15) and the comparison Theorem 10.6, and
show the general pattern of obtaining the conditions for the stability of the
stationary solution Og of the equation (10.1). An analogue of this approach
in the theory of ordinary differential equation is the technique of proving
theorems on the stability of the zero solution of equations of perturbed motion
on the basis of the vector Lyapunov function.

Theorem 10.11 Assume that for the set equation (10.1) all the conditions
of the Assumptions Hy—Hs are satisfied, and, in addition,

(1) there exist a function (10.5), a vector § € R and a vector function
G(t,w), G € C(Ry x R%, R?), G(t,0) = 0, nondecreasing with respect
to w for all t € Ry, for which the conditions (1)-(3) of the Theorem
10.6 are satisfied for all (t,Y) € Ry x So(po);

(2) there exist vector comparison functions 1, 1s belonging to the K-class
and constant symmetric positive-definite (2 x 2)-matrices A1 and Ay
such that for the function

2
Vo(t,Y,0) =Y Li(t,Y,0)
=1

the two-sided inequality

W{ (D[Y, ©0])A141 (D[Y, ©0]) < Vo(t,Y,0)
< 3 (D[Y, ©]) A212(D[Y, Oq))

holds for all (t,Y) € Ry X So(po);
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(3) the zero solution of the comparison system

d
= Gltw), wlto) =wo =0
dt
has a certain type of stability.
Then the stationary solution O of the equations (10.1) has the same type
of stability.

The proof of the Theorem 10.10 is similar to that of the theorem 9.10 and
therefore is not given here.

10.6 The Application of the Strengthened
Lyapunov Function

The condition (2) of the Theorem 10.9 may prove to be hard to satisfy,
and then the lower requirements of the function (10.12) can be compensated
for by the introduction of some strengthening function defined in the domain
Ry x S(po) NSe(n) at 0 < n < po, where S¢(n) denotes a complement of the
set S(n).

This idea, in combination with the comparison principle, is realized in the
theorem below.

Theorem 10.12 Assume that for the equation (10.1) the conditions of the
Assumptions Hy — H3 are satisfied, and, in addition,

(1) there exists a function (10.12) such that V € C(Riy x S(po), Ry),
[V (t,Y1,0)—-V(t,Y2,0)| < LD[Y1,Y2], where L > 0, and 0 <V (¢,Y,0) <
a(t, D[Wy,0]), where a € C(R4 x [0, p0), Ry)), a(t,-) belongs to the K-
class for any value of t € Ry;

(2) for all (t,Y) € Ry x S(po) and « € S the following inequality is true

DYV (t,Y,0 <qt,V(tY,0)),

)’(10.1)
where g1 € C(R3,R) and g1(t,0) = 0 for all t € Ry;
(3) for any 0 < n < pg there exists a function V;, € C(R4 xS(po)NS°(n), R)

such that
‘Vﬁ(tﬂ}/l) - M’](t7Y2)‘ S L’qDD/leQ]u

where L, > 0 is constant, and for the function Vy(t,Y,0) =V (t,Y,0)+
V,(t,Y) the two-sided inequality is true:
Y (D[Y, o)) A1¢1(D[Y, ©0)) < Vo(t, Y, 6)

- (10.20)
< 9y (D[Wo, 0]) Aatha(D[Wo, 0]),
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where Y1, Yo are vector comparison functions belonging to the K -class,
Ay and As are constant symmetric positive-definite matrices;

(4) for all (t,Y) € Ry x S(pg) N S(n) and o € S the following inequality
18 true

D+‘/O(ta}/a0 Sg?(ta%(t7y70))7

)’(10.1)
where go € C(R3,R), g2(¢,0) = 0 for all t € Ry;

(5) the zero solution wi = 0 of the comparison equation

dw
d_tl = gl(t,wl), wl(to) = W10 Z 0 (1021)

is stable;
(6) the zero solution ws = 0 of the comparison equation

d(.dQ

o g2(t,wa), wa(to) = wao >0 (10.22)

is stable uniformly with respect to to € R4

Then the stationary solution ©¢ of the equation (10.1) is stable.

Proof Reduce the estimates (10.20) from the condition (3) of the Theorem
10.12 to the form

Am(A1)$1(DY, o)) < Vo(t,Y.0) < Aus(A2),(D[Wo, 0]) (10.23)

where A, (A1) > 0 and Ap(Asz) > 0 are the minimum and the maximum
eigenvalues of the matrices A; and As respectively, and the functions 1, 1o
belong to the K-class.

Let 0 < € < pg and tg € Ry be given. From the uniform stability of
the zero solution wy = 0 of the equation (10.22) it follows that for the given

Am (A1) () > 0 there exists dg = do(e) such that the condition
0 < wog < do

implies _
wa(t;to, w20) < Am(A1)i(e), t>to

where wa(t; tg, wap) is any solution of the equation (10.22). At the given e > 0,

for the function 1, € K-class from the condition (10.23) one can indicate
d2 = d2(g) > 0 such that

AM(AQ)EQ((SQ) < %50 (1024)

Since according to the condition (5) of the Theorem 10.12, the zero solution
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1
w1 = 0 of the comparison equation (10.21) is stable, for the given 560 >0

1
and ty € R4 one can find §* = §* (to, 550) > 0 such that the condition

0<wig < 0" (1025)
will imply
1
wl(t; to, wlo) < 5 60

for all t > tg, where w1 (¢; tg,w10) is any solution of the equation (10.21).

Let wig = V(to, Wo,0). According to the condition (1) of the Theorem
10.12, for the function a(t,-) one can choose d1 = d1(to,&) > 0 so that the
inequalities

D[Wo70] <61 and a(t07 D[WmOD < oF (1026)

will hold simultaneously.
Now choose 6 = min(dy, d2) and show that the condition

D[Wo,()] <9

implies
DY (t),00] < e

for all t > ¢y for any solution Y (¢) of the equation (10.1). If this is not so,
then there should exist a solution Y (¢) of the equation (10.1) and points of
time tq,ts > tg such that

D[Y(tl),@)o] = (52, D[Y(tg),@o} =g, g < D[Y(t),@o] <e< po

for t7 < t < to. Let n = 2. Since 0 < d2 < po, the conditions (3) of the
Theorem 10.12 are satisfied for the function V;,(¢,Y’). For the function m(t) =
V(t,Y(t),0) + V,(t,Y(t)), t € [t1,t2], the condition (4) of the Theorem 10.12
results in the inequality

DFm(t) < got,m(t)), t1 <t <ty
whence follows the estimate
V(tQ, Y(tg), 9) + Vn(t27 Y(tg)) < TQ(tQ; t1, (.UQ()), (1027)
where wog = V(t1,Y(t1),0) + V,(t1,Y (t1)) and ra(te;ti, wao) is the maxi-
mum solution of the comparison equation (10.22). Note that for the function
V(t,Y(t),0) the following estimate is true
V(tl,Y(tl),G) S T‘l(tl;tmwlo), (1028)

where wig = V(tg, Wo, 8) and r1(t1;t0,w10) is the maximum solution of the
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comparison equation (10.21). Taking into account the inequalities (10.26) and
(10.25), from the estimate (10.28) we obtain

1
V(th Y(tl), 9) < 5 do. (1029)
From the conditions (10.24) and (10.27) it follows that
— 1
Vn(tl,Y(tl)) < )\M(AQ)’(ﬂQ((SQ) < 5 60. (1030)

Taking into account (10.29) and (10.30), wey < &p, and therefore
wa(ta;tr,wa0) < Am (A1) (g). According to the condition (1) of the Theo-
rem 10.12, the function V(¢,Y(¢),6) > 0 for all ¢ € R, ; therefore from the
estimate (10.27) we obtain

Am (A1) (€) = Am(A1)01 (DY (t2), ©0]) < Vo(ta, Y (t2), 0)
< ra(tasty,wao) < Am(A1)Y (e).

The obtained contradiction proves that the stationary solution ©¢ of the equa-
tion (10.6) is stable.
The Theorem 10.12 is proved.

An insignificant modification of the conditions of the Theorem 10.12 makes
it possible to obtain sufficient conditions for the asymptotic stability of the
stationary solution Gq of the equation (10.1) in the following form.

Theorem 10.13 Assume that for the set equation (10.1) the conditions of
the Assumptions Hy—Hs and the conditions (1)-(6) of the Theorem 10.12 are
satisfied, and, in addition,

(2") there exist a function c € K-class and w € C(R4 x S(po), Ry) such that
|w(t7 Yl) - W(t, }/2)| S N-D[Yla Yv2]7

where N > 0, the value DV w(t, Y)|(10‘1) is bounded above or below, and
forall (t,Y) € Ry x S(po) and o € S the following estimate holds:

DYV (t,Y,0)] 101 S —c@(t.Y)) +a1(t, V(1Y 0)).

Then the stationary solution ©q of the equation (10.1) is asymptotically
stable, if the function g1(t,w) is nondecreasing with respect to w and

w(t,Y) > bo(D[Y, Oq)),

where by belongs to the K-class.



Qualitative Analysis of Solutions of Set Differential Equations 237

Proof With the condition (2) in the Theorem 10.12 replaced by the condi-
tion (2') from the Theorem 10.13 with the given complements, the stationary
solution Qg of the equation (10.1) is stable. Let € = pg and 09 = do(t0, po)-
From the condition of stability of the solution ©y obtain that the inequality
D[Wy, 0] < dp implies the estimate D[Y (t), O] < po for all t > ¢.

Show that for any solution Y'(t) of the equation (10.1) with the initial
conditions D[Wp,0] < d¢ it follows that tlg{.lo w(t,Y(t)) = 0 and therefore

lim DY (t),00] = 0 at t — oco.
Assume that tlim supw(t,Y(t)) # 0. Then there should exist divergent

sequences {t.}, {t//} and some quantity o > 0 such that for all ¢ € (¢},t)
o

() w(thY() =5, wE. V() =0 and w(t,Y (1) z%
(b) Wt Y(E) =0, Wt V() =F and w(t,Y(1) >

NI

Assume that DTw(t,Y t))|(10'1) < M, where M > 0 is some constant.
From the condition (a) it follows that
5 =0 — 5 =Wt Y(t) —w(t, Y(t]) < M(t] —t)).

Hence, for any i, the estimate ¢ — ¢, > ﬁ is true. From the condition (2')
of the Theorem 10.13 it follows that

"
n R

V(t,Y(t),0) < ri(t; to,wio) Z/ (s))) ds.
=17

Since wig = V(to, Wo,0) < a(to, D[Wy,0]) < a(to,do) < 6*(po) for all
t > tg, then, according to the inequality (10.25), we obtain the estimate

1
w1 (t;to,wi0) < 3 d0(po) for all t >ty and

0< VY (t),0) < =dolpo) — ¢ (i) 7 (10.31)

2M

At n — oo the inequality (10.31) is a contradiction. This proves that
tlim supw(t,Y (t)) = 0 and therefore the stationary solution ©g of the equa-
—00

1
270
)

tion (10.1) is asymptotically stable.

10.7 Boundedness Theorems

Assume that the equation

DpY =F(Y), Y(t) =Yy € K(R), (10.32)
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where Y € K.(R™) and F € C(R4 x K (R™), K (R™)), has a solution Y (¢) =
Y (t,to, Wy) defined for all t > to, where Wy = Yy —Vj for any Yy, Vo € K.(R™).

Definition 10.2 The solution Y (¢) of the equation (10.32) is:

(B1) equibounded, if for any a > 0 and ¢y € Ry there exists 3(tg, o) > 0 such
that from the condition |[Wy|| < « it follows that || Y (¢)|| < B(to, ) for
all ¢ > to;

(B2) wuniformly bounded, if § in the definition B; does not depend on t;

(Bs) quasi-ultimately bounded with a boundary B, if for any o > 0 and ¢ty €
R there exist B > 0 and 7 = 7(to, &) > 0 such that from the condition
[Woll < a it follows that | Y (¢)|| < B for all t > ¢o + T;

(B4) quasi-uniformly ultimately bounded, if 7 in the definition of B3 does not
depend on tg;

(Bs) equiultimately bounded, if the conditions in the definitions B; and Bs
are satisfied simultaneously;

(Bg) uniformly ultimately bounded, if the conditions of the definitions Bo and
B4 are satisfied simultaneously.

Now apply the function (10.12) and obtain the conditions for the bound-
edness of solution of the set equation (10.32).

Theorem 10.14 Assume that for the equation (10.32) the following condi-
tions are satisfied:

(1) there exist a function (10.11), S € C(R; x K.(R™), R**?), a vector
6 € R2 and a constant L > 0 such that V (t,Y,0) € C(Ry x Ko(R™) x
R2, R.) and [V(t,Y1,0)—V(t,Ys,0)| < LD[Y1,Ya] for all (1,Y) € Ry x
Ke(R™);

(2) there exist vector comparison functions i1, 1¥e € K R-class and constant
symmetric positive-definite (2 x 2)-matrices A1 and As such that

LY A ([Y]) S V(5 Y,0) < g (& [V ) Aaa (8, [V ])
for all (t,Y) € Ry x K. (R™);
(3) for all (t,Y) € Ry x K. (R™) and o € S the following inequality holds:

<0

DTV (Y, 9)|(10.32) =

Then the solution Y (t) of the equation (10.32) is equibounded.
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Proof Transform the condition (2) of the Theorem 10.4 to the following form:
A (ADT (Y1) € V(£ Y,0) < Aar (A28 V), (10.33)

where v, and 1), belong to the K R-class and are such that

GV < T YDV and - (8 Y] = g (& [V (1Y ]).

Now choose 8 = (tg,7y) > 0 for the given v > 0 and ¢y € R, so that

Ant (A2)¥s(to, ) < Am (A1), (B). (10.34)

Show that with the chosen (3 the solution Y (¢) is equibounded. If this is not
s0, then one can find a solution Y (t) = Y (¢, to, Wp) and a value t; > ¢y such
that [[Y'(t1)[| = 6 and [[Y ($)|| <5 at to <t <t;.

From the condition (3) of the Theorem 10.14 it follows that

V(t,Y(t),0) < V(to, Wo,0), to<t<t. (10.35)

According to the condition (10.33), from the inequalities (10.34), (10.35) we
find the estimates

Am (A1) U1 (B) = A (A (Y (@)]]) < V (£, Y (£),0) < V(to, Wo, 0)
< A (A2) Y5 (to, [[Woll) < Aar(A2)ihy(to, ) < Am(A1)0,(6).

The obtained contradiction proves the statement of the Theorem 10.14.

For the set S(p) = {Y € K.(R™): D[Y,0] < p}, where © is the zero
element of the set K (R™), consider the complement S¢(p) and assume that
p can take on arbitrarily large values. Now we will prove the theorem on the
uniform boundedness of the set of solutions Y () of the equation (10.32).

(10.36)

Theorem 10.15 Assume that for the equation (10.32) the following condi-
tions are satisfied:

(1) there exist a function (10.11), S € C(R4 x S¢(p), R**?), a vector 6 €
R%, and a constant L > 0 such that V (t,Y,0) € C(Ry xS¢(p) xR, Ry)
and |V (t,Y1,0) — V(¢,Y2,0)| < LD[Y1,Y2] for all (¢t,Y) € Ry x S¢(p);

(2) there exist vector comparison functions 11, 13 belonging to the KR-
class, and constant symmetric positive-definite (2 X 2)-matrices Ay and
Ay such that

o1 (YDA (Y1) < V£, Y,0) < 3 (IIV]) Astps ([ Y])
for all (t,Y) € Ry x S%(p);
(3) for all (t,Y) € Ry x S¢(p) the following inequality holds:

<O0.

DYV (t,Y, 0)’(10.32) =
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Then the solution Y (t) of the equation (10.32) is uniformly bounded.

Proof As in the proof of the Theorem 10.13, we transform the condition (2)
of the Theorem 10.15 to the form (10.33), and choose 3 = (3(v) from the
condition

At (A2)P5(7) < A (A1) (B)-

If v > p, then in the estimates of the form (10.35), (10.36) the set S¢(p)
is considered. If 0 < v < p, then 8 = 3(p) and the same reasoning is applied
as in the proof of the Theorem 10.14.

Theorem 10.16 Assume that for the equation (10.32) the condition (1) of
the Theorem 10.14 is satisfied and

(2') there exists a constant n > 0 such that

10.32)
for all (t,Y) € Ry x K (R™) and o € S.

Then if the condition (3) of the Theorem 10.14 is satisfied at |Y] > B,
where 0 < B < 400, then the solution Y (t) is equiultimately bounded.

Proof From the conditions of the Theorem 10.14 it follows that the solution
Y (t) is equibounded. Therefore from the condition ||[Wy|| < « it follows that
IY ()] < B for all t > t¢. The condition (2') of the Theorem 10.16 implies the
estimate

V(t7 Y(t), 9) < V(to, VV()7 9) exp [ —n(t - to)] (1037)

for all t > tg. Let .
1 In e (A2)Y5(to, )

n Am(A1)y (B)

and for ¢t > tg + 7 the condition ||Y(t)|| > B is satisfied. From the inequality
(10.37) we obtain

Am (A1) (B) < Am (A1) Y (Y ()]]) < V(Y (1), 0)
< Anr(A2)Wy(to, ) exp [=n7] = A (A1), (B).

The contradiction (10.38) proves the Theorem 10.16.

(10.38)

Note that the conditions for the non-uniform boundedness of solutions
of the equation (10.32) can be obtained on the basis of the strengthened
Lyapunov function in the same way as analyzing the stability of the set of
stationary solutions of that equation.

It is clear that the constructive application of the described conditions
for the stability and boundedness of the set solutions is connected with the
successive solution of the problem of construction of an appropriate Lyapunov
function.



Chapter 11

Set Differential Equations with a
Robust Causal Operator

A general theory of equations with a causal operator has been developed by
Corduneanu [2002]. A short description of functional equation with a causal
operator is as follows.

Let E = E(|0,T),R"™) be a functional space with a norm. Let the ope-
rator V: E — E. The V is said to be a causal operator if the following
conditions are satisfied: for each pair of elements from the space E such that
for z(s) = y(s) when 0 < s < ¢ the correlation (Vz)(s) = (Vy)(s) holds true
when 0 < s <t for arbitrary t < T. An example causal operator is

(Va)(t) = /O K(ts,2(s))ds, tel0,T),

where K (t, s, z) is the function with values in R™ determined for0 < s <t < T
and x € R™ or

(Vz)(t) = f(t) —|—/0 K(t,s,z(s))ds,

where f(t) is a continuous function on [0,T).
In this chapter we use the comparison principle for the set of differential
equations with a robust causal operator to prove several stability theorems.

11.1 Preliminary Results

We shall consider a space of nonempty subsets of R": K.(R™) consisting
of all nonempty compact convex subsets of R™. Let given constants 3,7 € R
and A, B € K.(R™), then

B(A+B)=pA+ BB, B(yA) =(B1)A, 1A=A4,

and, if 8,y > 0, then (6 + v)A = A + ~vA.
Let the space E = C([to,a), L(R™)) be equipped with the norm

DylY,0] = sup D[Y(¢),0],

to<t<a

241
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where 6 € K.(R™) and

DIY, 0] = max[supd(x,Y), sup d(y, 0)]
rel yey
is the Hausdorff metric.
Assume that Q: £ x § — E is a given mapping, where S is a compact
subset of the space R? of uncertain parameters, d > 1.
Taking into account some of the results of Corduneanu [2002] and Laksh-
mikantham, Bhaskar and Devi [2006], we give the following definitions.

Definition 11.1 @: E xS — FE is a robust causal mapping if the conditions
Y(s)=V(s) fortp < s<t<aand Y,V € E imply that (QY)(s) = (QV)(s)
foralltg <s<tandallacS.

The initial value problem for the set of differential equations with a robust
causal operator is defined as

DY (t) = (Q@)Y)(t), Y(to) = Yo € K(R), (11.1)

where (Q(@)Y)(t): Ry x E xS — K.(R™).
Along with problem (11.1), we consider the sets of equations

DpW(t) = (@uW)(t), W(to) =Wy € K(R"), (11.2)
where
Q@mW)(t) =0 () (Q)Y)(?)
a€ES
and
DuZ(t) = (QuZ)(t), Z(to) = Zo € Kc(R™), (11.3)
where
QuZ)(t) = | (@Q)Y)(t)
aeS
We define

(QpX)(t) = BQuX)(t) + (1 - B)(QmX)(t), 0<F<1,
and consider the set equations with a causal operator

DuX(t) = (QsX (), X(to) = Xo € K(R). (11.4)

11.2 Comparison Principle

Define the matrix-valued function

S, X,0)=18;tX)], i,7=12, (11.5)
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whose elements S;;(-) are related to equations (11.2)—(11.4). Specifically, the
element S11(¢, X) € C(R4+ x K(R™),R,) is associated with equation (11.2);
the element Sas(t, X) € C(R4 x K.(R™),R;), with equation (11.3); and the
element S12(t, X, 5) € C(Ry x K.(R™) x [0, 1], R), with equation (11.4).

Given a vector Y € Ra_, ¥ > 0, we define the function L(¢,X,[5) =
YTS(t, X,3) and assume that L € C(Ry x K.(R") x [0,1],R;) and
L(t, X, 8) is a locally Lipschitz function in X; i.e.,

‘L(taXlaﬂ) - L(t7X25ﬂ)‘ < KD[XMXQL

for all X7, Xs € K.(R") and t € Ry.
For L(t, X, 3), define the expression

D_L(t,X,8) = lim if[L(t+0, X(8) +0((Q@)X)(®).5) — L(t. X (1), A)}0~"

for any 8 € [0,1] and any a € S.

Theorem 11.1 Let equation (11.1) be such that the following conditions hold:

(i) there is a matriz-valued function S(t, X, ) and a vector ¢ € R% such
that L(t, X, 3) is a locally Lipschitz function in X;

(ii) there are functions go and gg € (R4 xR4 x [0, 1], R) satisfying go(t, w) <
ga(t,w) for allt € Ry and a € S;

(iii) the equation

d

d—: = go(t,v), wv(r0) =v9 >0, (11.6)
has a left mazimal solution n(t,T9,ve) on the interval [to, 7o), and the
equation

dw

T gp(t,w), w(ty) =wo >0, (11.7)
has a right mazimal solution rg(t,to, wo) on the interval [to, 00) for any
peo,1];

(iv) on the set W ={X € E: L(t, X(s),8) < n(s,t,L(t, X (¢),5)), to < s <
t}, it is true that

D_L(t, X(t), B) < gs(t, L(t, X (), 5)),
for any B € [0,1].
Then, for all t > ty, we have the estimate
L(t, X(t), B) < rp(t;to, wo)

whenever L(ty, Xo, 3) < wo.
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Proof First, we show that, under conditions (ii) and (iii) in Theorem 11.1,
the left maximal solution n(t, 79, vo) of equation (11.6) and the right maximal
solution vg(t; to, wo) of equation (11.7) satisfy

vg(t;to, wo) < M(t, 70, v0) (11.8)
for all ¢ € [to, 70] and any ( € [0, 1] whenever
v3(70, t0, wo) < . (11.9)
For sufficiently small € > 0, we have

lim wg(t, ) = ra(t, to, uo) liH(l) v(t,e) = n(t, 10, v0),
£—

e—0
where wg(t, €) is any solution to the equation

d
d_tz:) =gg(t,w) +e, w(ty) =wo+e >0, (11.10)
that exists to the right of ¢y for any 3 € [0, 1], and v(t,€) is any solution to
the equation

d

d—: =go(t,v) —e, v(r0) =19 >0, (11.11)
that exists to the left of 79. Inequality (11.8) will be proved if we show that
wa(t,e) < wv(t,e) for all tg <t < 79 and any 3 € [0,1].

Condition (ii) in Theorem 11.1 and estimate (11.9) imply that, for suffi-
ciently small § > 0, it holds that wg(t,e) < v(t,e) for 1o — § < t < 79. Then
wg(1p — d,¢) < v(rp — d,¢) for any 5 € [0, 1].

Let us show that wg(t,e) < v(t,e) for all tg <t < 79— ¢ and any 3 € [0, 1].
If this is not true, then there exists t* € [tg, 7o — ) such that wg(t, &) < v(t,€)
for t* <t <79—0 and B € [0,1] and wg(t*, &) = v(t*, ). This relation leads
to the contradiction

gs(t", wp(t*,€)) + e = — < — = go(t",v(t",¢)) — &,

for any 8 € [0,1]. Therefore, wg(t,e) < v(t,e) for tg < 7 < 79 — § and all
B e [0,1].

Let m(t) = L(t, X (¢t), ) for t > to and m(tg) = L(to, Xo,5) < wp. Denote
by wg(t,e) any solution to equation (11.10) with an arbitrarily small € > 0.
Since

ra(t, to, wo) = lir% wg(t, €)
E—
for any 8 € [0, 1], it is sufficient to show that

m(t) < wg(t,e) t >t
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and all 8 € [0,1]. If this is not true, then there is t; > to such that m(¢;) =
wa(t1,€) and m(t) < wg(t,e) for to <t < t1 and all 8 € [0,1]. It follows that

D_m(t;) > (il_lz:) = gg(t1,m(t1)) +e. (11.12)

Consider the left maximal solution (s, t1,m(t1)) of equation (11.11) with
the initial value v(t1) = m(¢1) on the interval ¢ty < s < t;. According to (11.8),
for s € [to, t1], we have

ra(s, to, wo) < n(s,t1,m(t1)).

Since
rp(tisto, wo) = limwp(t,e) = m(tr) = nty;tr, m(tn))
and m(s) < wg(s,e) for tog < s < 1, we conclude that
m(s) < rg(s;to,wo) < n(s;t1,m(t1))

for s € [to,t1]. This inequality implies that condition (iv) in Theorem 11.1
holds for the solution X (s; t, Xo) on [to, t1]. Moreover, standard computations
yield the estimate

D_m(ty) < ga(tr, m(t))

for any 3 € [0,1], which is a contradiction to (11.12). Therefore, m(t) <
ra(t, to, wo) for ¢ > tg, which completes the proof of the theorem.

Corollary 11.1 If the elements S;;(t,-) of matriz-valued function (11.5) are
such that S1a(t,") = Sa(t,-) = 0, then Lo(t,X,8) = S(t, X)), ¢ € RZ,
is an auziliary vector function and Theorem 11.1 remains valid with slight
modifications.

Corollary 11.2 If the operator Q: E — FE is independent of the uncertain
parameter o« € S and function (11.5) is replaced with V (¢, X): Ry xK.(R"™) —
R, then Theorem 11.1 becomes the one from Lakshmikantham, Bhaskar, and
Devi [2006].

Corollary 11.3 IfK.(R") =R", Q: E — E, and function (11.5) is replaced
with V: L% ([0,00),R") — R, then Theorem 11.1 becomes the comparison
principle from Corduneanu [2002] for equations with a causal operator.

11.3 Estimates of Funnel for Solutions

The comparison principle is used to estimate the distance between the
solutions to equations (11.2) and (11.3). Recall an estimate known from Lak-
shmikantham, Leela, and Martynyuk [1991a].
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Lemma 11.1 Let m € C([to,T),R4+) and g € C([to,T) x Ry, R) be given
functions, for all t € [to,T)

D_m(t) < g(t,|mlo(t)),

where |mo(t)] = sup |m(s)|. If the scalar equation
0<s<t

dw

o =9t w), w(te) =wo 20, (11.13)

has a mazimal solution rar(t) = r(t;to, wo) for all t € [to, T) and if m(ty) <
wo, then m(t) < ra(t) for allt € [to,T).

The proof of this result is standard for the comparison principle.
Let Do[W, Z](t) = tnéa)étD[W(s), Z(s)].
0SSS

Theorem 11.2 Given causal operators Q., € C(E,E) and Qum €
C(E,E), suppose that there exists a function g € C([to,T),R) such that

D(QmW)(t), (QmZ)(t)] < g(t, Do[W, Z](t)) for all t € [to,T). If equation
(11.13) has a mazimal solution rar(t) on [to,T) and the initial conditions

of the solutions W (t) and Z(t) are such that W(ty) = Wy € K.(R,,) and
Z(to) = Zop € Kc(Ry,), then, for all t € [to,T), the inequality

D[W (1), Z(t)](t) < ras(t; to, wo),
holds whenever D[Wy, Zs] < wy.

Proof Define m(t) = D[W (t), Z(t)]. According to the conditions of Theorem
11.2, we have m(tg) = D[Wy, Zo] < wp, where wy is the initial value for scalar
equation (11.13). For arbitrarily small # > 0 and any ¢ € [tg,T'), consider the
expression m(t + 60) = D[W (t + 0), Z(t + 0)]. By the property D: D(A, B) <
D(A,C)+ D(C, B) of the Hausdorff metric D, it is easy to derive the estimate

m(t+0) < DIW(t+0), W(t) + 0(QmnW)(?)]
+ DIW(t) + 0(QmW)(t), Z(t + )]
< DW(t+0), W(t) + 0(QnW)(t)]

+ DIW(t) +0(QmW)(1), Z(t) + 0(Qm Z)(t)]

+D[Z(t) +0(QumZ)(t), Z(t + 6)] (11.14)

< DW(t+0), W(t) + 0(QnW)(t)]

+ DW(t) + 0(QuW)(¢), W(t) + 0(Qn Z)(t)]

DW(t) +0(QmZ)(t), Z(t) + 0(Qm Z)(1)]

DIW(t) +0(QumZ)(t), Z J

Next, applying the property D(A + C, B+ C) = D(A, B) for any A, B €
K.(R™) and any C € K(R™) and using the fact that, for arbitrarily small
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6 > 0, there exist Hukuhara differences W (t+6) — W (¢) and Z(t+6) — W (¢),
we rewrite inequality (11.14) in the form

m(t+0) < DW(t) + H(t,0), W(t) + 0(QnW)(1)]
+ D[0(QnW)(1), 0(Qn Z)(1)]
+ DW(t), Z(t)] + D[Z(t) + 6(Qu Z)(t), Z(t) + V (¢, 0)],

where W (¢t +0) = W(t) + H(t,0) and Z(t +0) = Z(t) + V(¢,0).
Next, we obtain

(t+9)<D[ (t,0), 6(QmW)(1)] + DIO(QmW)(#), 0(Qr Z)(t)]
DWW (t), Z(t)] + D[0(Qm Z2)(1), V (¢, 0)].

Since a Hukuhara difference exists, H(¢,6) and V(¢,6) can be replaced by
W(t+6)—W(t) and Z(t + 6) — Z(t), respectively. For § > 0, we calculate

O = < L+ ) - W @)D} +

DI(QuW)1). (@uZ)1)] + D{(@u2)(0). (2(t+6) — 2} ).

(11.15)

Since W(t) and Z(t) solve equations (11.2) and (11.3), inequality (11.15)
yields, as § — 07,

DFm(t) < D[(QmW)(1), (QuZ)(t)] < g(t, DIW, Z](t)) = g(t, [mlo(t))
(11.16)
for all t € [to,T). Applying Lemma 11.1 to (11.16) gives the estimate from
Theorem 11.2.

Let 0 € K.(R™) be a zero set. Theorem 11.2 has the following consequence.

Corollary 11.4 Given causal operators Q,, € C(E,E) and Qy € C(E, E),
suppose that there are functions g; € C([to,T),R), i = 1,2 such that

D(@mW)(t), 6] < g1(t, Do[W, 6](t)),
D[(QumZ)(t),6] = g2(t, Do[Z, 0](t)).

If, for all t € [to,T), the equation

dw
E = gl(ta 'LU), 'LU(tO) = Wo Z 0

has a mazimal solution and the equation

L 92(7«‘711)7 U(to) = Vo > Oa

has a minimal solution, then the solutions W (t) and Z(t) of equations (11.2)
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and (11.3) with initial conditions (to, Wo) and (to, Zo), Wo, Zo € K.(R™),
such that D[Wy, 0] < wqy and D[Zy,0] > vy satisfy the estimates
DWW (t),0]

) M (5 to, wo),
D[Z(t),0]

<r
Z Tm(t, th UO)

for allt € [to,T).

11.4 Test for Stability

The above comparison result in terms of matrix-valued Lyapunov like func-
tions is a useful tool to establish some appropriate stability results of equation
(11.1). In order to consider the stability properties of (11.1) we will assume
that the solutions of (11.1) exist and are unique for all & € S and ¢t > .
In addition, in order to mach the behavior of solutions of (11.1) with those
corresponding to differential equations with robust causal maps, we assume
that Yo = Vo + Xg, so the Hukuhara difference Yy — Vp = Xg exists. Thus we
have the initial problem

DuX(t) = (Q(a)X) (1),
X(to) =Xy € K:C(Rn),

where (Q(a)X)(t): Ry x E x § — K.(R™).

If Q(a)Oy = ©g for all & € S, then X(t) = Og is a set of equilibrium
positions or a set of stationary solutions of the equation (11.17).

Since ¢ — diam (X (¢)) is nondecreasing at t — oo, the direct application of
the norm || X (¢)|| = diam (X (¢)) at t > to for equation (11.17) is not possible.
Therefore we will introduce additional assumptions on the initial value of
problem (11.17).

H;. For all & € S the equation (11.17) has a set of stationary solutions
@07 i.e. Q(Oz)@o = @0.

H,. There exists a set Wy € K.(R™) such that for any Vp, Xo € K.(R™)
there exists the Hukuhara difference Xo = Vy + Wy.

Hs. The equation (11.17) has a unique solution X (¢t) = X (¢, to, Xo— Vo) =
X (t, W) for any initial values (to, Wo) € Ry x Sp(po) for all @ € S.

(11.17)

Then, while setting the problem of the stability of solutions of the equation
(11.17) we will take into account the Assumptions H;—Hs.

Definition 11.2 The stationary solution ©¢ of the equation (11.17) is robust
stable, if for any to € Ry and € > 0 there exists a positive function §(¢o, €)
such that the inequality D[Wp, ©¢] < § implies the estimate D[X (t),O¢] < &
at all t > tg and for all @ € S.
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Other definitions of Lyapunov robust stability can be formulated in a si-
milar way following the stability definition of set differential equations.
Now we start by proving the stability results.

Theorem 11.3 Assume that for the equation (11.17) the conditions of the
Assumptions Hy—Hs are satisfied, and, in addition,

(1) there exists a matriz-valued function (11.5) and a vector § € R such
that the function V (t,X,0) = 0T S(t, X, 3)0 satisfies the local Lipschitz
condition

V(t, X1,0) — V(t, X2,0)| < LD[X1, Xa],

where L > 0 for all (t,2) € Ry xB, B={X € K.(R"): D[X,00] < po};

(2) there exist vector comparison function 1, 1, € K-class and constant
symmetric positive definite (2 x 2)-matriz Ay such that

1 (D[X, 00)) A1, (DX, ©)) < V(t, X, 0)

for all (t,X) € Ry x B;

(3) there exists a function g € C(Ry x Ry, R), g(t,0) = 0 for all t € Ry
such that

D7V(t,X,9 Sg(tvv(taXae))

)’(11.17)
forallt € Ry and X € By, By = {X € K(Ry): V(s,X(s),0) <
V(t, X(t),0), to < s <t} and for alla € S.

Then the stability of the zero solution of equation

Cfi—l;} = g(t,w), w(tp) =wo >0 (11.18)

implies the robust stability of the stationary set ©q of (11.17).
Proof We transform the condition (2) of the Theorem 11.3 to the form
Am( 1)1 (DX, ©)) < V(1 X,6), (11.19)

where A, (A7) is the minimal eigenvalue of the matrix A; and ¥; € K-class,
such that 0 _

Y1 (DX, 60]) < 9y (D[X, 60]) ¥, (D[X, O0))
for all (¢,X) € Ry x B.

Let e > 0 and tp € Ry be given. Since V (¢, X, 0) is positive definite we have
the estimate (11.19) for all (¢,z) € Ry x B. Suppose that the zero solution
of (11.18) is stable. Than given A, (A1)¥1(e) > 0, tog € Ry, there exists a
0 = d(to,e) > 0 such that whenever wy < §, we have

w(t,to,wo) < /\m(Al)wl(f) for all t > tg,
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where w(t, to, wo) is any solution of (11.18).

We choose wy = V(tg, Wo,0). Since V(¢,X(t),0) is continuous and
V(t,©0,0) = 0 there exists a positive function §; = 01(tg,€) > 0 such that
D[Wy, 0] < 61 and V (¢, Wy, 0) < 6 hold simultaneously. We claim that if
D[Wy, O] < 81, then D[X (t),O¢] < € for all t > to. Suppose this is not true.
Then there exists a solution X (¢t) = X (t,to, Wo) of (11.17) satisfying the
properties D[X(tg),@o} =¢ and D[X(t),@o} <egforty <t<ty ts € (to,tl).
Together with (11.19), this implies that

V(tQ,X(tQ),H) Z /\m(Al)’(ﬂl(é“). (1120)

Furthermore, X (t) € B for t € [to, t2]. Hence, the choice of wy = V(to, Wo, 0)
and condition(3) of the Theorem 11.3 give the estimate

VL, X(1),0) <r(t), tE€ [tota), (11.21)

where r(t) = r(t,to,wp) is the maximal solution of the comparison problem
(11.18). Now from estimates (11.19)—(11.21) we have

Am(A1)Y1(e) < V(te, X(t2),0) < 7(t2) < Am(A1)i(e)

which is contradiction.
The proof of the Theorem 11.3 is complete.

Further we define the following set:
Ey ={X e L(R"): V(s,X(s),0)8(s) <V(t,X(t),0)8(t), to<s<t},
where §(t) > 0 is a continuous function on R.

Theorem 11.4 Assume that:

(1) there exist functions V (t,X,0) and g(t,w) satisfying the conditions of
Theorem 11.3;

(2) there exists a function G(t) such that 5(t) > 0 is continuous for t € Ry
and B(t) — oo as t — oo;

(3) the condition (3) of the Theorem 11.3 holds for t >ty and X (t) € Es.

Then, if the zero solution of (11.18) is stable, then the set ©g of stationary
solution of (11.17) is robust asymptotic stable.

Proof Let 0 < e < pand tyg € Ry. Set Fy = trgﬂi%n B(t), then By > 0 follows
+

from condition (2) of the Theorem 11.4. Since V (¢, X, 0) is positive definite
we can define

e1 = BoAm (A1) (e).
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Then, the stability of zero solution of (11.18) implies that, given €1 > 0 and
to € Ry, there exists a § = §(tg,e1) > 0 such that wy < ¢ implies that

w(t, to,wo) < ey forall t> 4, (11.22)

where w(t, tg, wg) is any solution of (11.18). We chose wo = V (to, Wo, ). Then
proceeding as in the proof of Theorem 11.3 with &1 instead of A, (A41)v1(e),
we can prove that the set © of stationary solution of (11.17) is robust stable.

Let X (¢,to, W) be any solution of (11.17) such that D[Wp,©¢] < do,
where 6y = &(to, 3 p). Since the zero solution of (11.18) is stable, it follows

1
that D[X (t), ©¢] < L for t > tg. Since B(t) — oo as t — oo, there exists a
number T' = T'(to, ) > 0 such that

BO)Am(A1)Y1(e) >e1 for t>to+T. (11.23)
Now from the relation (11.19), we get
B)Am (A1) (DX (t),00]) < B(H)V(t, X(t),0) <7r(t), t>to, (11.24)

where X (t) = X (¢, 0, Xo) is any solution of (11.17) such that D[Wy, ©¢] < dp.
If the set Og of stationary solution of (11.17) is not robust asymptotically
stable, then there exists a sequence {t}, tx > to+ 7T, tx — 00 as k — oo, such
that D[X (t;), ©¢] > ¢ for some solution X (t) satisfying D[Wy, O] < do.
The inequalities (11.22), (11.24) yield B(tx)Am (A1)¥1(e) < 1, a contra-
diction to (11.23). Thus, the set Og of (11.17) is robust asymptotically stable.
Now we define the set

FEs = {X S KC(Rn) V(S,X(S%H) < W(V(LX(t),e)), t1 <s<t, tg> to},

where W (r) is continuous on Ry and nondecreasing in r, W(r) > r for all
r > 0.

The next theorem gives sufficient conditions for the uniform robust asymp-
totic stability of (11.17).

Theorem 11.5 Assume that for the equation (11.17) all conditions of As-
sumptions Hi—Hs are fulfilled and a function V(t, X, 0) satisfies the following
properties:

(1) there exist vector comparison functions 1,1, € K-class and con-
stant symmetric positive definite (2 x 2)-matrices Ay, As such that the
condition (2) of the Theorem 11.3 has the form

&, (D[X,©0)) A%, (DX, o)) < V(t, X, 6)
< Uy (DX, ©0]) A2, (DX, O0))

for all (t,z) € Ry x B;
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(2) there exist a (2 x 2)-matriz As(a) and a function ¢ € K-class such that

D_V(t,X(t),0)] < ¢ (D[X(t), ©o]) As(a)e(D[X (¢), ©0))

(11.17) =
for allt > ty, X(t) € E5 and any a € S;
— 1 —
(3) there exists a (2 x 2)-matriz As such that 3 (AT (a) + Az()) < A3z for
all v € S.

Then, if matriz Az is negative definite, the set ©g of stationary solutions
of (11.17) is uniformly robust asymptotically stable.

Proof Since V (¢, x,0) is positive definite and decreasing, the condition (1) of
the Theorem 11.5, we transform to the form

Am (A1) Y1 (D[X, 00)) < V(t, X,0) < Ay (A2)¥2(D[X, Og)), (11.25)
where 15 € K-class and is such that
U2(DIX, ©0]) = ¥y (D[X, ©0])bo( DLX, ©y))

and Apr(A4s2) is a maximal eigenvalue of the matrix Az. Let 0 < € < p and
to € R4 be given. We choose § = §(g) > 0 such that

At (A2)12(0) < Am (A1)t (e). (11.26)

We claim that if D[Wy, ©g] < §, then D[X (¢t),0¢] < ¢ for all t > to, where
X(t) = X (¢,t0, Wp) is any solution of (11.17).

Suppose this is not true. Then there exists a solution X (¢) of (11.17)
with D[Wo,@)o} < § and ty > to, such that D[X(tg,to,Wo),@o} = ¢ and
D[X (t,tg, Wp), O] < € for t € [to, t2]. Thus, in view of (11.25), we have

V(tQ,X(tQ),H) Z /\m(Al)’(ﬂl(é“). (1127)

It is clear, since 0 < € < p, then X (¢) € B for all t > ¢y. By our choice
wo = V(tg, Wo, 8) and by the conditions (2) and (3) of the Theorem 11.5 for
t > to and X (t) € E5 we have the estimate

V(t,X(t)ﬁ) < V(to,WO79)7 t e [toﬂfg]. (1128)
We see that the relations (11.26)—(11.28) lead to the contradiction

Am(A1)1(e) < V(te, X(t2),0) < A(A2)2(D[Wo, Oo))
< A (A2)12(8) < Am(A1)Y1(e)-
This proves the uniform robust stability of (11.17).

Further let X (t) = X(t,to, Wo) be any solution of (11.17) such that
D[Wy, 0] < dp, where dg = 5(%;}) and ¢ are the same as before. It then
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1
follows from uniform stability that D[X (¢), O] < 5P for all t > ¢y and hence

X (t) € B for all t > t.
Let 0 < n < &g be given. Clearly, we have

Am (A1)Y1(n) < Am(A2)2(do).

In view of the assumption on w(r), there exists a v = v(n) > 0 such that
w(r) > r+y if Ap(A1)1(n) <r < A (A2)2(d). Furthermore, there exists
a positive integer N = N(n) such that

Am (A1)1(n) + N(n)y > Am(A2)p2(d0)-

If we have, for some t > tg, V(¢,X(¢),0) > M\n(A1)1(n), it follows from
(11.25) that there exists a d2 = d2(n) > 0 such that D[X (t), 0] > J2. From
conditions (2) and (3) of the Theorem 11.5 it follows that

" (DX (1), ©0]) As(a)e(DIX (), ©o]) < Aar(As)e(D[X (1), ©0)),

where Ajs(A43) < 0 is a maximal eigenvalue of the matrix Az, and ¢ € K-class
is such that

&(DIX (1), 00]) > ¢ (DX (), ©o])c(D[X (¢), ©0]).-

In a result we have

At (A3)e(DIX (1), Oo]) = Anr(A5)e(d2) = 05,

where d3 = d3(n).

For N + 1 we construct numbers t; = tx(tg,n) such that to(to,n) = to and
tit1(to,n) = tx(to,n) +v/0s3, k=0,1,2,...,N. By letting T'(n) = Nv/d3, we
have t(to,n) = to + T'(n).

Now to prove uniform asymptotic stability we still have to prove that
D[X(t),00] < n for all t > tg + T'(n). It is therefore sufficient to show that

V(t, X(1),0) < A (A2)va(n) + (N — k)y (11.29)

forall t > tx, k=0,1,2,..., N.
We will prove (11.29) by induction. For k = 0, t > to, using (11.25) and
(11.26),

V(t, X(t),0) < V(to, Wo,0) < Anr(A2)v2(00) < Am(A1)dh1(n) + N7y.
Suppose we have, for some k
V(s, X(s),0) < An(A2)vpa(n) + (N — k)y, s>t
and we assume that for ¢t € [ty, ;1]

V(t, X(t),0) = A (A2)ha(n) + (N =k —1)y.
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It then follows that

At (A2)Y2(00) > Anr(A2)2 (DX (s), O0]) > V(s, X(s),0)
> Am(A1)Y1(n) + N(n)y — (b + 1)y = A (A1) (n).

From this we have
w(V (s, X(s),0)) = V(s, X(s),0) +~
> A (A1) + (N —k)y > V(s, X(s),0)

forty < s <t,t € [tg,tgs1]- In turn, this implies that X (¢) € Es for t;, < s < t,
t € [t, trt1]. Hence, we obtain from assumptions (2)—(3) and (11.30) that

V(ters, X (tes1),0) < V(t, X (), 0) — / Mt (A3)e(D[X (5), O0]) ds
< A (A2)a(n) + (N — k)y — 63(n) (thr1 — tr)
< Am(A)W1 () + (N — ).

This contradiction shows that t* € [tx, tx+1] such that
V(" X(t"),0) < Am(A1)Yi(n) + (N —k —1)y. (11.31)
Now we show that (11.31) implies that
V(t, X(1),0) < An(A)Yr(n) + (N =k = 1)y, =t

If it is not true, then there exists ¢; > ¢* such that V(t1,X(¢1),0) =
Am(A1)Y1(n) + (N —k — 1)y or for a small h < 0, V(¢t1 + h, X(t1 + h),0) <
Am (A1) Y1(n) + (N — k — 1), which implies that

D_V(t1,X(t1),0)] 4117, = 0. (11.32)

As we have done before, we can show that X(¢) € B for t* < s < ¢, and
D_V(t1,X(t1),0) < —d3 < 0. This contradicts (11.32) and hence
V(t, X(t),0) < Am(A1)1(n) + (N =k = 1)y
for all t > tg41.
This completes the proof of the Theorem 11.5.

Example 11.1 We consider a simple example in KC(R):

t

DuX(t) = (—e®) /X(s) ds,
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Then using interval methods, we get

d

% =—e* [ x3(s)ds
0

p t

% =—e* [ z1(s)ds

(=)

d4
dtil =1, x1(0) = 10,
d4
TZQ =2, x2(0) = z20,

whose solutions are given by

zi(t) = B (z10 — $20):| B (e"+ e_t)] + E (z10 + xzo)] cost,
zo(t) = B (220 — xw)] B (e" + et)] + E (z10 + xzo)] cost.

Further, for t > 0 we have
1 1 1,
X(t,0,X0) = | — 5(3320 - Z10), 5(3320 — T10) 5 (e"+e7)
1 1
+ 3 (x10 + z20), 3 (110 + m20)| cost.

If we choose

1 1
Vo = {— 3 (w20 — 210), 3 (w20 — 3010)]
then
1 1
X(t,0,Wy) = |:§ (z10 + x20), 3 (z10 + $20):| cost
for allt > 0.

We see that the set of stationary solutions ©g € KC.(R) is stable.

Example 11.2 We consider equation (11.17) with

(Q@)X)(t) = —e*X — b / X(s)ds,
0

X(0) = Xo € K.(R?),

255
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where b = const > 0, « € [0,1] is uncertain parameter.
Let X (t) = [21(t), x2(t)] and X = [z10, 220]. Then equation

¢
DuX(t) = —e°X — b/X(s) ds (11.33)
0
is reduced to .
dx
d—tl = —e%xy — b/xg(s) ds,
0
p ¢
x
d—t2 = —e%x; — b/xl(s) ds,
0
and g
d—af11 = 2! 4 2e°ba| + b2xy, 21(0) = x40,
df (11.34)
—:22 = el + 2ebxh + b2ra,  x2(0) = 290.
dt
From (11.34) for « = 0 and b = 2 we obtain
_ 1 _ L _ 2t
xl(t) = 6 (5610 5620)6 + 3 (5610 5620)6
141 VT 1 (VTN
+ e 3t _5 (210 + x20) cOs <7 t) - 2—\/7(5010 + x90) sin <7t) :
1 1
.732(25) = 6 (JCQO — xlo)eit + 5 (JCQO - $10)62t
e Vi) LYY
+e 2 E (m10+m20)cos< 5 t) 2ﬁ(m10+x20)sm 5 t |

Therefore it follows that
B 117, 1 1] o
X (t,0,X0) = (20 5510)[ 6’ 6]6 + (220 5510)[ 3 3]6
o n ) 1 1
220 T T10 RD)

- (;c20+x10){ ~3tgin <ﬁt) t>0.

1 1
- —e
2V7 2ﬁ] 2
Now, choosing x19 = z29, we eliminate the undesirable terms and, there-
fore, we get asymptotic stability of stationary solution ©y € K.(R?) of equa-
tion (11.33).



Chapter 12

Stability of a Set of
Impulsive Equations

In Chapter 7, development of the direct Lyapunov method is proposed for
impulse systems with uncertain parameter values.

The aim of this chapter is to establish stability conditions for a set of
impulsive systems of equations in terms of the heterogeneous matrix-valued
Lyapunov function.

12.1 Auxiliary Results

Let R™ be a Euclidean space and Ry = [0,00) as usually. Assume that
on Ry a sequence {t;} is given such that 0 < ¢; <2 < ... <t < ... and
klim tr, = oo. Then we use the following notations:

—00

(1) If FF € PC(Ry x K¢, K,), then the function F: Ry x K. — K, is
continuous on (tg_1,tx] X K. for any value of kK = 1,2,... for any
X € K. and the correlation

lim  F(t,Y) = F(y},X)
YY) =i, X)

exists for any k=1,2,....

(2) If g € PC(Ry x Ry, R), then the function g: (tx—1,%k] x Ry — R is
continuous for any w € Ry and there exists

m  g(t,2) = gt w).
(t,2)— (] w)

(3) If ® € PCY(R; x K.), then the function ® is differentiable over each
interval (tg—1,tx), k=1,2,....
Consider the set of impulsive differential equations
DX =F(t,X), t#tg, (12.1)
X)) = (X (1)), t=th, (12.2)
X(to) = Xo € Ko,

257
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where X € K., F € PC(R+ x K¢, K¢), Ix: K. — K. forany k=1,2,... and
the sequence {tx} is determined above. Solution of equations (12.1)—(12.2)
is the function X (t;to, Xo) which is piece-wise continuous on [tg,00) and
continuous from the left on any subinterval (tx,tx+1], K =1,2,..., determined
by the correlation

Xo(t;to, Xo),to <t <ty

Xi(t;t, X)), ty <t <ty
X(t;to,Xo): 1( 1 1) 1 > 12

Xk(tatkvX]j_)u tr <t§tk+17

where Xj(t;tx, X;) is the solution of equations (12.1)-(12.2) on the subin-
terval [ti—1,t%).

Further, together with the set of impulse equations (12.1)—(12.2) we shall
consider the impulsive scalar equation

T g(t,w), t#tg, (12.3)
w(tl) = Pp(w(ty)), t=ty, (12.4)
w(to) = Wy,

where the function g € PC(R3,R), g(t,w) is nondecreasing in w for all
teRy, ¢Yp: Ry - R forany k=1,2,... and ¢;(w) in nondecreasing in w.

Maximal solution of equations (12.3)—(12.4) is the function r(¢;tg,wo) de-
termined by the correlations

ro(t;to,m0), to <t <ty
ri(tity,ry), tp <t <to,
r(t;to, wo) = 1ttLr), h =2

Te(tite, ), te <t <tpi1,
and satisfying the inequality
w(t; to, wo) < r(t;to,wo), t=tg,

for all ¢ € Ry for any solution w(t;tp,wo) of equations (12.3)—(12.4) with
the initial values 7" = @y (ri_1(tx)), k=1,2,....

12.2 Heterogeneous Lyapunov Function

The set of impulsive differential equations (12.1)-(12.2) is added with the
additional set equation

DY = Fg(t, Y), Y(to) =Yy € K, (125)
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where F3(t,Y) =0F(t,Y)+ (1 —-3)It(Y(tk)), k=1,2,..., 0 < 8 < 1. We
shall consider the matrix-valued function

Ut,X)=1[Vi;(t,")], i,7=12, (12.6)
whose elements are chosen as follows:

Vii: Ry x K. — R4 is correlated with equation (12.1),
Vag: Ry x K. — R4 is correlated with equation (12.2),
Vie = Va1 Ry x K. — R is correlated with the set of equations (12.5).

The scalar function
V(t, X, ¢) =9 Ut X)), ¢ eRY, (12.7)

is called a heterogeneous Lyapunov function if along with the derivative
DTV (t, X,4) it allows us to solve the stability (instability) of stationary so-
lution ©y of the set of impulsive equations (12.1)-(12.2).

We say that the function V (¢, X, 1) belongs to the class Fy if the following
conditions are satisfied:

(a) V(t,X,v) is continuous on (tx_1,tx] X K. for any k=1,2,... and for
every X € K, there exists the limit

lim V(t’X’¢):V(tZ7W¢)’ k:1’27"';
(&, X)= (W)

(b) for any A, B € K. and all ¢ € R, the estimate |V (¢, 4,¥)—-V (¢, B,¥)| <
LD[A, B] takes place, where L is the Lipschitz constant.

Remark 12.1 If the elements Via = Vo1 = 0 in matrix-valued function (12.6),
then the function
L(t, X,9) = U(t, X)o, v € B2 (12.8)

is the heterogeneous vector Lyapunov function, i.e., the vector function with
heterogeneous components.

Remark 12.2 1f Vig = Va1 = Vas =0 and K. = R™ in matrix function (12.6),
then the function V' (¢, X,¢) = V(¢t,X) is a Lyapunov-like function for equa-
tions (12.1)—(12.2), the application of which is shown by Lakshmikantham,
Bhaskar and Devi [2006].

Then we present a theorem of the principle of comparison with heteroge-
neous function (12.7) for system (12.1)—(12.2).

Theorem 12.1 Assume that for the set of impulsive differential equations
(12.1)—(12.2) the following conditions hold:

(1) there exists heterogeneous function (12.7) of class Fo;
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(2) there exists a function g(t,w) nondecreasing in w, g € PC(R},R), such
that
D+V(t7X7¢)|(121) Sg(t,V(t,X,’l,[})), t#tka

for all X € K., where
D+V(taXa ¢)‘(12.1)
=limsup{[V(t + 6, X +0F(t, X)) — V(t, X,9)]0"': 6 — 0T};

(3) there exist functions ®y(w), k =1,2,..., nondecreasing in w, such that
VIt X(5),¢) < @u(V(E, XE),0), ¢ =t
forallk=1,2,...;

(4) there exists mazimal solution of impulsive scalar equation (12.3)—(12.4)
for all t € Ry.

Then, if the solution X(t) = X (t;to, Xo) of the set of impulse equations
(12.1)—(12.2) emists on [to,a) and V(to, Xo, ) < wy, the estimate

V(t, X(t),v) < r(t;to, wo) (12.9)
holds true for all t € [to,a).

This theorem is proved by the application of Theorem 4.2.1 from the mono-
graph by Lakshmikantham, Leela and Martynyuk [1991a] on every segment
[tk—1,tk], K =1,2,.... In contrast to Theorem 5.2.4 from Lakshmikantham,
Bhaskar and Devi [2006] function (12.7) is applied.

Theorem 12.1 has several corollaries which can be useful in the investiga-
tion of special systems of the (12.1)-(12.2) form.

Corollary 12.1 Assume that in conditions (2) and (3) of Theorem 12.1 the
functions g(t,V(t,X,v) and Iy (V(tg, X (tx), 1)) are such that:

(a) gt,V(t,X,v) =0 and Pp(V(tr, X(tg),®)) =0 for allk =1,2,...,
then estimate (12.9) becomes

V(t, X(t),9) < V(t5wo, ), t>to;

(b) g(t7V(t7X71/)) = 0 and (Dk(v(tkvX( )7 )) - Dkv(tkvX(tk)7¢)7
Dy >0 forall k=1,2,..., then estimate (12.9) becomes

V(t7X(t)a¢) <V t07’w07'(/) H Dka t>t07

to<tp <t
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(C) (t V(t X /(/)) = _5V(taXaw)) 5 > 0 and (I)k:(v(tk:aX(tk:)aw)) =
DV (tg, X (tr),%), Dy > 0 for all k = 1,2,..., then estimate (12.9)
becomes

V(L X(1),0) < V(S wo, ) [ Dee 7, >t

to<t, <t

(d) g(t,V(t, X,v) = () V(t,X,9), the function y(t) is decreasing on

[0,00), and Pp(V (tr, X (tk), %)) = DV (tk, X(tr), %), Dk > 0 for all
k=1,2,..., then estimate (12.9) becomes

V(t, X(t),9) <V(tg,wo, ) [[ Dre?®@ ), ¢ >t

to<tp<t

12.3 Sufficient Stability Conditions

For the set of systems of impulsive equations (12.1)-(12.2) we introduce
the following assumptions.

H;. For the set of systems (12.1)—(12.2) the correlations F'(t,0q) = ©¢ and
I.(8¢) = Oy are true where O € K.(R"™) is a set of stationary solutions
of system (12.1)—(12.2) for k=1,2,....

H,. For any values Xo, Vi € K(R™) of the set of impulsive equations (12.1)-
(12.2) there exists a Hukuhara difference Wy such that Xo = Vi + W.

Hs. Solution of equations (12.1)-(12.2) X(¢) = X(t,to,Xo — Vo) =
X (t,to, Wo) is unique for any t # t;, and Wy € So(po), k=1,2,....

Under conditions H;—Hg we shall consider a problem on the stability of

stationary solution X (¢,tg, ©g) = O¢ for the set of systems of impulsive equa-
tions (12.1)—(12.2) for all ¢ > ¢,.

Definition 12.1 Stationary solution X (¢, %o, ©¢) of the set of systems of im-
pulsive equations (12.1)-(12.2) is

(a) stable, if and only if for any t9 € R and any € > 0 there ex-
ists 6 = d(to,e) > 0 such that condition D[Wy,0p] < ¢ implies
D[X(t,to,}/o),@o} < e forallt >ty

(b) attractive, iff for any to € R there exists a(tg) > 0 and for any £ > 0
there exists 7(to; Wo, &) € R4 such that the condition D[Wy, O¢] < a(to)
implies D[X (t;to, Yp), Oo] < & for any t > to + 7(to, Wo, §);

(¢) asymptotically stable, iff conditions 1(a) and 1(b) are satisfied.
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In terms of the principle of comparison for the set of systems of impulsive
equations, the stability conditions for stationary solution Oy are formulated
as follows.

Theorem 12.2 Assume that for impulse differential equations (12.1)—(12.2)
the following conditions are fulfilled:

(1) there exist heterogeneous function (12.7), comparison functions ¢; of
class K, i =1,2, and constant 2 x 2-matrices A;, i = 1,2, such that

(a) |V(t, X1,¢) — V(t, X2,9)| < LD[Xy, Xo], L >0, for all (t,X) €
R+ X ’CC;

() o (IXNArpr(IX[) < V(& X, 9) < @3 (| X)) A2p2([|X|) for all
(t7X) € R+ X ICC,

(2) there exist functions g(t,u), g € C(R3,R) and ¥x: Ry — Ry, k =
1,2,..., such that

(a) DTV(t, X,¢) < g(t,V(t,X,)), t # ti, where g(t,0) = 0 for all
(t7X) € R+ X B(®O7ﬂ);

(b) for any X € B(0o,00), 8 > Bo > 0, for all k the inclusion
X + In(X) € B(©y, ) takes place and V (tg, (X (tg)), ) <

O (V(tr, X (tr),v)), where ®y(u) are functions nondecreasing in
u, ®(0) =0 for allk=1,2,....

Then, if the matrices A1 and A in condition 1(b) are positive definite and
zero solution of scalar comparison equations (12.3)-(12.4) possesses a certain
type of stability, then stationary solution Oy of the set of systems of impulsive
equations (12.1)-(12.2) possesses the same type of stability.

Proof Under conditions of Theorem 12.2 we transform condition 1(b) to the
form

A (A1 (IX]) < V(E, X, ) < Am(A2)p2(1X]),

where A, (A1) and Ap(Ag) are the minimal and maximal eigenvalues of
the matrices A; and Ay respectively, and @ (|| X)) < &% (|| X|)@1(]| X)) and
>(1X1) > G (1X ) @2(1X ) for all X € B(Oy, §), 41, ¢ are of class K.

Let 0 < € < * = min(8, Bp) and tg € Ry be given. Assume that O,
which is the zero solution of equations (12.3)—(12.4) is stable. Besides, given
Am (A1)@1(g) > 0, there exists d1(tg,€) > 0 such that the condition 0 < wy <
01 implies w(t, to,wo) < Am(A1)@1(e) for all ¢t > tg, where w(t, tg,wp) is any
solution of scalar impulsive equations (12.3)—(12.4).

Let wop = Ap(A2)@2(D[Xo,O0]) and take d2 = da2(e) so that inequality
A (A2)@2(02) < 67 is satisfied. Then we take ¢ = min(d1,d2) and show that
if D[Xo,00] < ¢, then for all t > ¢, the estimate D[X(t),0] < ¢ is true,
where X (t) = X (t,t0,20) is any solution of the set of systems (12.1)—(12.2).
Assume this is not true. Then for solution X (¢,tg, Xo) with the initial con-
ditions satisfying the inequality D[Xo,O¢] < 0 a t* > tg, tr < t* < tj41 for
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some k for which D[X (t*),0¢] > ¢ and D[X(t), O] < € for to < ¢ < tj. Since
0 < e < f*, according to condition 2(b) of Theorem 12.2, estimates

DIX (t]),00] = D[Ix(X (t1)), ©0] < o

and D[X (tx), O] < € are valid. Hence, there exists  such that t;, < £ < t*
and
e < D[X(t), @0] < Bo.

Designate m(t) = V (¢, X (t), 1) and consider the behavior of function m(t) on
the interval [to,?]. From Theorem 12.1 it is easy to see that

V(t, X(t),) <r(t,to,wy) forall ty<t<ft,

where wy = A (A2)@2(D[Xo, Op)) and 7(¢t,to, wp) are the maximal solutions
of scalar comparison equations (12.3)—(12.4).
According to estimate (12.9) we have the inequality

Am(Al)QBl(D[X(f)a 90]) S V(faX(£)7¢) S T(fa thWO) < A771(‘41)@1(6)7

which contradicts the existence of ¢ € [tk,tr+1] for any k. Therefore, the
stationary solution Gq of the set of impulse systems (12.1)—(12.2) is stable.

Theorem 12.2 has several corollaries presented below.

Corollary 12.2 Assume that in conditions 2(a) and (b) of Theorem 12.2 the
functions g(t, V (t, X, 1)) and @, (V (tx, X (tr), 1)) are of the form indicated in
conditions (a) and (b) of Corollary 12.1. Then, under the rest of the conditions

of Theorem 12.2 the stationary solution ©q of the set of impulse equations
(12.1)—(12.2) is stable.

Corollary 12.3 Assume that in conditions 2(a) and (b) of Theorem 12.2 the
functions g(t,V (t, X, 1)) and @, (V (tx, X (tr),1)) are of the form indicated in
conditions (¢) and (d) of Corollary 12.1. Then, under the rest of the conditions
of Theorem 12.2 the stationary solution ©q of the set of impulse equations
(12.1)-(12.2) is exponentially stable (limiting exponentially stable).

As for vector Lyapunov functions with homogeneous components (see Ma-
trosov, et al. [1981]), it is possible to construct for function (12.8) the algo-
rithms of establishing stability conditions in terms of the dynamical properties
of a comparison system.

12.4 Impulsive Equations with Delay under
Small Perturbations

The stabilities of impulsive systems with delay are well studied, and im-
pulsive systems with delay have been investigated in several papers. In the
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latter case a principle of comparison with scalar or matrix Lyapunov function
was developed and general method of stability analysis of a set of stationary
solutions was elaborated.

It is of interest to study the stability of a set of stationary solutions to this
class of equations under small persistent perturbations. In this section this
problem is analyzed by using perturbed Lyapunov functions defined on space
products.

In n-dimensional Euclidean space R™ we prescribe a family of all non-
empty convex subsets IC.(R™). The set K.(R™) with the Hausdorff metric

D[A, B] = max { sup d(y, A), sup d(z, B) },
yeB T€EA

where d(y, A) = inf [d(y,x): = € A], A and B are bounded subsets in R", is
a metric space.

For a given 7 > 0 define the set Cy = C([—7,0], K.(R™)) and the interval
Jo = [to — 7,10 + a] for some a > 7. For the set X: Jy — K.(R™) we designate
by X; the contraction of the set X to the interval [t — 7,¢] and denote the
element X; € Cy for which X;(s) = X(t+s), —7 < s < 0. For any sets A and
B from Cj we introduce a metric by the formula

Dy[A,B] = max DIA, B,

—7<s<0

where D[A, B] is the Hausdorff metric.
We consider a set of impulsive equations with delay in the form

DuX(t) = F(t, X)) + pR(t, X;), t#tr,

Xp = Ie(Xey), ¢ =t (12.10)
Xt():CDoECo,
where 0 < t; < to < ... < t < ... and klim t, = oo, F €

PC (R4 x Cp, K.(R™)) and R € PC(R1 x Cp, K (R™)) and p is a small pos-
itive parameter. Assume that F(t, X;) = Oy iff X; = Og, where Qg is a set
of stationary solutions of the set of equations (12.10) for u = 0, the set of
perturbations R(t, X;) # 0 for X; = O but there exists a summable function
m(t) on any finite interval such that

DI[R(t, X:),©0] <mf(t) forall t>t.

The function m(t) characterizes the order of possible growth of the perturb-
ing forces at receding of the “representative point” of the state of system
(12.10) for p = 0 in the matrix space (K.(R™), D[A, B]) from the stationary
solution ©g.

The mapping X : Jy — K:(R"™) is a solution of the set of equations (12.10)
if the function X (¢t) = X (to, ®o)(t) which is piecewise continuous on [tg, 00)
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is continuous on any interval (tg,tx—1], K =0,1,2,..., and is determined by

Do, to— 7 <t <tp,
Xo(to, ®o)(t), to <t <ty

X d <
X (tg, @o)(t) = 1(t1, ®1)(1), t1 <t <ty

Here the sequence Xy (tx, Pr)(t) is a solution of the set of differential equations
with delay
DpX(t) = F(t, Xy) + pR(t, Xy),
(t) = F(t, Xy) (t, X¢) (12.11)

Xpr =, k=0,1,2,...,
where @, is the value of function X (¢) for t =t .

First, we shall establish existence conditions of the set of equations (12.10).
Further, FF € PC (R4 x Cp, K.(R™)) means that the mapping F': Ry x Cyp —
K:(R™) is continuous on (tg_1,tx] X K(R™) for each k = 1,2,... and each

Xt € Cp and there exists a lim F(t,Y;) = F(t§,X:). Moreover,
(t,Yt)—>(tz,Xt)

g € PC(Ry x Ry, R™) means that the function g: (tx_1,tx] Xx Ry — R is

continuous and for each w € Ry there exists a  lim  g(t,2) = g(t, w).
(t,2)— (] w)

The following assertion is valid.

Theorem 12.3 Assume that

(1) the mapping F € PC(Ry x Co, K.(R™)) and there exists a summable
function m(t) on any finite interval such that for any X; € Cy

D[R(t, X:),©0] <mf(t) for all t> to;

(2) there exist a comparison function g € PC(R% x [0,1],R"), g(t,w, p) is
nondecreasing in w for any t, and a value py > 0 such that

D[(F(t,®) + pR(t, ®)), O] < g(t, Do[®, 0], 1)
for t#t, and 0<p < p,
where ® = (Og, 1, Py,...), k=0,1,2,...;

’

(3) there emists a sequence of functions ®r(w) nondecreasing in w for all
k=0,1,2,... and such that

DO[Ik(th),@O] SQIC(DO[thVG)O]) fOT’ t:tkv k:071u27"-;
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(4) on the interval [tg,00) for 0 < u < pg there exists a mazimal solution
r(t,to, wo) of the scalar impulsive differential equation

dw
— =g(t t#£1t
dt g( 7w7l’l’)7 # kV

w(ty) = Qu(w(ty)), t=tx,
w(to) = Wo.

(12.12)

Then, on the interval [tg,00) for 0 < p < min(py, pe) there exists at least
one solution X (t) of the set of equations (12.10).

Proof Let Jy = [to, t1] and the mappings F and R are considered on the pro-
duct Jy x Cy. By hypothesis (1) of Theorem 12.3 the mappings F' and R are
continuous Jy x Cy. Consider problem (12.11) on Jp for 0 < p < min(puq, p2).
Under hypotheses (2) and (4) of Theorem 12.3 all conditions of Theorem
5.4.3 from monograph by Lakshmikantham, Bainov and Simeonov [1989] are
satisfied and solution X (to, ®o)(t) of the set of equations (12.11) exists on Jp.
Then, setting J1 = (1, t2] we consider mappings F and R on J; x Cp. Similarly
to the above, we get the solution X;(t1, ®o)(t) on J;. Proceeding in this way
we arrive at solution Xy (tx, ®o)(t) on Ji for any k =0,1,2,.... According to
the accepted definition of solution for the set of equations (12.10) we conclude
that the set X (¢9, ©0)(t) is a solution on [tg, 00).

Theorem 12.4 Assume that the following conditions are satisfied:

(1) the mappings F € PC(R4+ x Cp,K.(R™)) and R € PC(Ry x Cy,
Ke(R™));

(2) there exist a function g € PC (R2 x [0,1],R) and a value j; > 0 such
that

forallt #tx and 0 < p < py;

(3) there exists a sequence of functions Q(w) which are nondecreasing in
w for each k=0,1,2,... such that

DO[Ik(th)vlk(Ytk)] < Qk(DO[XtMYtkD
forall t=1t, k=0,1,2,...;

(4) for 0 < p < pg there exists a maximal solution of comparison equation
(12.12) on the interval [tg, 00).

Then the distance D[X (t),Y (t)] between solutions X (t) = X (to, ®o)(t) of
the set of equations (12.10) and Y (t) = Y (to, ®o)(t) of the set of equations
(12.10) for p =0 is estimated by the inequality

D[X(t),Y(t)] < r(t7t0,w0) (12]_3)

for allt >ty and 0 < p < min(uy, p2) whenever Do[Po, Og] < wp.
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Proof Let Jy = [tg,t1]. The mappings F' and R on the product Jy x Cy are
continuous. Then, by Theorem 5.4.2 from Lakshmikantham, Bhaskar and Devi
[2006] we get the estimate

DIX(t),Y(t)] <r(tto,wo), tE€E Jo,
for 0 < p < min(py, p2). This estimate yields
DX (t1),Y (t1)] < r(t1, to, wo)
for 0 < p < min(p1, p2). By hypothesis (3) of Theorem 12.4 for t = ¢] we get

Do[X (t1), Y (t1)] = Do[I1(X+,), 11 (Ys,] < Q1(Do[X+,, Y2,])
< Q1(r(tr, to, wo)) = r(t], to, wo).

Therefore, for t = t{ we have
Do[Xy+, Y] < r (], to, wo).

Further, on the interval J; = (t1,t2] we again consider the mappings F
and R. Under hypotheses (1)—(4) on the product J; x Cy we obtain

D[X(t), Y(t)] § T(t7 to, wo)

for all t € J; and 0 < p < min(uq, u2). Having reapeated this procedure
we come to the conclusion that estimate (12.13) is valid for all ¢ > ¢y and

0< nw < min(ul, /.LQ)

For the set of equations (12.10) for y = 0 we consider the function
Vo(t, X, ®) defined on the product of spaces K (R™) and Cj. The function
Vo: Ry x K.(R™) x Cy — Ry is of the class SL provided that:

(a) Vo(t, X, 0) is continuous on (tx_1,tx] X K(R™) x Cpy and for any X €
K.(R™) and © € Cy there exists

lim Vo(t,Y,0) = Vo(tf, X,0);
(t,Y,0)—(t},X,0)

(b) for the function Vy(¢, X, ©) there exists a constant L > 0 such that
Vo(t, X,0) — Vi(t, Y, )| < LD[X, Y]
on the product (tx_1,tx] x K(R™) x Cp.
The function Vj(t, X, ©) which, together with the derivative

D+‘/O(t7X7 6) = lim Sup{[%(t + th + h‘F(tu Xt)vXt+h)
—Volt, X, X)]h™t: h— 07},
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solves the problem on stability of stationary solutions © of the set of equations

DX =F(t,X:), t#tk,
X(t)) = I(Xy,), t=tg, (12.14)
Xto =&y € Oo,
is called the Lyapunov function for the set of impulsive equations with delay.
Further we shall consider the sets
S(H)={X € L(R"): D[X,00] < H},
Q(Hl) = {‘P € Cy: D[(I%@o} < Hl},

for 0 < Hy < H < +o0.

For the set of equations (12.11) we consider the functions Vy(t, X, ®) and
Vi(t, X, ©, u) satistying the following conditions:

Ay. The function Vo(¢t,X,®), Vo € PCRy xS(H) x Q1(H1),Ry),
Vo(t,0,0) = 0, is constructed for the set of equations (12.14) and for
it there exist comparison functions a and b of Hahn class K such that
for ¢ # g

(a) b(D[X(t)v 60]) < Vb(tv X, ®) < a(D[X(t)v 60]);

(b) DtVo(t, X, ®)|(12.14) < go(t,Vo(t, X,0)), where go € PC (R?HR),
9(t,0) = 0;

(c) there exists Hy < H such that for ¢t = ¢; condition X, € S(Ho)
implies I, (Xy,) € S(Hp) for all k=0,1,2,... and

Vo (i, X (to, ®o) (), X, (to, D))
S Qk(tk7 %(tk7 X(t07 CDO)(tk)a th (t07 QO))% k= 07 1a 27 sy

where Q, € C(R,R).

As. For some Hy > 0 there exists a perturbation Vi (¢, X, @, 1) of the function
Vo(t, X, ®) such that V4 € PC(R4 x S(H)NS°(Hy) x Q(Hy) x [0,1],
Ry), Vi(t,0,®, u) = 0, and moreover,

(a) Vi(t, X, @, ) < c(u) for t € Ry, X € S(H) N S(H2), ® € Q(Hy),
¢(p) is a nondecreasing function of , lim c(p) = 0;

(b) DT (Vo(t, X, @) + Vi(t, X, @, H))|( 10) < 91(7«‘ Vo(t, X, @) +
Vi(t,X,®,pu),p) for t #tp, k=0,1,2
(c) Volty, X (to, o)(t))), X+ (to, Po)) +
Vl(tz_;X(th(I)O)( t+(t07<1)0)) <
(to

);
ka(tk?vb(tk)u , @o )( ) th(t07(b0))
Vi(tk, X (to, ®o)(tk), Xi, (to, ®o))) for t = tg, where g1 €
pPC (R?HR)a gl(t70a/u)7 and Qk € O(Ri’R)
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We prove the following assertion.

Theorem 12.5 For the set of equations (12.10) assume that the functions Vj
and V1 are constructed which satisfy conditions of assumptions A1 and As. If
zero solution of the scalar impulsive equation

dw
E :go(t,w), t#tkv
w(tf) = Qulte,w(te), = te, (12.15)
w(to)Z’LUoZO, kZl,Q,...,
s uniformly stable and zero solution of the equation
dv
E :gl(tvvvﬂ)a t#tkv
(12.16)

v(th) = Qp(tk,v(ty)), t=ty,
v(to) =vo >0, k=1,2,...,

is p-stable, then the set of stationary solutions ©¢ of equations (12.14) is
stable under small perturbations.

Proof Let the value 0 < ¢ < min(H, Hy, H2) and the value ¢ty € R, be given.
The uniform stability of zero solution to equation (12.15) implies that for
any comparison function b(e) > 0, b is of Hahn class K and there exists a
do = do(b(e)) > 0 such that for any solution to equation (12.15) the estimate

w(t,to,wo) < b(e’:‘) for all ¢ > g,

holds true whenever wgy < dg.
Then, the p-stability of zero solution to equation (12.16) implies that for
any solution to this equation, given b(g) — ¢(p) > 0, lirr%) ¢(p) = 0, there are
pn—

0* = 0*(b(e) — c(p), to) > 0 and pq > 0 such that
v(t, to, vo, ) < b(e) — ()

for all t > tg and 0 < p < p1 whenever vy < 0*.
Let wg = Vp(to, Op, Dp). We take 6; > 0 so that the inequalities

Do[q)o, @0] < (51 and Vb(to, q)o, @0) <6

are satisfied simultaneously.

Let § = min(dg,d*). We show that for Dg[®g, O] < ¢ the estimate
DX (t0,©0)(t), O] < € holds true for all ¢ > t,, where X (t9, O¢)(t) is any so-
lution of the set of equations (12.10). If this is not true, then for some solution
X (to,00)(t) of equations (12.10) for the initial values Dy[®g, O] < ¢ there
must exist £ and t5 such that for some k, ¢t < t; < to < tgy1, the estimate

D[X(to, @0)(t),@o] <e for tp>t>tg
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is valid and for t =t and ¢t = ¢
D[X(t07 @0)(t2)7 @0} > g,

D[X (to,©0)(t1), O0] = 67,

respectively. Here X (tg,©0)(t) € S(¢) on the interval [ty,ts].

Let Hy = 6* and the function m(t) = Vu(t, X (to, ©o)(t), X¢(to,Oo)) +
Vi(t, X (to, ©0)(t), X¢(to, Op), 1) be defined on the interval [¢1,ts]. By condi-
tions A; and A, for the function m(t) we have

m(tl) S U(tlat07’007/~1’)a (1217)

where v(t1,to, v, pt) is a maximal solution of comparison equation (12.16).
Conditions (b) and (c) of Ay imply

m(t) < vlts, to,v0,0) forall t € [t 1], (12.18)
Conditions A;(a) and Ay(a) provide the existence of p2 > 0 such that

b(g) - c(lu) < Vb(tv X(t07 @0)(t), Xt(t07 @0)) + Vl(tﬂ X(to, @0)(t)7 Xt(to, @0)7 /J')

(12.19)
for all t > tp and 0 < p < po. In view of inequalities (12.17) and (12.18) we
present estimate (12.19) in the form

b(‘g) - C(/J’) S U(tQ’ tla Vo, /.t)
For the value t = t5 we get

b(e) — c(u) < b(D[X (o, O0)(t2), ©o]) — (k)
< Vo(t2, X (to, ©o)(t2), X, (t0, ©0))
+ Vi(t2, X (to, ©0)(t2), Xt, (to, ©0), 1)
< v(ta, t1,v0, ) < ble) — c(p)

for 0 < p < min(uq, p2). The contradiction obtained shows that the inequality
DI[X (to,©0)(t2), 0] > & does not hold at the instant to < tg41 for some k.
This proves theorem 12.5.

It is known that for systems of equations with delay and/or impulsive
perturbations both the Lyapunov—Razumikhin functions and the Lyapunov—
Krasovskiy functionals are applied (see Burton and Hatvani [1989] and bibli-
ography therein). However, both approaches have some disadvantages which
are not characteristic of the direct Lyapunov method. The application of Lya-
punov functions given on the product of spaces K.(R") and Cj enables us to
study the set of systems with delay and impulsive perturbations (12.10) by
using the Dini derivatives DTV, (¢, X, ®) and DTV, (¢, X, ®, 11), the calculation
of which neither involves estimation of minimal classes of the initial functions
for system (12.10) nor requires knowledge of its solutions. Also, note that the
application of perturbed Lyapunov function in the analysis of system (12.10)
allows us to establish stability conditions for the set of stationary solutions Gq
under small perturbations in the case when Oy for the set of systems (12.14)
is uniformly stable only.



Chapter 13

Comments and References

Chapter 1 The fundamental problems of the dynamics and the stability of
systems with uncertain parameter values attract the attention of many special-
ists. During recent years the progress in the study of the stability of nonlinear
and controlled uncertain systems is connected with the constructive applica-
tion of the ideas of the direct Lyapunov method. Actual results obtained in
this direction are given in the review by Corless [1993b], which contains a
large bibliography (also see Garofalo and Glielmo [1996]). The concept of the
parametric stability (see Ikeda et al. [1991]) and the original idea of the article
by Lakshmikantham and Vatsala [1997] were incentives for conducting a series
of studies of the dynamic behavior of nonlinear systems with uncertain values
of their parameters.

Chapter 2 The bases of this chapter are the articles by Martynyuk-
Chernienko [1998a, 1999b, 1999¢, 2000e, 2002f, 2001g, 2003j, 2005k, 2007]]
and Martynyuk-Chernienko and Slyn’ko [2002a]. Some results of the mono-
graphs by Demidovich [1967], Gruji¢ et al. [1984], Krasovskiy [1959], Mar-
tynyuk [2000a] and also the articles by Lakshmikantham and Vatsala [1997],
Martynyuk [1998c]|, Zubov [1994a], Corless and Leitmann [1996a] were used
in the setting of the problem of the stability of uncertain systems. The The-
orem 2.5 was proved in the article by Lakshmikantham and Shahzad [1996],
using the Lemma 2.1 from the article by Pucci and Serrin [1995], where it was
given without a proof. The version of the Theorem 2.11 takes into account
the results of the original article by Leela [1997]. The Corollary 2.1 is given
according to the article by Corless and Leitmann [1996a], where it is stated
in the form of a separate theorem for a controlled system.

Chapter 3 The results of this chapter were published in the articles by
Martynyk-Chernienko and Slynko [2003]. Some assumptions on the nominal
system (3.2) correspond to those introduced in the article by Chen [1996].
The example of the uncertain system (3.22) is given according to the article
by Lakshmikantham and Leela [1995b]. The uncertain system with a neuron
regulator (3.40) is analyzed, following the approach of the article by Khlaeo-
om and Kuntanapreeda [2005]. The results of paragraph 3.6 given in the ar-
ticle by Khoroshun [2008] are from studies by Otha and Siljak [1994]. In the
estimation of the a priori domains of the parametric stability the approach
described in Appendix is used, according to the article by Martynyuk and
Khoroshun [2007a].

Chapter 4 In this chapter, in accordance with the articles by Martynyuk-
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Chernienko [1999¢,1999d], Martynyuk-Chernienko [2003j], and Martynyuk
and Martynyuk-Chernienko [2007], the approach to the analysis of uncertain
quasilinear systems on the basis of the canonical matrix Lyapunov function is
described. The transformation of the initial quasilinear system and the analy-
sis of the case of “nonautonomous” uncertainties is made on the basis of some
results obtained by Tikhonov [1965a, 1969b]. Our statement of the Theorem
4.3 is based on the results of the article by Chen and Zhang [2007]. The Exam-
ples 4.1 and 4.2 were considered in the article by Ming-Chung Ho, Yao-Chen
Huang and Min Jiang [2007].

Chapter 5 The results of this chapter are new. They were obtained by
using some of the results of the monograph by Michel and Miller [1977] and
the article by Martynyuk [2000a]. Some results of the article by Xing-Gang
Yan and Guang-Zhong Dai [1999] were used in the analysis of the stability of
the large-scale system (5.43).

Chapter 6 This chapter contains some approaches to the solution of the
problem of the stability of uncertain systems, which are based on the method
of the vector Lyapunov functions (see Matrosov [2001]). In the article by
Martynyuk-Chernienko [1999¢] the vector approach for quasilinear uncertain
systems is based on the canonical vector Lyapunov function. The criterion of
the interval stability of a linear mechanical system is given here on the basis of
the article by Martynyuk and Slyn’ko [2003]. The conditions for the parametric
stability of a large-scale system were obtained in the article by Martynyuk
and Khoroshun [2008b]. Those studies join the works by Ikeda, Ohta, and
Siljak [1989, 1991, 1994] and are based on the results of paragraph 3.6.

Chapter 7 The results of this paragraph are based on the articles by
Martynyuk [2002a], Martynyuk-Chernienko [2004b], Liu Bin et al. [2005] and
Lakshmikantham and Devi [1993] (see also Martynyuk [2007d], containing a
large bibliography of studies of the theory of stability of impulsive systems,
which have been carried out recently).

Chapter 8 The necessary definitions and preliminary information from
the mathematical analysis on a time scale are given here according to the
article by Bohner and Martynyuk [2007]. More detailed information in this
direction is available in the monograph by Bohner and Peterson [2001]. The
Theorems 8.1-8.4 are new for the given class of systems of dynamic equations.
In their proof the results obtained by Martynyuk-Chernienko [2007i], Bohner
and Martynyuk [2001] were used. Some results of the work by DaCunha [2004]
were applied during the analysis of the Examples 8.1-8.3.

Linear interval matrix systems with continuous and discrete dynamics are
considered in the article by Pastravanu and Voicu [2002]. The authors discuss
the conditions for the exponential stability for this class of equations, which
are adequate to the Shur or Gurwitz conditions.

Chapter 9 The basic concepts of the theory of large-scale systems under
structural perturbations are given in monographs by Grujié¢ et al. [1984].
The results of the analysis of the stability of the zero solution of the sin-
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gularly perturbed system (9.1) are new in the context of the proposed ap-
proach (see Martynyuk and Miladzhanov [2011]). Some of the results of the
monograph by Gruji¢ et al. [1984] are used here along with the method of
matrix-valued Lyapunov functions (see Martynyuk [1998c]).

Chapter 10 The general information from the set theory and the the-
ory of matrix spaces is given here in accordance with the monograph by
Zubov [1957b] and Lakshmikantham, Bhaskar, and Devi [2006]. The matrix-
valued Lyapunov function (10.5) is introduced here for the first time.

Chapter 11 This chapter is based on the paper by Martynyuk [2002f].
The theory of equations with a causal operator is set out in the monograph
by Corduneanu [2002] with a vast bibliography. The paper by Drici et al.
[2006] deals with the sets of systems of equations with a causal operator.

Chapter 12 The contents of Chapter 12 are taken from Martynyuk [2009].
See also Lakshmikantham, Bhaskar and Devi [2006].

Appendiz The estimates of the domains of the parametric stability are
given according to the work by Martynyuk and Khoroshun [2007a]. They were
obtained by using some information of their theory of operator equations (see
Collatz [1966]).






Appendix

In the problem of the parametric stability of the system (1.1), the estimates of
the domains of variations of parameters p and the phase vector x are impor-
tant, at which there exists a solution xz(t,p) of the system (1.1), remaining
in a certain domain of the phase space R™ at all ¢ > 0 (see Ikeda, Ohta, and
Siljak [1991]). Below you will find an approach to the solution of that problem,
which is based on some results of the monograph by Collatz [1966].

Let us recollect some concepts from the theory of pseudometric spaces.

Definition A.1 The space R is called pseudometric, if to any pair of elements
f, g from R the (pseudo)distance p(f,g) is put in correspondence, which is
an element of (generally speaking, another) linear partially ordered space H
above the numeric field K with a zero element Oy that satisfies the following
conditions:

(a‘) P(ﬁg) = @H lf, and only lf7 f =g;
(b) p(f,h) < p(f,g9)+ p(g, ) for any triplet f, g, h from R.

The convergence in a linear partially ordered space H is introduced in a
usual way, namely, a correspondence is set up between some sequences p,, and
their limit element p from H; those sequences are called convergent, and then
Jim p, = p or pp — p.

The concept of convergence in a pseudometric space R is defined as follows.

Definition A.2 A sequence f, € R is called convergent to the boundary
element f € R if the sequence of distances p(f,,f) converges to the zero
element O, p(fn, f) — On. Here it is assumed that there exists a boundary
element f € R.

Consider the operator equation
Tu=u (A1)
and the iteration method of its solution
Upy1 = TUp, n=0,1.... (A.2)

Assume that the definition domain D of the operator T lies in the full
pseudometric space R with distances taking on values in a linear semiordered
space H. Consider the following conditions:
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(a) The operator T is bounded, i. e., there exists a linear continuous operator
P such that for any two elements u, w from D

p(Tu, Tw) < Pp(u,w).

(b) P is a monotone operator, i. e., for the distances p, p’ from the space H,
such that p < p’, the following inequality holds:

Pp < Pp.

o0 3 .
(¢) The expression Y. P7p makes sense, i.e., the series from iterations P?
§=0
converges for any p from H.

(d) The ball K consisting of the elements v satisfying the inequality
p(v,u1) < (E = P) ' pluo, ur) — (uo, u1),
and the element ug belong to the definition domain D.

Theorem A.1 Under the conditions (a)-(d) there exists a unique solution
of the operator equation (A.1), and a sequence u,, determined by the equality
(A.2) converges to that solution.

The proof of the Theorem A.1 can be found in the monograph by Col-
latz [1966].

Consider the system of equations

filxr, .. xnyp1, - pm) =0, i=1,...,n, (A.3)

with respect to the unknown x1,...,x,, considering pi,...,pm to be inde-
pendent variables. Assuming x = (z1,...,2,)Y, p= (p1,...,0m)T, fla,p) =
(fi(z,p), ..., fu(z,p))T, write the system of equations (A.3) in the vector form

flz,p) =0. (A.4)

A solution of the equation (A.4) will be understood as any continuous vector
function = = (p) of vector argument p, defined on some open set of the
space R™ of variables p1, ..., pm, which, when substituted into the set (A.4),
turns it into the identity

fle(p),p) =0,

which holds for all points p from that set.
Let us make the following assumptions regarding the system (A.3) and the
vector equation (A.4).

Assumption A.1 The system of equations (A.3) and the vector function
f(z,p) are such that:
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(1) the functions fi(x1,...,Zn,D1,.--,Pm), @ = 1,...,n, are defined and
continuous on some open set ' of the space R™ x R™ together with the
partial derivatives

ofi 1
’ L)=L4...,N,
6.73]' J
and
0% f; 0% f;
L Lt=1,... i, l,s=1,...,n;
a(plaxt b Z? ) b 7n7 81‘181’)5 b Z’ ) S b 7n’

(2) for some value of the vector-parameter p* there exists a solution z* € R"
of the vector equation (A.4), such that

f(z®,p") =0
and the point (z*,p*) belongs to the set I';

(3) det (%) # 0 in the point (x*, p*).

Since the domain of existence of an implicit function lies in the do-
main where the Jacobian of the equation, which determines that function,
is nonzero, at first we will indicate the method of estimation of the domain

in the space R™ in the open set I', where det (af(w’p ) # 0. Note that since,

according to the conditions of the Assumption A.1, det ( ’p)> # 0 in the

point (z*,p*), the function f(z,p) is continuous in the whole set I, and the
point (z*,p*) belongs to that set, such a domain always exists.

Represent of ( 20) iy the form
of(x,p)  Of(x*,p*)
= + B
oz oz (z.p)

- <78f(g;,p*)> [E+ <7af(g;p*))_18(x,p)]7

where B(z,p) is a matrix of the respective dimensions. Since the matrix
(W) is nonsingular, the non-singularity of the matrix (W) is

xr X
equivalent to the non-singularity of the matrix

4 (L) gy

which is equivalent to the condition

‘ (%) - B(z,p)|| < 1.
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Taking into account that

one finally obtains that for the non-singularity of the matrix (%) in some

domain it is required that for all points (x,p) from that domain the following
inequality should hold:

of (@*,p*)\ ' [0f(x,p)  Of(z*,p")
— 5. - < 1. A5
Let
r=(on,. )T = (XT,. . XTYT,
where
X1 = (.731, e 7$n1)T7
Xo = ($n1+1u ceey (EnlJrnz)T,
Xs - (.T?nl—}-...—}-715_1-4-17 RPN xn)T’
X;eR", 1<n;<n, i=1,...,8, ni+...+ns=n, ng=0,
and
b= (pl""7pm)T:(Pira"thT)Tv
where
Pl = (pla v 7pm1)T7
P2 = (pm1+1ﬂ sy pm1+m2)T7
b = (pm1+~~~+mt—1+17 oo apm)Ta

PeR™, 1<m;<m, i=1,...,t, mi+...+mg=m, mg=0.
Let the sought domain

g ={(z,p) | Q: |Xi = X7[<ri, Qp: [P =P <gj
i=1,...,8, j=1,...,t}.

Then, using the condition (A.5), the representation of variables z, p and the
Taylor expansion of the elements of the matrix % in the neighborhood
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< H (W(g’;ﬁ))l

of the point (z*,p*), we obtain:

H (W(g"m*))l {W(%p) N 3f(:v*7p*)} ’

ox ox
3f1(m7p) _ afl(m*ap*) afl(xap) o 3f1($*7p*)
0xy 0z o Oz, Oxy,
2 | P
Ofn(z,p)  Ofn(z™,p") Ofn(@,p)  Ofn(a”,p) (A.6)
0z 0z o oz, Oz, ’

<

(W(j;;,p*))l

s t
x ri max |[[Ai(z,p)| + . max ||Dj(z, ,
(Zl wmeh,, 1 ;q’w)enr,q” 3 m”)

where
82f1(1'7p) anl(xup)
Ai(z,p) = | oo .,

32fn(x,p) 02fn(m,p)
axlaXi 8:L'n(9)(z

82f1(1'7p) anl(xup)
81;18Pj 8xn8P]

Di(,p) = | ceererrrr .

A (P 0 f(w,)
axlan &’L'napj

The estimate (A.6) is obtained, taking into account that

‘3fk($,1?) _ Ofk(z*,p")

oz oxy
- |2 T - )
85618562 z=a*+0(z—a*) o T
p=p*+0(p—p*)
o~ O fiu(x,p) .
+ Z TOm0p; | emerrae—an (pj —pj)
=1 p=p*+0(p—p*)
s 82fk(56 p) 52 fk x p
< Z RN O Jk\Z, D) P P*
- ;rg?z( 119X, dz,0P; | k
where k,l=1,...,n

Thus, taking into account (A.5) and (A.6), we calculate the estimates
for r; and g¢;, which determine the boundaries of the domain in which
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det (W) # 0, in the form

52

t

X r; max || A;(z,p)]| + q;
( Jmas Azl + g

; J=1

(A7)
max D; <1
)gnnq || ]('rap)”) —

s

Note that for the estimation of this domain for matrices, the Hilbert-
Schmidt norm is used.

Let (z,p) € II,4. Determine a domain in the parameter space, where
for each parameter value there exists a solution of the equation (A.4), and a
domain in the space of variables, to which that solution belongs.

For that, rewrite the equation (A.4) in a somewhat modified form. Assume

b;:%fl(x %), 4,i=1,...,n. (A.8)
Since the functional determinant det (%) is nonzero in the point

(z*,p*), the matrix B = (b}) has an inverse matrix B~' = (c}). Now rewrite
the system of equations (A.3) in the form

Zbémj zz:b;xj — filz,p), i=1,...,n. (A.9)
J J

Let hj(z,p) denote the right-hand part of the relation (A.9). In view of the
relation (A.8), we obtain

%hi(m*,p*) =0, ¢j=1,...,n. (A.10)

The equation (A.9) can be written in the vector form as follows:
Bx = h(z,p).

Applying the matrix B~! to the above relation, we obtain an equivalent rela-
tion
x = g(z,p), (A.11)

where g(z,p) = (91(z,p),- .., gn(z,p)) = B~ Lh(z,p). From (A.10) it follows
that

8—%91(35 P ) =0. (A~12)

Since the equation (A.12) is equivalent to the equation (A.4) and in the point
(z*,p*) the relation (A.4) holds, then

*

x* = g(x*, p¥). (A.13)
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Apply the method of successive approximations to the equation (A.11) which
satisfies the conditions (A.12) and (A.13). Namely, set up a correspondence
between each vector function z = xz¢(p) vector variable p, and the function
Z¢(p), assuming

i°(p) = g(=°(p), p)- (A.14)

Then use the “operator” notation
i (p) = Ga*(p). (A.15)

Apply the Theorem A.1 to the equation (A.15). Let the domain of definition of

the operator G lie in the full pseudometric space X = {z = (z1,...,2,)T =

(XE, ..., XDT} with distances taking on values in the linear semiordered
space K = {z = (z1,...,25)": 2 >0, i=1,...,5)} CR%, here for all z and
y from X

p(z,y) = (X1 =11l ..., [ X = Vi) (A.16)

Show that the operator G is bounded, i. e., that there exists a linear continuous
operator P in the space K, such that for any two elements z and y from X
the following relation holds:

p(Gz,Gy) < Pp(z,y).
Taking into account the notation (A.14)—(A.16), obtain
p(Gma Gy) = (‘E('T7p) - m(y7p)‘7 EERR |g_S('T7p) - g_S(y7p)DT ’ (A17)
where g;(z,p) € R™,

m((XlTﬂaX:sT)T7p) "7gn1<x7p))T7
E((Xrllﬂa R X;T)Tvp) = (gn1+1(m7p)u e 7gn1+n2($up))Tﬂ

Il
—
o)
[
&
3
~

Consider the k-th coordinate of this vector. On the basis of the Lagrange
finite increments formula, obtain

||g_k((X1Ta s 7X:9T)7p) - g_k((YlT7 e -a}/sT)ap)”
. ag_k((X1T‘7"'7XT)’p)

: (X; - V)
pIRLC -

(A.18)

=1 z=z+0(y—=z)
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69n1+...+nk,1+1(5€7p) 3gn1+...+nk,1+1($,p)

=+ amnl—i-—i-n]

s 6mn1+...+n]‘_1+1 Y g“v(jfl’)
< E ..............................................................
j=1 3gn1+___+nk(x,p) ‘ N 3gm+,,,+nk(x,p) | N

- Tr=x DR - r=x
8mn1+...+nj,1+l 0(y—m) 8$n1+m+nj 0(y—=)
x || X5 = Y5
nit..+nx_1+1(T, D) i+ 4nx_1+1(@, D)
S axnl—&-...—&-n]‘_l—i-l 6~rn1++n]
< ( rr)lax .................................................
x,p eHry
=1 ¢ 8gn1+m+nk (1‘7]7) agn1+...+nk($,p)
axnl—&-...—&-n]‘_l—i-l 6$n1++n]

< [1X; = Y5l =) afllX; Y.
i=1

If the application of the spectral norm results in significant computational
difficulties, then it is advisable to apply the Hilbert-Schmidt norm for matrices,
and the following technique.

Taking into account that

g(z,p) = B~ 'h(z,p), Zb% filz,p),

and applying the expansion of the elements of the matrix of 8(7;@) in the neigh-

borhood of the point (z*,p*) into a Taylor series, obtain

’ agn1+...+nk,1+l ('T7 p)
6~rn1+...+n]-_1+c

r=x+0(y—1)

icn1+..-+nk71+l (bn1+...+n]‘_1+c o 8fi(m7p) )

! ! axnl—&-...—i-nj_l—‘rc

i=1 = +0(y—x)
<Z‘cm+ A 1+1<Z ax & fi(x,p) -
(,p)€Myq | OTpy . 4m;_ 1+68X
+ t max O’ fil:p) Qf>
o @)l Oy 4..tmy 1 +cOP]
:ﬂ:iii:::i_cl, k,j=1,...,s, l=1,...,n,, c=1,...,n;.

Then,

anl +.oFng_1+l

8gn1+.~+nk—1+l($ﬂp)
ni+...+nj_1+c?

axnl—&-...—&-n]‘_l—‘rc

z=z+0(y—=z) (Alg)

k,j=1,...,5, I=1,...,n, c=1,...,n;,
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Ogny+...4np_1+1(2,p)
OTmy .. dnj_q+1

Ogny+..4ny_1+1(2:p)
OTmy 4. 4ny

z=z+0(y—=z) z=z+0(y—=z)
Ogny+...+ny (2,D) Ogny+...4n, (T,D)
Oz 141 Oz et
nit...+nj_1+ c—ot+0(y—2) nit...+nj o=a+0(y—z)
ﬂn1+"'+nk—l+1 5n1+m+nk_1+1
ni+...+nj_1+1 ni+...+n; A
S .................................... :OZ]

5n1+...+nk ﬂn1+"'+nk
ni+..+n;_1+1 ni+...+n;

From the estimate (A.18), taking into account (A.19), we obtain the estimate
of the k-th coordinate of the vector (A.17):

(2. p) = Ty, p)| < Y ok[X; — V)| (A.20)

j=1

for all k = 1,...,s. From (A.17), using the estimate (A.18) or (A.20), we
obtain the estimate

S S T
K s
p(Gm7Gy)—><<§ af|X; =Y aj|Xj—Yj|>
j=1

j=1
oAl i
=1 (IX1 =Y, ..., | Xs = Y5|) = Pp(a,y),
af .oal

where Pz = (04?)2,]‘:1 -z for all z from K and the operator P is linear and

continuous. The boundedness of the operator G is proved.

It is obvious that P is a monotone operator, i.e., for the distances p; and
p2 from the space K such that p; LS <pa2, the inequality Pp; X <Pps holds
true. -

The expression Y P7p makes sense, i.e., for the iteration P’ the series

7=0
o0

PJp converges for any p from K, if for the matrix of the operator P the

7=0
following condition is satisfied

T((af)i,jzl) <1, (A.21)

where r(A) is the spectral radius of the matrix A.
Using the inequality (A.21), one can determine the values ri < rq,...
rl <ry and ¢f <qi,...,q < q:, which define the domain

HTlxq1:{<x7p)‘ Qﬁ: ‘Xi_Xi*‘<ri17 Qp1: ‘Pj_Pj*”<q]1‘7
i=1,...,8, j=1,...,t} CIL,,,

in which the conditions (A.7) and (A.21) are satisfied.
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We now show that the ball D with the elements x = (X{,..., XI)T of
the space X, which satisfy the inequality

p(x, 1) 5 <(BE — P)"p(wo, 1) — plao, 21),

and the element z* = ((X7)T,..., (X?)T)T belong to the domain of definition
of the operator G. First of all, note that in the domain II,: ;1 the existence of
the operator G is determined by the inequalities

X1 - X7| <,

Since p(x,z*) X <p(z,x1) + p(x1,2*) and xg = x*, for all values of = from
the ball D we obtain:

p(z,a*) 5 <(B— P) p(ar,z*).

Taking into account that x, = g(x,—1,p), from (A.13) and (A.16), we find

p(z1,2") = ([gr(e”, p) =g (=", p"), .., [gs(2",p) — gs (2™, p")]) . (A.22)
Consider the k-th coordinate of this vector. Applying the Lagrange finite
increments formula, for p = p* 4+ 6(p — p*) at all k=1,... we obtain

t

(e, p) = Frla p) = | Y M(Pj — P7)

T

= 3Pj
O9ny+..4np_r+1(2*,p) OGny 44y +1(*,p)

t apm1+---+m]‘_1+1 apm1+---+m]‘ (A23)
SO oo
j=1 n,+...4n, (T, p) OGny+...qmy, (2%, D)
apm1+~~~+mj—l+1 apm1+m+mj
X ‘PJ — P;‘.

Continuing the estimate (A.23), we obtain

k(2" p) — G(a™, p")|

agn1+.~~+nk—1+1(m*ﬂp) agn1+...+nk_1+1($*vp)
5’pm1+...+mj_1+1 o 5’pm1+...+mj
< Z INAX || | oo e
Jj=1 PEn, agnlerJrnk (‘r*vp) agn1+m+nk (I*,p)
3pm1+...+mj_1+1 o 3pm1+...+mj

t
x |P; = Pr|=>_A¥|P;, - P;l.
j=1

(A.24)
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If the application of the spectral norm results in significant technical difficul-
ties, one can use the Hilbert-Schmidt norm and the following technique.
Taking into account that

g(x,p) = B~ 'h(z,p), hi(w,p) =Y bia; — fi(z,p),
j

and applying the expansion of the elements of the matrix of (g; ) into a Taylor
series in the neighborhood of the point p*, we obtain

‘ agn1+...+nk,1+l(5€*,p)
8pml+~~~+mj—l+c

p=p*+0(p—p*)
n

_ T 1 ofi(z*,p)
= E : A et X S
i=1 O+t p=p*+0(p—p*)
n *
< ni+...4+ng_1+l afl(x vp) nit...+np_1+l
— ’ci ‘ Igg‘x B — Imi+..4my_1+4c>o
i—1 PEpy | OPmy+...4mj_1+c

where k=1,...,s, j=1,...,¢, I=1,...,n, c=1,...,m;.
Hence,

*
3gn1+...+nk_1+l(l“ 717) ni+...4np_1+1

< VYmatdmy—1teo
8pm1+...+mj71+c p=p*+6(p—p*) vhedmyt (A.25)
k=1,...,s, j=1,...,t, I=1,...,n%, c=1,...,mj.
From (A.22), on the basis of (A.23) and (A.25), obtain the estimate
« T t T
play,z*) = <(ZA; |Pj—P;l,....> A3|P, —P;>
j=1 j=1
Al L A}
* *\T
= . (|Py — Pf,...,|P.— Pf))
Aj Af
Al A}
=< (qi,...,q¢))7T,
A5 A$
where
nit...+ng_1+1 nit...+ng_1+1
mit.Amii+l o Tmytotm;
AF =
; R RRREEEEEEEER R EITRTTEREE
TmatoAmyoi 1 e Tmit...4m;
k=1,...,s, j=1,... L
We obtain . )
o A7 LA X -
plxg,z*) > <[ ............. (q1,---,q;) - (A.26)
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Note that a similar estimate can be obtained from the formulas (A.22) and
(A.24), where A% is determined from the formula (A.24).

Then from (A.23), taking into account (A.26), for all values of x from the
ball D we obtain the estimate

« Al Lo A}
plz,z*) S <(E-P)"' | ............. (qi,...,¢))".
Af A
Under the condition
Al o A}
(E-P)y ... (@, gH)" L <@l eHT (A.27)
Af A

the ball D belongs to the domain of definition of the operator G. It is obvious
that the element z* belongs to that domain.

Thus, in the domain determined from the relations (A.7), (A.21), and
(A.27), all the conditions of the Theorem A.1l are satisfied. Then, using the
above relations, with the norm corresponding to the problem situation, one
can determine the domain in the space of parameters for which the equation
(A.4) has a unique and continuous solution and the domain in the space of
variables to which this solution belongs.



Bibliography

Aliev, F.A. and Larin, V.B.
Optimization of Linear Control Systems. Analytical Methods and Computational
Algorithms. Amsterdam: Gordon and Breach Publishers, 1998.

Aubin, J.P. and Cellina, A.
Differential Inclusions. New York: Springer Verlag, 1984.

Aumann, R.J.
Integrals of set-valued functions. | EEREEEEE. 12 (1965) 1-12.
Bin, L., Xinzhi, L., and Xiaoxin L.

Robust global exponential stability of uncertain impulsive systems. Math. Acta.
Sci. 25B (2005) 161-169.

Bittanti, S., Laub, A.J. and Willems, J.C.
The Riccati Equation. Berlin: Springer Verlag, 1991.

Bohner M. and Martynyuk A.A.
Elements of the theory of stability of A.M.Lyapunov for dynamic equations on a
time scale. Prikl. Mekh. 49(9) (2007) 3-27.

Bohner, M. and Peterson, A.
Dynamic Equations on Time Scales: An Introduction with Applications. Boston:
Birkhauser, 2001.

Boyd, S., Ghaoui, L.E., Feron, E., and Balakrishnan, V.

. Philadelphia: SIAM,
1994.

Burton T.A. and Hatvani L.
Stability theorems for nonautonomous functional differential equations. JLohaky

Maihed. 41 (1989) 65-104.
Cao, D.Q. and Shu, Z.Z.

Robust stability bounds for multi-degree of freedom linear systems with structured
perturbations. NN © 1) (1509) 797

Cesari, L.
Asymptotic Behavior and Stability Problems in Ordinary Differential Equations.
Berlin: Springer Verlag, 1959.

Chen, G. and Dong, X.

N Singapore:

World Scientific, 1998.

287



288 Bibliography

Chen, Y.-H.
Performance analysis of controlled uncertain systems. [N 6 (1996)
131-142.

Chen, Y.-H. and Leitmann, G.
Robustness of uncertain systems in the absence of matching assumptions. Jolol
aalzal 454 (1987) 1527-1542.

Chen, Y.H. and Chen, J.S.
Robust composite control for singularly perturbed systems with time-varying un-
certainties. J. Dynamic Systems, | KENEGGcTGTcNINGEGE 117 (1995) 445-452.
Chen, F. and Zhang, W.
LMI criteria for robust chaos synchronization of a class of chaotic systems. Nogs
liasssmbial 67 (2007) 3384-3393.
Chetaev N.G.
Stability of Motion. Works on Analytical Mechanics. Moscow: Publ.house of USSR
Academy of Science, 1962. 535 p.

Collatz L.
Functional Analysis and Numerical Mathematics. New York: Academic Press,
1966.

Corduneanu C.
Functional Equations with Causal Operators. London: Taylor & Francis, 2002.

Corless, M.

[a]  Guaranteed rates of exponential convergence for uncertain systems. pmiliabis
I 64 (1990) 471-484.

[b]  Control of uncertain nonlinear systems. ASME J. Dynam. Systems, Measure-
ment, Control. 115 (1993) 362-372.

Corless, M. and Leitmann, G.

[a]  Exponential convergence for uncertain systems with component-wise bounded
controllers. In: Robust Control via Variable Structure and Lyapunov Tech-
niques, (Eds.: F. Garofalo and L. Glielmo), Lecture Notes in Control and
Information Sciences, Vol. 217, Berlin: Springer Verlag, 1996, p. 175-196.

[b]  Deterministic Control of Uncertain System via a Constructive use of Lyapunov
Stability Theory. Berlin: Springer Verlag, 1989.
DaCunha, J.J.

Lyapunov Stability and Floquet Theory for Nonautonomous Linear Dynamic Sys-
tems on Time Scales. Waco: Texas, 2004 (PhD thesis).

Deimling, K.
_. New York: Walter de Gruyter, 1992.

Demidovich B.P.
Lectures on the Mathematical Stability Theory. Moscow: Nauka, 1967.
Djordjevi¢, M.Z.
Stability analysis of interconnected systems with possibly unstable subsystems.
I 3 (1983) 165-169.

Drici, Z., McRae, A. and Devi J.V.
Stability results for set differential equations with causal maps. Dynamic Systems
Appl. 15 (2006) 451-464.



Bibliography 289

Freedman, H.I
Deterministic Mathematical Models in Population Ecology. Edmonton: HIFR Con-
sulting, 1987. 254 p.

Galperin, E.A., and Skowronski, J.M.
Geometry of V-functions and the Lyapunov stability theory. Proc. 24th Conf.
Decision and Control. 1985, p. 302—-303.

Garofalo, F. and Glielmo, L. ﬁ
. Berlin: Springer

Verlag, 1996.

Grujich L.T., Martynyuk A.A., and Ribbens-Pavella M.
Stability of Large-Scale Systems under Structural and Singular Perturbations.
Kiev: Nauk. Dumka, 1984.

Gutman, S.
Uncertain dynamical systems — A Lyapunov min-max approach. s
It A C-24 (1979) 437-443.

Hahn, W.
Stability of Motion. Berlin: Springer Verlag, 1967.
Hilger, S.
Analysis on measure chains — A unified approach to continuous and discrete
calculus. Results Math. 18 (1990) 18-56.
Hukuhara, M.

Sur I'application semicontinue dont la valeur est un pact convexe. Funck. Fkvac.
(10) (1967) 48-66.

Ikeda, M., Ohta, Y. and Siljak, D.D.
Parametric stability. Proc. Univer. Genova, The Ohio State University Joint
Conference. Boston: Birkhauser, 1991, p. 1-20.

Ikeda, M. and Siljak, D.D.

Generalized decompositions of dynamic systems and vector Lyapunov functions.
I A C-26(5) (1951) 11151125

Khlaeo-om, P. and Kuntanapreeda, S.
A stability condition for neural network control of uncertain systems. ESANN
2005 Proc., Bruges (Belgium), 2005, p. 187-192.

Khoroshun A.S.
The global parametric quadratic stabilization of nonlinear systems with uncer-
tainties. Prikl. Mekh. 44(6) (2008) 126-133.

Krasovskiy N.N.

Some Problems of Stability of Motion. Moscow: Fizmatgiz, 1959.
Ladyzhenskaya O.A.

Boundary-Value Problems of Mathematical Physics. Moscow: Nauka, 1973.

Lakshmikantham, V., Bainov, D.D., and Simeonov, P.S.
Theory of Impulsive Differential Equations. Singapore: World Scientific, 1989.

Lakshmikantham, V., Bhaskar, T.G. and Devi, V.
Theory of Set Differential Equations. Cambridge: Cambridge Scientific Publishers,
2006.



290 Bibliography

Lakshmikantham, V. and Devi, V.
Strict stability criteria for impulsive differential systems. iiiiin- 21 (10)
(1993) 785-794.
Lakshmikantham, V. and Leela, S.

[a]  Fuzzy differential systems and the new concept of stability. Nonlinear Dynam-
ics and Systems Theory 1(2) (2001) 111-119.

[b]  Controlled uncertain dynamic systems and stability of moving invariant sets.
Problems of Nonlinear Analysis in Engineering Systems, Ed. 2 (1995) 9-13.

Lakshmikantham, V., Leela, S., and Martynyuk, A.A.

[a]  Stability of Motion: Comparison Method. Kiev: Naukova Dumka, 1991.

[b]  Stability Analysis of Nonlinear Systems. New York: Marcel Dekker, 1988.

Lakshmikantham, V., Leela, S., and Sivasundaram S.

Lyapunov functions on product spaces and stability theory of delay differential

equations. | NNENENEGEGE 154 (2) (1991) 391-402.

Lakshmikantham, V., Matrosov, V.M., and Sivasundaram, S.

Vector Lyapunov Functions and Stability Analysis of Nonlinear Systems. Amster-

dam: Kluwer Academic Publishers, 1991.
Lakshmikantham, V. and Shahzad, N.

Stability of moving invariant sets and uncertain systems. Nonlinear Studies 3(1)
(1996) 31-34.

Lakshmikantham, V. and Vatsala, A.S.

Stability of moving invariant sets. In: Advances in Nonlinear Dynamics (Eds.:
S. Sivasundaram and A.A. Martynyuk). Amsterdam: Gordon and Breach Sci-
entific Publishers, 1997, p. 79-83.

LaSalle, J.P.

I hiladelphia: STAM, 1976.

Leela, S.
Uncertain dynamic systems on time scales. Mem. Diff. Equns. Math. Phys. 12
(1997) 142-148.
Leela, S. and Shahzad, N.
On stability of moving conditionally invariant sets. [N 27 (7)
(1996) 797-800.
Leitmann, G.

[a] Deterministic control of uncertain systems via a constructive use of Lyapunov
stability theory. In: System Modeling and Optimization. (Eds.: H.J. Sebastian
and K. Tammer), Lecture Notes in Control and Information Sciences, 143,
Berlin: Springer Verlag, 1990, p. 38-55.

[b]  One approach to the control of uncertain dynamical systems. piulidaiby
oz 70 (1995) 261-272.
Letov A.M.
Stability of Nonlinear Controlled Systems. Moscow: Fizmatgiz, 1964.



Bibliography 291

Lorenz, E.N.
Deterministic nonperiodic flow. st 20 (1963) 130-141.

Lyapunov A.M.
The general problem of the stability of motion. Leningrad—Moscow: ONTI, 1935.

Martynyuk, A.A.

[a]  Hierarchic matrix Lyapunov functions and the stability of solutions of uncer-
tain systems. Proceedings of the Institute of mathematics of National Academy
of Sciences of Belarus 4 (2000) 109-114.

[b]  Block-diagonal matrix Lyapunov function and the stability of uncertain im-
pulsive systems. Prikl. Mekh. 40(3) (2004) 322-327.

[c]  Liapunov’s Matriz Functions Method with Applications. New York: Marcel
Dekker, Inc., 1998.

[d]  On the stability of a set of trajectories of nonlinear dynamics. Dokl. Acad.
Nauk 414(3) (2007) 385-389.

[e]  Stability of Motion: The Role of Multicomponent Liapunov’s Functions. Lon-
don: Cambridge Scientific Publishers, 2007.

[ff Comparison principle for a set of equations with a robust causal operator.
Doklady Mathematics 80(1) (2009) 1-4.

Martynyuk A.A. and Khoroshun A.S.

[a]  To the theory of parametric stability. Dokl. NAS of Ukraine 7 (2007) 59-65.

[b]  On the parametric asymptotic stability of large-scale systems. Prikl. Mekh.
44(5) (2008) 104-114.

Martynyuk, A.A. and Martynyuk-Chernienko, Yu.A.
Stability analysis of quasilinear uncertain dynamical systems Nonlinear Analysis
doi:10.1016/j.nonrwa.2007.01.019.

Martynyuk, A.A. and Miladzhanov, V.G.
Large-Scale Dynamical Systems: A Systematic Approach to Stability Analysis.
Kiev: Institute of Mechanics NAS of Ukraine, Manuscript, (2009). (Russian)

Martynyuk, A.A. and Obolenskii, A.Yu.
Stability of autonomous Wazewski systems. Differents. Uravn. 16 (1980) 1392-
1407.

Martynyuk, A.A. and Slyn’ko, V.I.
Choosing the parameters of a mechanical system with interval stability. it
Mech. 39(9) (2003) 1089-1092.

Martynyuk-Chernienko, Yu.A.

[a]  To the theory of stability of uncertain systems. Dokl. NAS of Ukraine 1 (1998)
28-31.

[b]  On the uniform asymptotic stability of solutions of an uncertain system with
respect to an invariant set. Dokl. Acad. Nauk 364(2) (1999) 163-166.

[c]  On the stability of motion of systems with uncertain parameter values. Prikl.
Mekh. 35(2) (1999) 101-104.

[d]  On the stability of solutions of a quasilinear uncertain system. Ukr. Mathem.
J. 51(4) (1999) 458-465.

[e]  On instability of solutions of an uncertain system with respect to a given
moving set. Dokl. NAS of Ukraine 3 (2000) 23-29.

[ff Exponential convergence of motions of an uncertain system. Dokl. Acad. Nauk
385(3) (2002) 305-308.



292 Bibliography

g] The conditions for the stability of motion of nonlinear systems with uncertain
parameter values. Thesis. Kiev: Institute of mechanics of Academy of Science
of Ukraine 2001. [in Ukrainian]

[h]  To the theory of stability of the motion of an impulsive system with uncertain
parameter values. Dokl. Acad. Nauk 395(2) (2004) 160-163.

[if  On the stability of dynamic systems on time scales. Dokl. Acad. Nauk 413(1)
(2007) 1-5.

[[] A new generalization of direct Lyapunov method for uncertain dynamical sys-
tems. Nonlinear Dynamics Systems Theory 3(2) (2003) 191-202.

[k] Stability analysis of uncertain systems via matrix-valued Liapunov functions.
I 63 (2005) 388-404.

[] Exponential convergence and instability of solutions of uncertain dynamical
systems. NI 66 (2007) 1318-1328.

Martynyuk-Chernienko Yu.A. and Slynko V.I.
[a]  On the stability of conditionally invariant sets of dynamic systems with un-
certain parameter values. Dokl. Acad. Nauk 385(3) (2002) 305-308.

[b]  On the synthesis of controls of an uncertain system with a conditionally in-
variant set. Prikl. Mekh. 39(11) (2003) 125-136.

Matrosov V.M.
The Method of Vector Lyapunov Functions: Analysis of Dynamic Properties of
Nonlinear Systems. Moscow: Fizmatgiz, 2001.

Matrosov V.M., Vassilyev S.N., Karatuyev V.G., et al.
Derivation Algorithms for Theorems of the Method of Vector Lyapunov Functions.
Novosibirsk: Nauka, 1981.

McRae, F.A. and Devi, V.
Impulsive set differential equations with delay. | NEEEEEEE 34 (4) (2005)
329-341.

Melnikov G.I.
Some questions of the direct Lyapunov method. Dokl. Acad. Nauk 110(3) (1956)
326-329.

Michel, A.N. and Miller, R.K.
Qualitative Analysis of Large Scale Dynamical Systems. New York: Academic
Press. 1977.

Ming-Chung, Ho, Yao-Chen, Hung and Min Jiang, I.
On the synchronization of uncertain chaotic systems. Chaos, il N 33
(2007) 540-546.

Neimark Yu.l., Fufaev N.A.
The Dynamics of Nonholonomic Systems. Moscow: Nauka, 1967.

Ohta, Y. and Siljak, D.D.
Parametric quadratic stabilizability of uncertain nonlinear systems. j
imeeimekebeei. 22 (1994) 437-444.

Pastravanu, O. and Voicu, D.

Internal matrix systems — Flow invariance and componentwise asymptotic sta-
bility. Differential Integral Equations 15(11) (2002) 1377-1394.



Bibliography 293

Pucci, P. and Serrin, J.
Remarks on Lyapunov stability. Differential Integral Equations 8(6) (1995) 1265
1278.

Rotea, M.A. and Khargonekar, P.P.
Stabilization of uncertain systems with norm bounded uncertainty — A control
Lyapunov function approach. _ 27 (1989) 1462—
1476.

Samoilenko A.M.. and Perestyuk N.A.
N <o Vorld Scientific, 1995,

Siljak, D.D.
[a]  Large-Scale Dynamic Systems: Stability and Structure. New York: North Hol-
land, 1978. 416 p.
[b]  Parameter space methods for robust control design: a guided tour. IEEFE
Trans. AC-34 (1989) 674-688.
Siljak, D.D. and Siljak, M.D.
Nonnegativity of uncertain polynomials. _ 4 (1998)

135-163.

Silva, G. and Dzul, F.A.
Parametric absolute stability of a class singularly perturbed systems. Proc. 37th
IEEE Conf. Decision € Control (Tampa, FL, USA, 1998), p. 1422-1427.

Skowronski, J.M.
Parameter and state identification in non-linearizable uncertain systems. [glol

I 19(5) (1984) 421-429.

Tikhonov A.A.

[a]  On the stability of motion under continuously acting perturbations. Vestnik
LGU. 1(1) (1965) 95-101.

[b]  To the problem of the stability of motion under continuously acting perturba-
tions. Vestnik LGU 4(19) (1969) 116-122.

Wada, T., Ikeda, M., Ohta, Y. and Siljak, D.D.

[a] Parametric absolute stability of Lur’e systems. ]
43 (1998) 1649-1653.

[b]  Parametric absolute stability of multivariable Lur’e systems. sisbtisitss 36
(2000) 1365-1372.

Xing-Gang, Yan, and Guang-Zhong, Dai

Stability analysis and estimation of the parametric robust space of a nonlinear
composite system. || GG 16 (1999) 353-362.

Yakubovich, V.A.
Absolute stability of nonlinear regulating systems in critical cases. 1. Automatica
Telemekhanika 24 (1963) 293-303.

Yoshizawa, T.

Stability Theory by Liapunov’s Second Method. Tokyo: Math. Soc. Japan, 1966.
Zadeh, L.A.

Fuzzy sets. NS S(12) (1965) 338-353.

Zubov, V.I.
[a]  Exponential asymptotic stability. Russ. Acad. Sci. Dokl. Math. 48(2) (1994)
328-331.

[b]  Methods of A.M.Lyapunov and its Applications. Leningrad: Izdat. 1957.






Index

Airplane with bicycle scheme, 76
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Cylindric transformation, 164

Dynamics of the whole system F, 184
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dynamic Euler, 65
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Equilibrium state x = 0
asymptotically stable, 167
equistable, 150
stable, 167
strictly equistable, 146
strictly uniformly stable, 146
uniformly stable, 150

Function

A-differentiable, 160

inverse, 12

matrix-valued
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positive-semidefinite, 13
radially unbounded, 14
asymptotically decreasing, 14
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negative-semidefinite (in
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positive-definite, 13
positive-definite in large, 13
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weakly decreasing, 14

of the class K, 12
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of the class KR, 12
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exponential on a time scale, 164
homogeneous of order y, 48
matrix block-diagonal, 144
rd-continuous, 162
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vector auxiliary, 149
Function of a jump forward
(backward), 159
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Granularity of the time scale T, 160

Homogeneity degree of the system,
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Large-scale system, 99, 113
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Lyapunov equation, 114
Lyapunov function
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Lyapunov functions
scalar, 16
vector, 15
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semidefinite, 168
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radially unbounded, 168
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Motion
exponentially stable with
respect to the moving
invariant set, 33
stable
equiasymptotically, 10
exponentially in large, 10
asymptotically, 10
quasiuniformly
asymptotically, 10
uniformly asymptotically, 10
uniformly exponentially, 10
unstable with respect to the
moving set, 39
Motion stable with respect to the
moving set, 167
Moving set
conditionally invariant and
uniformly asymptotically
stable, 50

Nonautonomous uncertainties, 88

Pair of moving sets conditionally
invariant and uniformly
asymptotically stable, 45

Parametric quadratic stabilizability,
71

Point t € T

right-(left-)dense, 159
right-(left-)scattered, 159

Scalar equation, 38
Set
movable
stable in large, 9
uniformly stable in large, 9
stable, 8
uniformly stable, 9
moving
to-uniformly attractive, 9
zo-uniformly attractive, 9
attractive, 9
uniformly attractive, 10
moving invariant, 8

Index

Stability of motion with respect to a
moving invariant set, 5
Subsystem
interconnected , 184
isolated, 184
Subsystems
independent nominal, 143
System
asymptotically parametrically
stable, 4
controlled uncertain, 55
first-order uncertain, 21
globally PQ-stabilizable, 72
intervally stable, 125
nominal impulsive, 143
non-conservative Hamilton, 20
parametrically stable, 4
robust exponentially stable, 151
time invariant, 3
uncertain, 6

Time scale T, 159

Time scaling
non-uniform, 186
uniform, 194

Uncertain linear system with neuron
control, 68
Uncertain Lorenz system, 95

Vector functions of the class VL, 15
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